


  
 

  

  

هشرفتيپآناليز عددي   
  
  
  
  
  
  
  

:)به شيوه گردآوري(تدوين  

 

سالكويه  داود خجستهدكتر   

  دانشگاه گيلان ياضيركده علوم شاستاد دان

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  دانشگاه گيلان نشرمركز 

1401    



  

  
1974 -1353  

  
  

 978ـ  600ـ  153ـ 293ـ 1:شابك
    

 - 1349   خجسته سالكويه، داود،  : سرشناسهسرشناسهسرشناسهسرشناسه    

سالكويه؛ ويراستار  داود خجسته) به شيوه گردآوري( تدوين/ آناليز عددي پيشرفته : عنوان و نام پديدآورعنوان و نام پديدآورعنوان و نام پديدآورعنوان و نام پديدآور    

 .خواه نژاد؛ ويراستار علمي حسين اميني ادبي فرشته رحماني

 .1401،   دانشگاه گيلان، انتشارات: رشت : مشخصات نشرمشخصات نشرمشخصات نشرمشخصات نشر    

 .ص 244   : مشخصات ظاهريمشخصات ظاهريمشخصات ظاهريمشخصات ظاهري    

  1-293-153-600-978 : شابكشابكشابكشابك    

 فيپا : وضعيت فهرست نويسيوضعيت فهرست نويسيوضعيت فهرست نويسيوضعيت فهرست نويسي    

 Davod Khojasteh Salkuyeh,Advanced :.پشت جلد به انگليسي   : يادداشتيادداشتيادداشتيادداشت    
Numerical Analysis 

 .كتابنامه : يادداشتيادداشتيادداشتيادداشت    

  ) عالي(راهنماي آموزشي --   آناليز عددي  : موضوعموضوعموضوعموضوع    
Numerical analysis -- Study and teaching   

  ) عالي(ها و غيره  مسائل، تمرين --    آناليز عددي 
Numerical analysis -- Problems, exercises, etc (Higher) 

 ، ويراستار - 1357  خواه، حسين،  اميني : شناسه افزودهشناسه افزودهشناسه افزودهشناسه افزوده    

 دانشگاه گيلان : شناسه افزودهشناسه افزودهشناسه افزودهشناسه افزوده    

  QA297   : رده بندي كنگرهرده بندي كنگرهرده بندي كنگرهرده بندي كنگره    

 519/4   : رده بندي ديوييرده بندي ديوييرده بندي ديوييرده بندي ديويي    

 8931282 : شماره كتابشناسي مليشماره كتابشناسي مليشماره كتابشناسي مليشماره كتابشناسي ملي    

اطلاعات ركورد اطلاعات ركورد اطلاعات ركورد اطلاعات ركورد     

 كتابشناسيكتابشناسيكتابشناسيكتابشناسي

 فيپا :

  
  

  
  

  

  دانشگاه گيلان نشرمركز   

    

شرفتهآناليز عددي پي : نام كتـاب  

سالكويه داود خجستهردكت  :  آوريدگر      

نژاد رحمانيفرشته  :  ويراستار ادبي  

خواه حسين امينيدكتر   :  ويراستار علمي  

  1401 ، اول : نوبت چـاپ

نشر دانشگاه گيلانمركز  : ناشـر  

نسخه 1000 : شـمارگان  

      

  

  * .در اختيار انتشارات دانشگاه گيلان است صرفاًو تكثير  هر گونه چاپ *
  

 



�� ÝþÀÖ�

��þ�ä ¤¢�õ ø ¤À�



¤�µÔÚÈ��

ù�Úµ¨¢ Û·õ ü®�þ¤ ÓÜµ¿õ ��¢�ãõ Í¨�� ,ü¨À�úõ ø �þ�� ��Üä ¤¢ �ûùÀþÀ� ¥� ý¤��Æ�

ø ñ�Â Ú µ ÷� ��¢� ã õ ,ü �� � ø ü ó� Þ ã õ Û � Æ ÷�Â Ô þ¢ ��¢� ã õ ,ü Î ¡Â � è ø üÎ¡ ��¢� ã õ

üû�ð üµ� ø ´¿¨ ¤��Æ� ��¢�ãõ ¥� �÷�ðßþ� Õ�ì¢ Û� ,¢¤��õ ÂµÈ�� ¤¢ .À÷�ªüõ ýÀ��ñÀõ : : :

�Ø�þ� �� ���� �� .¢�ªüõ ù¢�Ôµ¨� ý¢Àä ý�û©ø¤ ¥� �ú÷� Û� ý�Â� ,ø ¤ßþ�¥� .´¨� ßØÞõ�÷

�÷�þ�¤ ¥� ù¢�Ôµ¨� ,´¨� ¢�þ¥ ��±¨�½õ Ý¹� ø ï¤�� ,À÷�ªüõ Âû�Ò À�þ�Âê ßþ� ¤¢ �î üÜ��Æõ ¢�ã��

�¤�¬�� �÷�þ�¤ ¤¢ ¢�Àä� ,¢Àä ×þ ý�ûÝì¤ Çþ�Þ÷ ¤¢ �û�÷�þ�¤ ´þ¢øÀ½õ Û�ó¢�� .´¨� ý¤øÂ®

,ø¤ßþ�¥� .´¨� ù�ÂÞû �Î¡ ×þ � � ù¢�¨ �

b

±¨�½õ Âû ßþ�Â �� � � ;À ÷�ªüõ (¢Âð) ùÂ�¡£ ü±þÂÖ �

ø ü���Ç�� Û��ìÂ�è ùÀõ�´¨¢�� ¸þ�µ÷ üû�ð ø À÷Â�ðüõ ¤�Âì ö¢Âî¢Âð ÛÞä Â���

b

� ´½� ��±¨�½õ

ö���üõ ü÷�õ¥ �� �î ´¨� ßþ� ,¢�ªüõ �ÂÎõ �î üÈ¨Â� ßþÂ�Ýúõ ,ßþ�Â���� .À�µÆû ´¨¤¢�÷

�� ´¨� �¥� ,Ç¨Â� ßþ� ¾¨�� ßµê�þ ý�Â� .¢Âî ¢�Þµä� �÷�þ�¤ Í¨�� ùÀõ�´¨¢�� ���� ×þ ��

�¤ �÷�þ�¤ ¤¢ ¢�Àä� ö¢Âî¢Âð ¥� üª�÷ ý�û�Î¡ Ý�÷��µ� � � Ýþ�ª ��ª� ý��÷�þ�¤ ��±¨�½õ ÝµÆ�¨

�Î¡ ��ó�÷� á�®�õ �� �ø¢ ÛÊê ¤¢ ,´Æ¿÷ ÛÊê ¤¢ üþ�û¥��÷Ç�� �

b

��¤� ¥� Å� .Ý��î Û�Ü½�

.Ýþ¥�¢Â�üõ

ùÀª ù¢�¢ «�Êµ¡� ÓÜµ¿õ Û��Æõ Û� ý�Â� ý¢Àä ý�û©ø¤ �

b

��¤� �� ,ýÀã� ÛÊê �¨

á�� ÷� ,ÛÊê ßþ� ¤¢ .´¨� � µ êÂ ð ¤�Â ì � ã ó�Îõ ¢¤� õ ü �� � ÷ø ¤¢ á�®�õ ,��¨ ÛÊê ¤¢ .´¨�

ü��·Ü·õ â���� ,� þ�ð â���� Í¨�� ü��þöø¤¢ ,�ûý��ÜÞ�À�� Í¨�� ü���÷ø ¤¢ Û�±ì ¥� ü���÷ø ¤¢

ý�ûñ�ÂÚµ ÷� ü± þÂÖ � �

b

±¨�½õ ý�û©ø¤ �� �¤�ú� ÛÊê .´¨� ùÀª ü¨¤Â � ßþ�³¨� â��� � ø

ý�ûñ�õÂê ø Å��î -ß���÷ ýÂ�ðñ�ÂÚµ÷� ý�û©ø¤ ,ÛÊê ßþ� ¤¢ .´¨� �µê�þ «�Êµ¡� ß�ãõ

ÓÜµ¿õ ý�û©ø¤ �

b

ãó�Îõ �� ,ü÷�þ�� ÛÊê ¤¢ .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ §ø�ð ýÂ�ðñ�ÂÚµ÷�

�î �¹÷� �� ´¨� ùÀª ©�� �ûÛÊê ��Þ� ¤¢ .´¨� ùÀª �µ¡�¢Â� üÎ¡Â�è ��¢�ãõ Û� ý�Â�

.¢�ª ���¤� ©ø¤ Âû ý�Î¡ ��ó�÷� ,´¨� ßØÞõ

ñ�·õ ×þ ,¢�ªüõ ���¤� �î üªø¤ Âû ý�Â� ´¨� ùÀª ©�� ,ùÀª���¤� °ó�Îõ öÀª©ø¤ ý�Â�

�ú÷� Û� �î ´¨� ùÀª ù¢�¢ ¤�Âì üþ�ûßþÂÞ� ÛÊê Âû ö�þ�� ¤¢ .¢�ª ö��� ©ø¤ ö� ¥� ý¢Â�¤�î �þ



.À�îüõ ×Þî °ó�Îõ Âµú� í¤¢ ��

§¤¢ ¤¢ Àª¤� ü¨��ª¤�î ö�þ�¹È÷�¢ �� ü¨¤¢ ù

b

ø�� �¤�¬�� ñ�¨ ßþÀ�� ,ø¤ Ç�� ��µî

ý¢�þ¥ ¢�Âê� ø ´¨� ùÀª Åþ¤À� üÜ��¢¤� ÕÖ½õ ù�ÚÈ÷�¢ ø ö��ð ù�ÚÈ÷�¢ ¤¢ �µêÂÈ�� ý¢Àä ��ó�÷�

�î À÷�ù¢Âî ý¤ø�¢� þ ùÀ ÷¤�Ú ÷ � � �¤ ö� ý�ûüµ¨�î ø ���Øª� ,§¤¢ ßþ� ö� þ�¹È÷�¢ �ÜÞ�¥�

�� �î ,ù��¡ü��õ� ß�Æ� Âµî¢ ,��µî üÞÜä ¤�µ¨�Âþø ¥� .Ý�î ý¤��Ú¨�³¨ �ú÷� �

b

Þû ¥� ´¨� �µÆþ�ª

,ö�þ�� ¤¢ .Ý�îüõ ý¤��Ú¨�³¨ �÷�Þ�Þ¬ ,À�µ¡�¢Â� ��µî üÞÜä ü¨¤Â� �� ¢�¡ ü¹�¨�µØ÷ ø ´ì¢

��Ø÷ ø À�µ¡�¢Â� ��µî ßµõ �

b

ãó�Îõ �� ´ì¢ �� �î ,¢�Ä÷ü÷�Þ�¤ �µªÂê Ý÷�¡ ,��µî ü�¢� ¤�µ¨�Âþø ¥�

�

b

��õ¥ �î ö��ð ù�ÚÈ÷�¢ üÈûøÄ� À��ø ¥� ,ß��»Þû ø À÷Àª ¤ø�¢�þ �¤ ýÀ�Þª¥¤� ¤��Æ� üª¤�Ú÷

.Ý�îüõ ü÷�¢¤Àì ,À÷¢Âî Ýû�Âê �¤ Â�� ���

�þ�Øó�¨ �µÆ¹¡ ¢ø�¢

ö��ð ù�ÚÈ÷�¢ ü®�þ¤ ��Üä ù

b

ÀØÈ÷�¢

1401 Â��



���¤À�õ ´¨Âúê

1 �û¥��÷Ç�� 1

1 : : : : : : : : : : : : : : : : : : : : : : : : üÎ¡ Â±� ¥� üþ�û¥��÷Ç�� 1.1

8 : : : : : : : : : : : : : : : : : : : : : : : : üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� 2.1

8 : : : : : : : : : : : : : : : : : : : : : : §ø�ð üêÁ� ©ø¤ 1.2.1

12 : : : : : : : : : : : ü��� ýÂ�ð¤�½õ �� §ø�ð üêÁ� ©ø¤ 2.2.1

13 : : : : : : : : : : : : : : : : : : : : Û�Æ÷�ÂÔþ¢ ø ��Æ� ¥� üþ�û¥��÷Ç�� 3.1

21 �û�Î¡ 2

21 : : : : : : : : : : : : : : : : : : : : IEEE ù�Úµ¨¢ ¤¢ ¤ø��ª ��Þõ ¢�Àä� 1.2

25 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : IEEE ��Æ� 2.2

27 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : �Î¡ ��ó�÷� 3.2

37 : : : : : : : : : : : : : : : : : : : : : : : ��Ú÷��ã��ê éÁ� ¥� ýÂ�ð�Ü� 4.2

38 : : : : : : : : : : : : : : : : : : : : ´�¨�Æ� ø ý¤�Àþ�� ,üã®ø©�¡ 5.2

53 ü���÷ø ¤¢ 3

53 : : : : : : : : : : : : : : : : : : : �ûý��ÜÞ�À�� ¥� ù¢�Ôµ¨� �� ü���÷ø ¤¢ 1.3

61 : : : : : : : : : : : : ß���÷ ���÷ø ¤¢ ý��ÜÞ�À�� ø ùÀªÝ�ÆÖ� ��®�Ô� 2.3

65 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ü���÷ø ¤¢ ý�Î¡ 3.3

Óó�



���¤À�õ ´¨Âúê �

67 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : Â·î�Ûì� �

b

ÜÿÆõ 4.3

74 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ´�õÂû ü���÷ø ¤¢ 5.3

83 : : : : : : : : : : : : : : : : : : : : : : : : : �þ�ð â���� Í¨�� ü���÷ø ¤¢ 6.3

90 : : : : : : : : : : : : : : : : : Û�� ÛÆÜÆõ ý�ûÂÆî ø §�Øãõ ��®�Ô� 7.3

96 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ü��·Ü·õ ü���÷ø ¤¢ 8.3

102 : : : : : : : : : : : : : : : : : : : : : : : : : ùÂ�çµõÀ�� â���� ü���÷ø ¤¢ 9.3

104 : : : : : : : : : : : : : : : : : : : : : : ßþ�³¨� â���� ×Þî �� ü���÷ø ¤¢ 10.3

110 : : : : : : : : : : : : : : : : : : : : : ���÷ø ¤¢ ü±ãØõ ßþ�³¨� �

b

±¨�½õ 11.3

121 : : : : : : : : : : : : : : : : : : : ßþ�³¨� â���� Ýúõ ý�û¢Â�¤�î ¥� üØþ 12.3

122 : : : : : : : : : : : : : : : : : : ���÷ø ¤¢ ü±ãØõ ßþ�³¨� â��� üþ�ÂÚÞû 13.3

129 ý¢Àä ýÂ�ðñ�ÂÚµ÷� 4

129 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : �õÀÖõ 1.4

129 : : : : : : : : : : : : : : : : : : : : : : : : : Å��î -ß���÷ ý�ûñ�õÂê 2.4

135 : : : : : : : : : : : : : : : : : : : : : : ýÂ�ðñ�ÂÚµ÷� °îÂõ ý�û¤�µ¨¢ 3.4

139 : : : : : : : : : : : : : : : : : : : : : : : : : : : : �÷�ÿ� ý�Î¡ Çþ�Þ÷ 4.4

144 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ïÂ±õ�¤ ©ø¤ 5.4

148 : : : : : : : : : : : : : : : : : : : : : : §ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê 6.4

158 : : : : : : : : : ¤À÷�Äó -§ø�ð ø ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê 7.4

173 üÎ¡Â�è ��¢�ãõ ý¢Àä Û� 5

173 : : : : : : : : : : : : : : : : : : : : : : : : : : : ö�Æê�¤ -ß���÷ ©ø¤ 1.5

181 : : : : : : : : : : : : : : : : : : : : : üÜî ´ó�� ¤¢ üþ�ÂÚÞû ý�þ�Ìì 2.5



� ���¤À�õ ´¨Âúê

188 : : : : : : : : : : : : : : : : : : : : : : ö�Æê�¤ -ß���÷ ©ø¤ üþ�ÂÚÞû 3.5

192 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : �µ¨Â�� ©ø¤ 4.5

198 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : üþ�¹��÷ ©ø¤ 5.5

201 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ýÂ�ø ©ø¤ 6.5

204 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ßØµþ� -�

2

©ø¤ 7.5

213 â���õ

215 üÆ�ÜÚ÷� �� ü¨¤�ê �õ�÷ù��ø

223 ü¨¤�ê �� üÆ�ÜÚ÷� �õ�÷ù��ø



1 ÛÊê

�û¥��÷Ç��

�¤ ýÀã � ý�ûÛÊê ¤¢ ¥� � ÷¢¤�õ ý� þ�Ìì ø �û©ø¤ ,Óþ¤� ã � ,Ý �û�Ôõ ¥� ü¡Â � ÛÊê ßþ� ¤¢

,ý¤�¢Â� ý�Ìê ,ö�À�õ Û·õ üÞ�û�Ôõ � � ùÀ � ÷��¡ �î ´¨� ßþ� Â � � õ ­Âê .Ý� � îüõ ¤øÂõ
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�
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ä�Þ¹õ ,ß��»Þû .Ý�û¢üõ ö�È÷ C ø R �� °��Â��� �¤ (ÍÜµ¿õ ¢�Àä� ö�À�õ) ÍÜµ¿õ ø (üÖ�Ö�

üÖ�Ö� ý�û�þ�¤¢ �� m� n ý�ûÅþÂ��õ �
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ä�Þ¹õ ø R

n

�� �¤ üÖ�Ö� ý�û�Ôó�
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õ �� üþ��n ý�û¤�¢Â�

.¢�ªüõ ÓþÂã� C
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ø C
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�
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ä�Þ¹õ ,°��Â� ß�Þû �� .Ý�û¢üõ ö�È÷ R
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üÎ¡ Â±� ¥� üþ�û¥��÷Ç�� 1.1

.Ý��îüõ ���¤� �¤ ö� ¢¤�õ ¤¢ �µØ÷ À�� ø ÅþÂ��õ ×þ ù
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Äþø �ø¥ ÓþÂã� �Àµ��

�µª�¢ � 2 C ¢Àä ø x 2 C

n

ÂÔ¬�÷ ¤�¢Â� ×þ ý�¥��� Âð� .A 2 C
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À��î ­Âê 1.1 ÓþÂã�

x ø ùÄþø ¤�ÀÖõ �¤ � .À�þ�ðüõ A ù
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Äþø �ø¥ ×þ �¤ (�; x) °�Âõ �ø¥ ù�Ú÷� ,Ax = �x Ý�ª��

.À�û¢üõ ö�È÷ �(A) �� ø À�þ�ðüõ A Ó�Ï �¤ A ù
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Äþø Âþ¢�Öõ �
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ä�Þ¹õ .À�þ�ðüõ A ù
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Äþø ¤�¢Â� �¤
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�(A) = max
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´ª�¢ Ý�û��¡ ,Ax = �x �
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Î��¤ ¥� ù�Ú÷� ,Àª�� AÅþÂ��õ ù
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Äþø �ø¥ ×þ (�; x) Âð�

(�I �A)x = 0:

Ý��îüõ ÓþÂã� .det(�I �A) = 0 Ý�ª�� �µª�¢ Àþ�� ,´¨� ÂÔ¬�÷ x ù
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Äþø ¤�¢Â� �Ø�þ� ¥�

p(�) = det(�I �A):

p(�) .À�µÆû A ù
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Äþø Âþ¢�Öõ ö� ý�û�Èþ¤ �î ´¨� n �
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�¤¢ ý��ÜÞ�À��×þ p(�) �î Àþ¢ ö���üõ

.À�þ�ðüõ A �
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Ê¿Èõ ý��ÜÞ�À�� �¤

ÅþÂ��õ ù
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Äþø ý�û�ø¥ 1.1 ñ�·õ
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2 1

2 3

!

;

.Àþ¤ø� ´¨¢ �� �¤

Ýþ¤�¢ ,AÅþÂ��õ �

b

Ê¿Èõ ý��ÜÞ�À�� ö¢�¢¤�Âì ÂÔ¬ �� :Û�

p(�) = det(�I �A) =

�

�

�

�

�

�� 2 �1

�2 �� 3

�

�

�

�

�

= (�� 1)(� � 4) = 0:

.�(A) = 4 ø �(A) = f1;4g ,ø ¤ßþ�¥� .�

2

= 4 ø �

1

= 1 ¥� À��¤�±ä A ù

b

Äþø Âþ¢�Öõ ,ßþ�Â����

Ýþ¤�¢ ,(�

1

I �A)x = 0 �
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Î��¤ ¥� ,�

1

= 1 �� ÂÒ��µõ ù
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Äþø ¤�¢Â� �
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±¨�½õ ý�Â�

 

�1 �1

�2 �2

! 

x

1

x

2

!

=

 

0

0

!

:

¤�¢Â� Âû ,ßþ�Â���� .´¨� ñ¢�ãõ ,x

2

= �x

1

�þ ,x

1

+ x

2

= 0 �

b

ó¢�ãõ Û� �� ,ù�Úµ¨¢ ßþ� Û�

ÂÔ¬�÷ x

1

�î üÏÂª�� ,´¨� �

1

= 1 �� ÂÒ��µõ A ù

b

Äþø ¤�¢Â� ×þ ,x = (x

1

;�x

1

)

T

�¤�¬��

.´¨� �

1

= 1 �� ÂÒ��µõ ù

b

Äþø ¤�¢Â� ×þ ,x = (1;�1)

T

¤�¢Â� ,ñ�·õ ý�Â� .Àª��

.´¨� �

2

= 4 �� ÂÒ��µõ ù

b

Äþø ¤�¢Â� ×þ x = (1;2)

T

¤�¢Â� �î Àþ¢ ö���üõ ���Èõ ¤�Ï��

´¨� üã��� ,V ýø¤ �Â÷×þ .Àª�� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê×þ V À��î­Âê 2.1 ÓþÂã�

À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï�� ,k:k : V ! R Û·õ

;x = 0 Âð� �ú�� ø Âð� kxk = 0 ùø�ä�� .kxk � 0 ,x 2 V Âû ý�¥��� (Óó�)

;k�xk = j�jkxk ,x 2 V ø � 2 F Âû ý�¥��� (�)

.(¶Ü·õ ýø�Æõ�÷) kx+ yk � kxk+ kyk ,x; y 2 V Âû ý�¥��� (�)
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Ýþ¤�¢ ,x; y 2 V Âû ý�¥��� ù�Ú÷� ,Àª�� V ýø¤ �Â÷ ×þ k:k Âð�

jkxk � kykj � kx� yk:

üÆþÂ��õ �Â÷ ø ý¤�¢Â� �Â÷ ,°��Â��� �¤ C

m�n

ø C

n

ýø¤ ùÀªÓþÂã� ý�û�Â÷ Àã� �� �¹�þ� ¥�

.Ý�õ�÷üõ

¥� À��¤�±ä ñø�Àµõ ý¤�¢Â� ý�û�Â÷ ,x = (x; x

2

; : : : ; x

n

)

T

2 C

n

Âû ý�Â�

kxk

1

=

n

X

i=1

jx

i

j; kxk

1

= max

1�i�n

jx

i

j; kxk

2

=

 

n

X

i=1

jx

i

j

2

!

1

2

;

ý�û�Â÷ ßþÂ�Ýúõ ,ß��»Þû .À�µÆû (ü¨À�Üì� �Â÷) 2-�Â÷ ø ´þ�ú��� �Â÷ ,1-�Â÷ °��Â��� �î

¥� À��¤�±ä C

n�n

ýø¤ üÆþÂ��õ

kAk

1

= max

1�j�n

n

X

i=1

ja

ij

j;

kAk

1

= max

1�i�n

n

X

j=1

ja

ij

j;

kAk

2

= �(A

H

A)

1

2

;

kAk

F

=

0

�

n

X

i=1

n

X

j=1

ja

ij

j

2

1

A

1

2

;

.À�êøÂãõ§����øÂê �Â÷ ø 2-�Â÷ ,´þ�ú��� �Â÷ ,1-�Â÷ �� °��Â��� �î

ù�Ú÷� ,x = (1;2;�2)

T

Âð� 2.1 ñ�·õ

kxk

1

= j1j+ j2j+ j � 2j = 5;

kxk

1

= maxfj1j; j2j; j � 2jg = 2

kxk2 =

q

j1j

2

+ j2j

2

+ j � 2j

2

=

p

9 = 3:

À��î ­Âê ,ß��»Þû

A =

�

2 �2

5 �1

�

:

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢

kAk

1

= maxfj2j+ j5j; j � 2j+ j � 1jg = 7;

kAk

1

= maxfj2j+ j � 2j; j5j+ j � 1jg = 6;

kAk

F

=

q

j2j

2

+ j � 2j

2

+ j5j

2

+ j � 1j

2

=

p

34:
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Ýþ¤�¢ ,kAk

2

�

b

±¨�½õ ý�Â�

A

T

A =

�

29 �9

�9 5

�

:

.kAk

2

=

p

32 ,ø ¤ßþ�¥� .�(A

T

A) = f2;32g �î Àþ¢ ö���üõ üð¢�¨��

ßþ� ¤¢ .A 2 C

n�n

ø Àª�� C

n

ýø¤ ý¤�¢Â� �Â÷ ×þ k:k À��î ­Âê (üã�±Ï �Â÷) 3.1 ÓþÂã�

�¤�¬�� ý¤�¢Â� �Â÷ ßþ� �� ÂÒ��µõ üã�±Ï �Â÷ ,�¤�¬

kAk = max

kxk=1

kAxk = max

kxk6=0

kAxk

kxk

; (1.1)

.¢�ªüõ ÓþÂã�

2-�Â÷ ø ´þ�ú��� �Â÷ ,1-�Â÷ ý¤�¢Â� ý�û�Â÷ Í¨�� ùÀªÀ�ó�� üã�±Ï ý�û�Â÷ �î Àþ¢ ö���üõ

�Â÷ ×þ k:k

v

Âð� ,ß��»Þû .À�µÆû 2-�Â÷ ø ´þ�ú��� �Â÷ ,1-�Â÷ üã�±Ï üÆþÂ��õ ý�û�Â÷ °��Â���

Ýþ¤�¢ ,x 2 C

n

ø A;B 2 C

n�n

Âû ý�¥��� ù�Ú÷� ,Àª�� ÂÒ��µõ üã�±Ï �Â÷ k:k

M

ø ý¤�¢Â�

kABk

M

� kAk

M

kBk

M

; kAxk

v

� kAk

M

kxk

v

:

�� ´±Æ÷ üÆþÂ��õ �Â÷ ý¤�ð¥�¨ ´�¬�¡ �¤ �ø¢ ´�¬�¡ ø �Â÷ ü�Â® ´�¬�¡ �¤ ñø� ´�¬�¡

.À�þ�ðüõ ö� Àó�õ ý¤�¢Â� �Â÷

,V ýø¤ üÜ¡�¢ �Â® ×þ .´¨� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ V À��î ­Âê 4.1 ÓþÂã�

Àû¢üõ ´±Æ÷ �¤ F ¤¢ hx; yi Û·õ Âó�Ø¨� ×þ V ¤¢ y ø x ý�û¤�¢Â� ¥� �ø¥ Âû �� �î ´¨� üã���

À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ý¤�Ï��

;x = 0 Âð� �ú�� ø Âð� hx; xi = 0 ,ùø�ä�� .hx; xi � 0 ø Àª�� üÖ�Ö� hx; xi (Óó�)

;hx; �yi = �hx; yi ,� 2 F Âû ý�Â� (�)

;hx; y + zi = hx; yi+ hx; zi ,z 2 V Âû ý�Â� (�)

.hx; yi = hy; xi (¢)

üÜ¡�¢ �Â® ý�Ìê ×þ ,Àª�� ùÀª ÓþÂã� ö� ¤¢ üÜ¡�¢ �Â® ×þ �î �¤ ý¤�¢Â� ý�Ìê Âû

.À�õ�÷üõ

.Àª�� V ¤¢ üÜ¡�¢ �Â® ×þ h:; :i ø F ö�À�õ ýø¤ üÜ¡�¢ �Â® ý�Ìê ×þ V À��î ­Âê

Ý�û¢ ¤�Âì x 2 V Âû ý�¥��� Âð� ,�¤�¬ ßþ� ¤¢

kxk =

p

hx; xi; (2.1)
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ø Àª�� F ýø¤ üÜ¡�¢ �Â® ý�Ìê ×þ V Âð� .À�îüõ ÓþÂã� V ýø¤ �Â÷ ×þ ,k:k ù�Ú÷�

ù�Ú÷� ,x; y 2 V

jhx; yij � kxkkyk;

��¤��ª -üª�î ýø�Æõ�÷ �� ýø�Æõ�÷ ßþ� .´¨� (2.1) �

b

Î��¤ ¤¢ ùÀªÓþÂã� �Â÷ k:k ö� ¤¢ �î

.´¨� éøÂãõ

Ý��îüõ ÓþÂã� ,x; y 2 C

n

¤�¢Â� ø¢ Âû ý�¥��� 3.1 ñ�·õ

hx; yi = x

H

y =

k

X

i=1

x

i

y

i

;

×þ h:; :i �î ¢�¢ ö�È÷ ö���üõ üð¢�¨�� .À�µÆû y ø x ý�û�Ôó�

b

õ °��Â��� �û y

i

ø �û x

i

ö� ¤¢ �î

.¢�ªüõ ùÀ�õ�÷ C

n

ýø¤ ¢¤�À÷�µ¨� üÜ¡�¢ �Â® ,üÜ¡�¢ �Â® ßþ� .´¨� C

n

ýø¤ üÜ¡�¢ �Â®

Ýþ¤�¢ ,x 2 C

n

Âû ý�Â� �Âþ¥ ;´¨� 2-�Â÷ ,üÜ¡�¢ �Â® ßþ� Í¨�� ùÀªÀ�ó�� �Â÷

kxk =

p

hx; xi =

�

n

X

i=1

x

i

x

i

�

1

2

=

�

n

X

i=1

jx

i

j

2

�

1

2

= kxk

2

:

�¤�¬�� ��¤��ª -üª�î ýø�Æõ�÷ ,ß��»Þû

jhx; yij � kxk

2

kyk

2

;

�þ

�

�

�

�

�

n

X

i=1

x

i

y

i

�

�

�

�

�

�

 

n

X

i=1

jx

i

j

2

!

1

2

 

n

X

i=1

jy

i

j

2

!

1

2

;

.´¨�

ù�ðÂû ,Ý�þ�ðüõ ö¤�Öµõ ´±·õ ß�ãõ �¤ A 2 R

n�n

ÅþÂ��õ 5.1 ÓþÂã�

;(Àª�� ö¤�Öµõ A) A

T

= A (Óó�)

.x

T

Ax > 0 ,x 2 R

n

ÂÔ¬�÷ ¤�¢Â� Âû ý�Â� (�)

,x 2 R

n

Âû ý�Â� ø Àª�� ¤�ÂìÂ� (Óó�) ù�ðÂû ,À�þ�ðüõ ö¤�Öµõ ´±·õ ß�ãõ�Þ�÷ �¤ A ÅþÂ��õ

.x

T

Ax � 0

ÅþÂ��õ 4.1 ñ�·õ

A =

�

5 �4

�4 6

�

;
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Ýþ¤�¢ ,x = (x

1

; x

2

)

T

ÂÔ¬�÷ ¤�¢Â� Âû ý�Â� Ýû ø ´¨� ö¤�Öµõ Ýû �Âþ¥ ;´¨� ö¤�Öµõ ´±·õ ß�ãõ

x

T

Ax = (x

1

; x

2

)

�

5 �4

�4 6

��

x

1

x

2

�

= x

2

1

+ 4(x

1

� x

2

)

2

+ 2x

2

2

> 0:

ÅþÂ��õ ,�¤�¬ ßþ� ¤¢ .1 � i

1

< i

2

< � � � < i

k

� n ø A 2 R

n�n

À��î ­Âê 6.1 ÓþÂã�

A

k

=

0

B

B

B

B

�

a

i

1

i

1

a

i

1

i

2

� � � a

i

1

i

k

a

i

2

i

1

a

i

2

i

2

� � � a

i

2

i

k

.

.

.

.

.

.

.

.

.

.

.

.

a

i

k

i

1

a

i

k

i

2

� � � a

i

k

i

k

1

C

C

C

C

A

;

A

k

ÅþÂ��õ ,j = 1;2; : : : ; k ,i

j

= j �î ü�¤�¬ ¤¢ .¢�ªüõ ùÀ�õ�÷ A üÜ¬� ÅþÂ��õÂþ¥ ×þ

.¢�ªüõ ùÀ�õ�÷ AÅþÂ��õ øÂÈ�� üÜ¬� ÅþÂ��õÂþ¥ ×þ

À��î ­Âê 5.1 ñ�·õ

A =

0

B

�

8 2 1

2 5 3

1 3 1

1

C

A

:

�� Àþ�üõ ´¨¢�� i

3

= 3 ø i

1

= 1 ý�ûÅþÀ÷� Í¨�� �î üÜ¬� ÅþÂ��õÂþ¥ ,�¤�¬ ßþ� ¤¢

�¤�¬

A =

�

8 1

1 1

�

;

ÅþÂ��õ ,ß��»Þû .´¨�

A =

�

8 2

2 5

�

;

À�ó�� i

2

= 2 ø i

1

= 1 ý�ûÅþÀ÷� Í¨�� �î ´¨� A ÅþÂ��õ ýøÂÈ�� üÜ¬� ÅþÂ��õÂþ¥ ×þ

.¢�ªüõ

.´¨� ö¤�Öµõ A 2 R

n�n

ÅþÂ��õ À��î ­Âê 1.1 �

b

�Ìì

´±·õ ö� øÂÈ�� üÜ¬� ý�ûÅþÂ��õÂþ¥ �

b

Þû ö���õÂ�¢ Âð� �ú�� ø Âð� ´¨� ´±·õ ß�ãõ A (Óó�)

.À�ª��

.À�ª�� ´±·õ A ù

b

Äþø Âþ¢�Öõ Âð� �ú�� ø Âð� ´¨� ´±·õ ß�ãõ A (�)
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ÅþÂ��õ 6.1 ñ�·õ

A =

0

B

�

9 �3 2

�3 5 �2

2 �2 1

1

C

A

;

Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

det(A

1

) = 9 > 0;

det(A

2

) =

�

�

�

�

�

9 �3

�3 5

�

�

�

�

�

= 36 > 0;

det(A

3

) = det(A) = 4 > 0:

Ýû ø ´¨� ö¤�Öµõ Ýû �Âþ¥ ;´¨� ö¤�Öµõ ´±·õ ß�ãõ A ÅþÂ��õ ,1.1 �

b

�Ìì �� ���� �� ,ø ¤ßþ�¥�

.À�µÆû ´±·õ A øÂÈ�� üÜ¬� ý�ûÅþÂ��õÂþ¥ ��Þ� ö���õÂ�¢

ÅþÂ��õ 7.1 ñ�·õ

A =

�

4 �2

�2 7

�

;

�

b

�Ìì ×Þî �� ,ßþ�Â���� .´¨� f3;8g �� Â��Â� A ÅþÂ��õ ù

b

Äþø Âþ¢�Öõ �

b

ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ö� ù

b

Äþø Âþ¢�Öõ Ýû ø ´¨� ö¤�Öµõ Ýû �Âþ¥ ;´¨� ö¤�Öµõ ´±·õ ß�ãõ A ÅþÂ��õ �î Ý����üõ 1.1

.À�µÆû ´±·õ

ÅþÂ��õ ,�¤�¬ ßþ� ¤¢ .À�ª�� �þ�Þµõ üÖ�Ö� ¢Àä n ,i = 1; : : : ; n ,x

i

À��î ­Âê

V =

0

B

B

B

B

�

1 x

1

x

2

1

� � � x

n�1

1

1 x

2

x

2

2

� � � x

n�1

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1 x

n

x

2

n

� � � x

n�1

n

1

C

C

C

C

A

;

ø ´¨� ¢ÂÔ�õ�÷ À÷�õ¤À÷�ø ÅþÂ��õ �î Àþ¢ ö���üõ .¢�ªüõ ùÀ�õ�÷ À÷�õ¤À÷�ø ÅþÂ��õ ×þ

det(V ) =

Y

i<j

(x

i

� x

j

): (3.1)

ù�Ú÷� ,n = 4 Âð� ,ñ�·õ ý�Â�

V =

0

B

B

B

�

1 x

1

x

2

1

x

3

1

1 x

2

x

2

2

x

3

2

1 x

3

x

2

3

x

3

3

1 x

4

x

2

4

x

3

4

1

C

C

C

A

;

.det(V ) = (x

1

� x

2

)(x

1

� x

3

)(x

1

� x

4

)(x

2

� x

3

)(x

2

� x

4

)(x

3

� x

4

) ø
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üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� 2.1

Â¹�õ ï¤�� ¢�ã�� �� üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� �� ,ü¨À�úõ ø ��Üä ¤¢ Û��Æõ ¥� ý¤��Æ� Û�

.Ý��îüõ ¤øÂõ �¤ �ûù�Úµ¨¢ ¥� �÷�ð ßþ� Û� ý�Â� §ø�ð üêÁ� ©ø¤ ,Ç¿� ßþ� ¤¢ .¢�ªüõ

§ø�ð üêÁ� ©ø¤ 1.2.1

üÎ¡ ��¢�ãõ ù�Úµ¨¢

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

a

11

x

1

+ a

12

x

2

+ a

13

x

3

+ � � �+ a

1n

x

n

= b

1

;

a

21

x

1

+ a

22

x

2

+ a

23

x

3

+ � � �+ a

2n

x

n

= b

2

;

a

31

x

1

+ a

32

x

2

+ a

33

x

3

+ � � �+ a

3n

x

n

= b

3

;

.

.

.

a

n1

x

1

+ a

n2

x

2

+ a

n3

x

3

+ � � �+ a

nn

x

n

= b

n

;

(4.1)

ßªø¤ .À�µÆû ù�Úµ¨¢ ���ú¹õ �ûx

i

ø üÖ�Ö� ¢�Àä� �ûb

i

ø �ûa

ij

ö� ¤¢ �î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ÛÞä �¨ �� �î ´¨�

,�ó¢�ãõ ø¢ Ëþ�ã� (1)

,ÂÚþ¢ �

b

ó¢�ãõ ß�êÂÏ �� �ó¢�ãõ ×þ ß�êÂÏ ¥� ü�ÂÌõ ö¢ø�ê� (2)

,ÂÔ¬�÷ ¢Àä ×þ ¤¢ �ó¢�ãõ ×þ ß�êÂÏ �Â® (3)

ö�ÆØþ (4.1) ù�Úµ¨¢ ���� �� ö� ���� �î ,¢�ªüõ ÛþÀ±� ýÂÚþ¢ ù�Úµ¨¢ �� (4.1) ù�Úµ¨¢

.À�þ�ðüõ ü��õÀÖõ ýÂÎ¨ ñ�Þä� �¤ ñ�Þä� ßþ� .´¨�

ÅþÂ��õ �î Ý��îüõ ÛþÀ±� üû�Úµ¨¢ �� �¤ ù�Úµ¨¢ ,ÛÞä �¨ ßþ� ×Þî �� ,§ø�ð üêÁ�©ø¤ ¤¢

©ø¤ Ýµþ¤�Úó� ,�õ�¢� ¤¢ .´¨� Û� Û��ì üµ��¤�� �î Àª�� ü·Ü·õ��� ÅþÂ��õ ×þ ö� °þ�Â®

ù

b

¢ø�ê� ÅþÂ��õ ,´Æ¿÷ .Ý�û¢üõ �Âª �¤ §ø�ð üêÁ�

0

B

B

B

B

B

B

B

�

a

11

a

12

a

13

� � � a

1n

a

21

a

22

a

23

� � � a

2n

a

31

a

32

a

33

� � � a

3n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

a

n1

a

n2

a

n3

� � � a

nn

�

�

�

�

�

�

�

�

�

�

�

�

�

b

1

b

2

b

3

.

.

.

b

n

1

C

C

C

C

C

C

C

A

;

(n � 1) ¤¢ §ø�ð üêÁ� ©ø¤ ¤¢ °þ�Â® ÅþÂ��õ ý¥�¨ü·Ü·õ��� ���ÜÞä .Ý�û¢üõ Û�ØÈ� �¤

.¢ÂþÁ�üõ ��¹÷� ��ð



9 �û¥��÷Ç�� .1 ÛÊê

¤�Âì ,�¤�¬ ßþ� Â�è ¤¢ .¢¤�¡üõ ´ÆØª Ýµþ¤�Úó� ù�Ú÷� ,a

11

= 0 Âð� ,´Æ¿÷ ��ð ¤¢

Ý�û¢üõ

`

i1

=

a

i1

a

11

; i = 2;3; : : : ; n:

ÅþÂ��õ ßþ� ��

e

i ÂÎ¨ �� �¤ ù¢ø�ê� ÅþÂ��õ ñø� ÂÎ¨ Â��Â� �`

i1

,i = 2;3; : : : ; n ý�¥��� ö��î�

À�û��¡ ÂÔ¬ �� Â��Â� i = 2;3; : : : ; n ,(i;1) ö�Øõ ý�û�þ�¤¢ ,ñ�Þä� ßþ� ��¹÷� �� .Ý��îüõ �ê�®�

�¤�¬�� ù¢ø�ê� ÅþÂ��õ ,âì�ø ¤¢ .Àª

0

B

B

B

B

B

B

B

�

a

11

a

12

a

13

� � � a

1n

0 â

22

â

23

� � � â

2n

0 â

32

â

33

� � � â

3n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 â

n2

â

n3

� � � â

nn

�

�

�

�

�

�

�

�

�

�

�

�

�

b

1

^

b

2

^

b

3

.

.

.

^

b

n

1

C

C

C

C

C

C

C

A

;

.¢�� Àû��¡

,â

22

= 0 �î ü�¤�¬ ¤¢ .Ý��îüõ ÂÔ¬ �¤ i = 3; : : : ; n ,(i;2) ö�Øõ ý�û�þ�¤¢ ,�ø¢ ��ð ¤¢

Ý�û¢üõ ¤�Âì ,�¤�¬ ßþ� Â�è ¤¢ .¢¤�¡üõ ´ÆØª Ýµþ¤�Úó�

`

i2

=

â

i2

â

22

; i = 3;4; : : : ; n:

�ê�®� ÅþÂ��õ ßþ� ��

e

i ÂÎ¨ �� �¤ ù¢ø�ê� ÅþÂ��õ �ø¢ ÂÎ¨ Â��Â� �`

i2

,i = 3;4; : : : ; n ý�¥���

¤¢ .Àª À�û��¡ ÂÔ¬ �� Â��Â� i = 3;4; : : : ; n ,(i;2) ö�Øõ ý�û�þ�¤¢ ñ�Þä� ßþ� ��¹÷� �� .Ý��îüõ

Àþ�üõ ´¨¢�� Âþ¥ �¤�¬�� ù¢ø�ê� ÅþÂ��õ âì�ø

0

B

B

B

B

B

B

B

�

a

11

a

12

a

13

� � � a

1n

0 â

22

â

23

� � � â

2n

0 0 ~a

33

� � � ~a

3n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 ~a

n3

� � � ~a

nn

�

�

�

�

�

�

�

�

�

�

�

�

�

b

1

^

b

2

~

b

3

.

.

.

~

b

n

1

C

C

C

C

C

C

C

A

:

ù�Úµ¨¢ �î Àª Àû��¡ ü·Ü·õ��� ù�Úµ¨¢ °þ�Â® ÅþÂ��õ ,��ð (n � 1) ¥� Å� ,À÷ø ¤ ßþ� �

b

õ�¢� ��

�� .¢�ªüõ �±¨�½õ x

n

Â�çµõ �ó¢�ãõ ßþÂ¡� ¥� ,âì�ø ¤¢ .¢Âî Û� ö���üõ üð¢�¨�� �¤ Û¬��

�ûÂ�çµõ �

b

Þû ,À÷ø ¤ ßþ� �

b

õ�¢� �� .Àþ�üõ ´¨¢�� x

n�1

Â�çµõ ,��

e

(n�1) �

b

ó¢�ãõ ¤¢ x

n

ý¤�Áðý��

�î ýÂþ¢�Öõ .À�þ�ðüõ øÂÆ� ý¤�Áðý�� �¤ ý¤�Áðý�� ¥� ù��ª ßþ� .¢�� À�û��¡ �±¨�½õ Û��ì

.À÷�ªüõ ùÀ�õ�÷ ý¤�½õ ý�û�þ�¤¢ ,À÷¤�¢ ¤�Âì Û¬�� ü·Ü·õ��� ÅþÂ��õ ÂÎì ýø¤
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üÎ¡ ��¢�ãõ ù�Úµ¨¢ 8.1 ñ�·õ

0

B

B

B

B

�

1 2 2 1

2 6 2 1

1 4 4 2

4 2 8 1

1

C

C

C

C

A

0

B

B

B

B

�

x

1

x

2

x

3

x

4

1

C

C

C

C

A

=

0

B

B

B

B

�

5

11

8

5

1

C

C

C

C

A

;

.À��î Û� §ø�ð üêÁ� ©ø¤ �� �¤

�¤�¬�� ù�Úµ¨¢ ßþ� ý�Â� ÂÒ��µõ ù

b

¢ø�ê� ÅþÂ��õ :Û�

0

B

B

B

B

�

1 2 2 1

2 6 2 1

1 4 4 2

4 2 8 1

�

�

�

�

�

�

�

�

�

�

5

11

8

5

1

C

C

C

C

A

;

.´¨�

Ý�û¢üõ ¤�Âì .1 ��ð

`

21

=

2

1

= 2; `

31

=

1

1

= 1; `

41

=

4

1

= 4:

ÂÎ¨ �� �¤ ñø� ÂÎ¨ �4 ø ��¨ ÂÎ¨ �� �¤ ñø� ÂÎ¨ Â��Â� �1 ,�ø¢ ÂÎ¨ �� �¤ ñø� ÂÎ¨ Â��Â� �2

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .Ý��îüõ �ê�®� �¤�ú�

0

B

B

B

B

�

1 2 2 1

0 2 �2 �1

0 2 2 1

0 �6 0 �3

�

�

�

�

�

�

�

�

�

�

5

1

3

�15

1

C

C

C

C

A

:

Ý�û¢üõ ¤�Âì .2 ��ð

`

32

=

2

2

= 1; `

42

=

�6

2

= �3:

Ý�û��¡ ,ø¤ßþ�¥� .Ý��îüõ �ê�®� �¤�ú� ÂÎ¨ �� �¤ �ø¢ ÂÎ¨ Â��Â� 3 ø ��¨ ÂÎ¨ �� �¤ �ø¢ ÂÎ¨ �1

´ª�¢

0

B

B

B

B

�

1 2 2 1

0 2 �2 �1

0 0 4 2

0 0 �6 �6

�

�

�

�

�

�

�

�

�

�

5

1

2

�12

1

C

C

C

C

A

:
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Ý�û¢üõ ¤�Âì .3 ��ð

`

43

=

�6

4

= �

3

2

:

´ª�¢ Ý�û��¡ ,ø¤ßþ�¥� .Ý��îüõ �ê�®� �¤�ú� ÂÎ¨ �� �¤ ��¨ ÂÎ¨ Â��Â�

3

2

,Å³¨

0

B

B

B

B

�

1 2 2 1

0 2 �2 �1

0 0 4 2

0 0 0 �3

�

�

�

�

�

�

�

�

�

�

5

1

2

�9

1

C

C

C

C

A

:

.´¨� ùÀª ü·Ü·õ��� ,ù�Úµ¨¢ °þ�Â® ÅþÂ��õ �î Ý����üõ

Ýþ¤�¢ Â¡� �

b

ó¢�ãõ ¥� .Ý��îüõ Û� �¤ ü·Ü·õ��� ù�Úµ¨¢ ßþ� ö��î�

�3x

4

= �9;

Ýþ¤�¢ ��¨ �

b

ó¢�ãõ ¥� .Àû¢üõ �¹�µ÷ �¤ x

4

= 3 ¤�ÀÖõ �î

4x

3

+ 2x

2

= 2;

´ª�¢ Ý�û��¡ x

3

= 3 ý¤�Áðý�� �� �î

4x

3

+ 2� 3 = 2:

Ýþ¤�¢ ��¨ �

b

ó¢�ãõ ¥� .x

3

= �1 ,ßþ�Â����

2x

2

� 2x

3

� x

4

= 1;

�î Ý����üõ ,x

4

= 3 ø x

3

= �1 ý¤�Áðý�� �� �î

2x

2

� 2� (�1)� 3 = 1:

Ýþ¤�¢ ñø� �

b

ó¢�ãõ ¥� ��¹÷�Â¨ .x

2

= 1 ,ø ¤ßþ�¥�

x

1

+ 2x

2

+ 2x

3

+ x

4

= 5;

´ª�¢ Ý�û��¡ ,x

4

= 3 ø x

3

= �1 ,x

2

= 1 ý¤�Áðý�� �� �î

x

1

+ 2� 1+ 2� (�1) + 3 = 5:

.x

1

= 2 ,ßþ�Â����
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ü��� ýÂ�ð¤�½õ �� §ø�ð üêÁ� ©ø¤ 2.2.1

ÂÔ¬ ý¤�½õ ý�û�þ�¤¢ ¥� üØþ §ø�ð üêÁ� ©ø¤ Ýµþ¤�Úó� ¤¢ Âð� ,Àª ùÀû�Èõ �î �÷�ðö�Þû

.¢�ªüõ ù¢�Ôµ¨� ýÂ�ð¤�½õ ¤�Øû�¤ ¥� ,ÛØÈõ ßþ� âê¤ ý�Â� .¢¤�¡üõ ´ÆØª Ýµþ¤�Úó� ,Àª��

�¹�þ� ¤¢ .℄3, 15[ üÜî ýÂ�ð¤�½õ ø ü��� ýÂ�ð¤�½õ :¢¤�¢ ¢��ø ýÂ�ð¤�½õ á�÷ ø¢ ,üÜî¤�Ï��

üêÁ� ©ø¤ ¥� ��ðÂû ¤¢ ,ü��� ýÂ�ð¤�½õ ©ø¤ ¤¢ .Ýþ¥�¢Â�üõ ü��� ýÂ�ð¤�½õ üêÂãõ ��

à�½ó ¥� �þ�¤¢ ßþÂ�ï¤�� ,ö�µ¨ ö�Þû ¤¢ ø ö� Âþ¥ ý�û�þ�¤¢ ø ý¤�½õ �

b

þ�¤¢ ß�� ¥� §ø�ð

º�û Âð� �î À��î ���� .Ý��îüõËþ�ã� ý¤�½õ �

b

þ�¤¢ ÂÎ¨ �� �¤ �Ï��Âõ ÂÎ¨ ø �µê�þ �¤ ÕÜÎõ¤Àì

.´¨� ¢ÂÔ�õ °þ�Â® ÅþÂ��õ ,¢�È÷ �À�� ýÂÔ¬�÷ �

b

þ�¤¢

üÎ¡ ��¢�ãõ ù�Úµ¨¢ 9.1 ñ�·õ

8

>

>

<

>

>

:

2x

1

+ x

3

= 3;

3x

1

+ 2x

2

+ 2x

3

= 9;

x

1

+ x

2

+ 5x

3

= 8;

.À��î Û� ü��� ýÂ�ð¤�½õ �� §ø�ð üêÁ� ©ø¤ �� �¤

ù

b

¢ø�ê� ÅþÂ��õ :Û�

0

B

B

�

2 0 1

3 2 2

1 1 5

�

�

�

�

�

�

�

�

3

9

8

1

C

C

A

;

.´¨� (2;1) �

b

þ�¤¢ ,ÅþÂ��õ ñø� ö�µ¨ ¤¢ ÕÜÎõ¤Àì à�½ó ¥� �þ�¤¢ ßþÂ�ï¤�� .Ý�û¢üõ Û�ØÈ� �¤

ù¢ø�ê� ÅþÂ��õ ,�¹�µ÷¤¢ .Ý��îüõ ÂÚþÀØþ ßþ�Úþ�� �¤ ù¢ø�ê� ÅþÂ��õ ñø� ø �ø¢ ÂÎ¨ ,ßþ�Â����

¢�ªüõ ÛþÀ±� Âþ¥ �¤�¬��

0

B

B

�

3 2 2

2 0 1

1 1 5

�

�

�

�

�

�

�

�

9

3

8

1

C

C

A

:

Ýþ¤�¢ ,(1;1) �

b

þ�¤¢ Â




þ¥ ý�û�þ�¤¢ éÁ� ��

0

B

B

B

B

B

B

�

3 2 2

0 �

4

3

�

1

3

0

1

3

13

3

�

�

�

�

�

�

�

�

�

�

�

�

9

�3

5

1

C

C

C

C

C

C

A

:
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,ßþ�Â���� ø ´¨� Â�ï¤�� ÕÜÎõ¤Àì à�½ó ¥� (2;2) �

b

þ�¤¢ ,(3;2) ø (2;2)ý�û�þ�¤¢ ö��õ ¥� ,ö��î�

´ª�¢ Ý�û��¡ ,(3;2) �

b

þ�¤¢ ö¢ÂîÂÔ¬ �� .´Æ�÷ ÂÎ¨Ëþ�ã� �� ý¥��÷

0

B

B

B

B

B

B

�

3 2 2

0 �

4

3

�

1

3

0 0

17

4

�

�

�

�

�

�

�

�

�

�

�

�

9

�3

17

4

1

C

C

C

C

C

C

C

A

:

�¤�¬�� ��¨ �

b

ó¢�ãõ .Ý��îüõ ù¢�Ôµ¨� øÂÆ� ý¤�Áðý�� ¥� ,×�þ�

17

4

x

3

=

17

4

;

ü�ãþ ,�ø¢ �

b

ó¢�ãõ ¤¢ x

3

= 1 ý¤�Áðý�� �� .x

3

= 1 Ýþ¤�¢ ö� Û� �� �î ´¨�

�

4

3

x

2

�

1

3

x

3

= �3;

ü�ãþ ,ñø� �

b

ó¢�ãõ ¤¢ x

3

ø x

2

ý¤�Áðý�� �� ��¹÷�Â¨ .Àþ�üõ ´¨¢�� x

2

= 2 ¤�ÀÖõ

3x

1

+ 2x

2

+ 2x

3

= 9;

.x

1

= 1´ª�¢ Ý�û��¡

Û�Æ÷�ÂÔþ¢ ø ��Æ� ¥� üþ�û¥��÷Ç�� 3.1

.Ý��îüõ ¤øÂõ �¤ Û�Æ÷�ÂÔþ¢ ø ��Æ� ý�þ�Ìì ø Ý�û�Ôõ ¥� ü¡Â� ,Ç¿� ßþ� ¤¢

ø ´¨� �µ¨��� [a; b℄ ù

b

¥�� ¤¢ f â��� À��î ­Âê (ü÷��õ ¤�ÀÖõ �

b

�Ìì) 2.1 �

b

�Ìì

min

x2[a;b℄

f(x) � r � max

x2[a;b℄

f(x):

.f(�) = r �î ý¤�Ï�� ¢¤�¢ ¢��ø � 2 [a; b℄×þ ,�¤�¬ ßþ� ¤¢

[a; b℄ ù

b

¥�� ýø¤ �µ¨��� ø ¤�ÀÖõüÖ�Ö� â��� ø¢ g ø f À��î­Âê (ß�Ú÷��õ ¤�ÀÖõ �

b

�Ìì) 3.1 �

b

�Ìì

�î ý¤�Ï�� ¢¤�¢ ¢��ø [a; b℄ ù

b

¥�� ¤¢ � Û·õ �ÎÖ÷ ×þ ,�¤�¬ ßþ� ¤¢ .g � 0 �î ý¤�Ï�� ,À�µÆû

Z

b

a

f(x)g(x)dx = f(�)

Z

b

a

g(x)dx:



Û�Æ÷�ÂÔþ¢ ø ��Æ� ¥� üþ�û¥��÷Ç�� .3.1 14

�¤�¬�� ß�Ú÷��õ ¤�ÀÖõ �

b

�Ìì ù�Ú÷� ,g(x) = 1 Âð� ,«�¡ ´ó�� ¤¢

Z

b

a

f(x)dx = f(�)(b� a):

.¢�� Àû��¡

¤¢ .´¨� �µ¨��� [a; b℄ ù

b

¥�� ¤¢ f â��� À��î ­Âê (Û�Æ÷�ÂÔþ¢ ø ��Æ� ü¨�¨� ��Ìì) 4.1 �

b

�Ìì

�¤�¬ ßþ�

F (x) =

Z

x

a

f(t)dt; x 2 [a; x℄;

.À�þ�ðüõ f �

b

�óø� â��� �¤ F â��� .F

0

(x) = f(x) ,x 2 [a; b℄ Âû ý�¥��� ø ´¨� ÂþÁ�ÕµÈõ â��� ×þ

f

(n)

,üã�±Ï ¢Àä×þ n ,[a; b℄ ù

b

¥�� ýø¤ üÖ�Ö� â��� ×þ f À��î­Âê (ÂÜ�� ýÂ¨) 5.1 �

b

�Ìì

� À��î ­Âê ,ß��»Þû .´¨� ¢���õ f

(n+1)

(t) ¤�ÀÖõ ,t 2 (a; b) Âû ý�¥��� ø �µ¨��� [a; b℄ ýø¤

�î ý¤�Ï�� ¢¤�¢ ¢��ø x ø � ß�� � ×þ ,�¤�¬ ßþ� ¤¢ .À�µÆû [a; b℄ ù

b

¥�� ¤¢ �þ�Þµõ ¢Àä ø¢ x ø

f(x) =

n

X

k=0

f

(k)

(�)

k!

(x� �)

k

+E

n

(x);

ö� ¤¢ �î

E

n

(x) =

f

(n+1)

(�)

(n+ 1)!

(x � �)

n+1

:

´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� x+ h ø x ¯�Ö÷ Ûõ�ª [a; b℄ ù

b

¥�� Âð� ,5.1 �

b

�Ìì ¥� ù¢�Ôµ¨� ��

f(x+ h) =

n

X

k=0

f

(k)

(x)

k!

h

k

+

f

(n+1)

(�)

(n+ 1)!

h

n+1

: (5.1)

���¤� �¤ ÂÜ�� ÍÆ� ¤¢ ùÀ÷�õ üó�ÂÚµ÷� �¤�¬ ,Àã� �

b

�Ìì .´¨� x + h ø x ß�� ý¢Àä � ö� ¤¢ �î

.℄4[ À�îüõ

�

b

�Ìì ¤¢ E

n

(x) ù

b

À÷�õ ù�Ú÷� ,À�ª�� �µ¨��� f â��� n+ 1 �

b

±�Âõ �� f â��� ��ÖµÈõ Âð� 6.1 �

b

�Ìì

�¤�¬�� ö���üõ �¤ 5.1

E

n

(x) =

1

n!

Z

x

�

f

(n+1)

(t)(x � t)

n

dt;

.¢�¢ Çþ�Þ÷
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­Âê �� :ö�ûÂ�

u =

1

n!

(x� t)

n

; dv = f

(n+1)

(t)dt;

´ª�¢ Ý�û��¡ ,Ǳ����Ǳ�� ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×Þî ��

E

n

(x) =

Z

x

�

udv = uv

�

�

x

�

�

Z

x

�

vdu

=

1

n!

�

f

n

(t)(x � t)

n

j

t=x

t=�

+ n

Z

x

�

f

(n)

(t)(x � t)

n�1

dt

�

= �

1

n!

f

(n)

(�)(x � �)

n

+E

n�1

(x):

´ª�¢ Ý�û��¡ À÷ø¤ ßþ� �

b

õ�¢� ��

E

n

(x) = �

n

X

k=1

1

k!

f

(k)

(�)(x � �)

k

+E

0

(x)

= �

n

X

k=1

1

k!

f

(k)

(�)(x � �)

k

+

Z

x

�

f

0

(t)dt

= �

n

X

k=1

1

k!

f

(k)

(�)(x � �)

k

+ f(x)� f(�):

,ø ¤ßþ�¥�

f(x) =

n

X

k=0

1

k!

f

(k)

(�)(x � �)

k

+E

n

(x):

Ý�Æþ�÷üõ ,L 2 R [ f�1g Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f; g : R ! R â���� 7.1 ÓþÂã�

Âð� ,"´¨� g �

b

±�Âõ ¥� f â��� ,À�îüõ Û�õ L �� x �î üµìø' Ý�÷��¡üõ ø f(x) = O

x!L

(g(x))

�µª�¢ L ¥� üÚþ�ÆÞû ×þ ¤¢ x Âû ý�¥��� �î ý¤�Ï�� Àª�� �µª�¢ ¢��ø C Û·õ üÔ�õ�÷ ´��� ×þ

O

x!L

(:) ý�Â� O(:) ¢�Þ÷ ¥� üð¢�¨ ý�Â� üû�ð ,¢øÂ÷ �Î¡ Ý�� Âð� .jf(x)j � Cjg(x)j Ý�ª��

.¢�ªüõ ù¢�Ôµ¨�

Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(t) = 
os t â��� 10.1 ñ�·õ

f

0

(t) = � sin t; f

00

(t) = � 
os t; f

000

(t) = sin t; f

(4)

(t) = 
os t:

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .x = 0 À��î ­Âê ,(5.1) �

b

Î��¤ ¤¢

f(0+ h) = f(0) + f

0

(0)h+

f

00

(0)

2!

h

2

+

f

000

(0)

3!

h

3

+

f

(4)

(�)

4!

h

4

= 1�

h

2

2

+

h

4

24


os �;
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ßþ�Â���� .� < jxj ö� ¤¢ �î


osh� 1+

h

2

2

=

�

�

�

�

�

h

4

24

�

�

�

�

�

j 
os �j �

1

24

jh

4

j:

Ýþ¤�¢ ,�¹�µ÷¤¢


osh� 1+

h

2

2!

= O

h!0

(h

4

):

ý�¥��� 5.1 �

b

�Ìì ¥� ù¢�Ôµ¨� �� ù�Ú÷� ,x; x � h 2 [a; b℄ Âð� .h > 0 À��î ­Âê 11.1 ñ�·õ

Ýþ¤�¢ n = 3

f(x� h) = f(x

0

)� hf

0

(x) +

h

2

2

f

00

(x)�

h

3

6

f

(3)

(x) +

h

4

24

f

(4)

(�

2

);

f(x+ h) = f(x

0

) + hf

0

(x) +

h

2

2

f

00

(x) +

h

3

6

f

(3)

(x) +

h

4

24

f

(4)

(�

1

);

Ý�û��¡ ,Â�¡� �

b

Î��¤ ß�êÂÏ ö¢ÂîâÞ� �� .´¨� x � h ø x ß�� �

2

ø x + h ø x ß�� �

1

,ö� ¤¢ �î

´ª�¢

f(x� h) + f(x+ h) = 2f(x) + h

2

f

00

(x) +

h

4

24

�

f

(4)

(�

1

) + f

(4)

(�

2

)

�

:

�¹�µ÷¤¢

f

00

(x) =

f(x� h)� 2f(x) + f(x+ h)

h

2

+E;

ö� ¤¢ �î

E = �

h

2

24

�

f

(4)

(�

1

) + f

(4)

(�

2

)

�

:

Ýþ¤�¢ ,üêÂÏ¥�

min

�

1

�x��

2

f

(4)

(x) �

1

2

�

f

(4)

(�

1

) + f

(4)

(�

2

)

�

� max

�

1

�x��

2

f

(4)

(x):

�î ý¤�Ï�� ¢¤�¢ ¢��ø [�

1

; �

2

℄ ù

b

¥�� ¤¢ � ×þ ,ü÷��õ ¤�ÀÖõ �

b

�Ìì ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢

f

(4)

(�) =

1

2

�

f

(4)

(�

1

) + f

(4)

(�

2

)

�

:

,ø ¤ßþ�¥�

E = �

h

2

12

f

(4)

(�) = O(h

4

):

ñ�õÂê

f

00

(x) �

f(x� h)� 2f(x) + f(x+ h)

h

2

; (6.1)

.´¨� éøÂãõ f �ø¢ ÕµÈõ ý�Â� ý�îÂõ Û®�Ô� ñ�õÂê ��
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,f

i

ö� ¤¢ �î f = (f

1

; f

2

; : : : ; f

m

)

T

À��î ­Âê (ý¤�¢Â� â���� ý�Â� ÂÜ�� ÍÆ�) 7.1 �

b

�Ìì

,À�ª�� �µ¨��� f â��� �ø¢ ø ñø� �

b

±�Âõ ��ÖµÈõ Âð� .À�µÆû R �� R

n

¥� üã���� i = 1;2; : : : ;m

Ýþ¤�¢ ,x; p 2 R

n

Âû ý�¥��� ù�Ú÷�

f(x+ p) = f(x) + J(x)p +O(kpk

2

);

�¤�¬�� �î ´¨� ü��î�� ÅþÂ��õ J(x) ö� ¤¢ �î

J(x) =

0

B

B

B

B

�

�f

1

�x

1

�f

1

�x

2

� � �

�f

1

�x

n

�f

2

�x

1

�f

2

�x

2

� � �

�f

2

�x

n

.

.

.

.

.

.

.

.

.

.

.

.

�f

m

�x

1

�f

m

�x

2

� � �

�f

m

�x

n

1

C

C

C

C

A

;

ù�Ú÷� ,p = (p

1

; p

2

; : : : ; p

n

)

T

Âð� ,ßþ�Â���� .x = (x

1

; x

2

; : : : ; x

n

)

T

�î ¢�ªüõ ÓþÂã�

f

i

(x+ p) = f

i

(x) +

n

X

j=1

�f

i

�x

j

p

j

+O(kpk

2

); i = 1;2; : : : ;m:

´¨� ùÂ�çµõÀ�� â��� ×þ ' : R

n

! R À��î­Âê (℄6[) (ùÂ�çµõÀ�� â���� ÂÜ�� ÍÆ�) 8.1 �

b

�Ìì

ø x = (x

1

; x

2

; : : : ; x

n

)

T

Âð� .À�µÆû �µ¨��� ��¨ �

b

±�Âõ �� ö� ��ÖµÈõ �î ý¤�Ï��

ù�Ú÷� ,p = (p

1

; p

2

; : : : ; p

n

)

T

'(x+ p) = '(x) +r'(x)

T

p+

1

2

p

T

r

2

'(x)p+O(kpk

3

); (7.1)

�¤�¬�� �î À�µÆû ö��Æû ÅþÂ��õ r

2

'(x) ø ö�þ¢�Âð ¤�¢Â� r'(x) ö� ¤¢ �î

r'(x) =

0

B

B

B

B

�

�'

�x

1

�'

�x

2

.

.

.

�'

�x

n

1

C

C

C

C

A

; r

2

'(x) =

0

B

B

B

B

B

�

�

2

'

�x

2

1

�

2

'

�x

1

�x

2

� � �

�

2

'

�x

1

�x

n

�

2

'

�x

2

�x

1

�

2

'

�x

2

2

� � �

�

2

'

�x

2

�x

n

.

.

.

.

.

.

.

.

.

.

.

.

�

2

'

�x

n

�x

1

�

2

'

�x

n

�x

2

� � �

�

2

'

�x

2

n

1

C

C

C

C

C

A

;

.À÷�ªüõ ÓþÂã�

­Âê .Ý��îüõ �±¨�½õ

p

1:02

2

+ 1:97

3

ý�Â� °þÂÖ� ×þ ,ÂÜ�� ÍÆ� ×Þî �� 12.1 ñ�·õ

ø '(x

1

; x

2

) =

q

x

2

1

+ x

3

2

À��î

~x =

�

~x

1

~x

2

�

=

�

1

2

�

; ~p =

�

~p

1

~p

2

�

=

�

0:02

�0:03

�

:
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�

b

Î��¤ ¤¢ ùÀªù¢�¢ ÍÆ� ñø� �

b

ÜÞ� �¨ ¥� ù¢�Ôµ¨� �� �¤ '(~x + ~p) ¤�ÀÖõ ,8.1 �

b

�Ìì ×Þî �� ,ö��î�

Ýþ¤�¢ .Ý��îüõ �±¨�½õ (7.1)

'(~x) = 3;

r'(~x) =

�

�'

�x

1

(~x)

�'

�x

2

(~x)

�

=

0

�

~x

1

p

~x

2

1

+~x

3

2

3~x

2

2

2

p

~x

2

1

+~x

3

2

1

A

=

�

1

3

2

�

;

r

2

'(~x) =

 

�

2

'

�x

2

1

(~x)

�

2

'

�x

1

�x

2

(~x)

�

2

'

�x

2

�x

1

(~x)

�

2

'

�x

2

2

(~x)

!

=

0

�

~x

3

2

(~x

2

1

+~x

3

2

)

3

2

�3~x

1

~x

2

2

2(~x

2

1

+~x

3

2

)

3

2

�3~x

1

~x

2

2

2(~x

2

1

+~x

3

2

)

3

2

12~x

2

1

~x

2

+3~x

4

2

4(~x

2

1

+~x

3

2

)

3

2

1

A

=

�

8

27

�

2

9

�

2

9

2

3

�

:

ßþ�Â����

'(~x+ ~p) � '(~x) +r'(~x)

T

~p+

1

2

~p

T

r

2

'(~x)~p

= 3+ (

1

3

2 )

�

~p

1

~p

2

�

+

1

2

( ~p

1

~p

2

)

�

8

27

�

2

9

�

2

9

2

3

�

( ~p

1

~p

2

)

= 3+

1

3

~p

1

+ 2~p

2

+

1

2

(

8

27

~p

2

1

�

4

9

~p

1

~p

2

+

2

3

~p

2

2

): (8.1)

ø¤ßþ�¥�

p

1:02

2

+ 1:97

3

= '(~x

1

+ ~p

1

; ~x

2

+ ~p

2

)

� 3+

1

3

~p

1

+ 2~p

2

+

4

27

~p

2

1

�

2

9

~p

1

~p

2

+

1

3

~p

2

2

= 3+

1

3

� 0:02+ 2� (�0:03) +

4

27

� (0:02)

2

�

2

9

(0:02 � (�0:03)) +

1

3

� (�0:03)

2

= 2:9471593:

°þÂÖ� �î Ý��îüõ �Ñ��õ .´¨� 2:9471636 � � � �� Â��Â� â��� Õ�ì¢ ¤�ÀÖõ �î ´¨� Âî£ �� �¥�

.´¨� °¨��õ ùÀõ�´¨¢��

�� ö� ��ÖµÈõ �î ý¤�Ï�� Àª�� ùÂ�çµõÀ�� â��� ×þ ' : R

n

! R À��î ­Âê (℄6[) 9.1 �

b

�Ìì

.x

�

2 R

n

ø À�µÆû �µ¨��� �ø¢ �

b

±�Âõ

üã®�õ ÝÞ���õ �

b

ÎÖ÷ ×þ x

�

ù�Ú÷� ,Àª�� ö¤�Öµõ ´±·õ ß�ãõr

2

'(x

�

) ørf(x

�

) = 0 Âð� (Óó�)



19 �û¥��÷Ç�� .1 ÛÊê

.´¨� ' â���

ß�ãõ�Þ�÷ r

2

'(x

�

) ø rf(x

�

) = 0 ù�Ú÷� ,Àª�� ' â��� üã®�õ ÝÞ���õ �

b

ÎÖ÷ ×þ x

�

Âð� (�)

.´¨� ö¤�Öµõ ´±·õ

À��î ­Âê 13.1 ñ�·õ

'(x

1

; x

2

) = 2x

2

1

� x

1

x

2

+ x

2

2

� 11x

1

+ x

2

+ 5:

Ýþ¤�¢

r' =

�

�'

�x

1

�'

�x

2

�

=

�

4x

1

� x

2

� 11

�x

1

+ 2x

2

+ 1

�

:

Ýþ¤�¢ ,üêÂÏ¥� .Ý�¨¤üõ (x

�

1

; x

�

2

) = (3;1) ý�µØþ ���� �� rf(x

1

; x

2

) = 0 �

b

ó¢�ãõ Û� ��

r

2

' =

 

�

2

'

�x

2

1

�

2

'

�x

1

�x

2

�

2

'

�x

2

�x

1

�

2

'

�x

2

2

!

=

�

4 �1

�1 2

�

:

�

b

ÎÖ÷ ×þ (x

1

; x

2

) = (3;1) �

b

ÎÖ÷ ,ßþ�Â���� .´¨� ö¤�Öµõ ´±·õ ß�ãõ ,ùÀõ�´¨¢�� ÅþÂ��õ

.´¨� ' â��� ÝÞ���õ

ßþÂÞ�

ÅþÂ��õ ,� 2 R Âû ý�¥��� �î À�û¢ ö�È÷ (1.1

A =

0

B

�

1 �1 1

�1 5 2�� 1

1 2�� 1 �

2

+ 2

1

C

A

;

.´¨� ö¤�Öµõ ´±·õ ß�ãõ

ÅþÂ��õ �î À�û¢ ö�È÷ .a > b � 0 �î ý¤�Ï�� ,a; b 2 R ø n > 1 À��î ­Âê (2.1

A =

0

B

B

B

�

a b � � � b

b a � � � b

.

.

.

.

.

.

.

.

.

.

.

.

b b � � � a

1

C

C

C

A

2 R

n�n

;

�î À�Æþ��� A = (b � a)I + bee

T

�¤�¬�� �¤ A ÅþÂ��õ :üþ�Þ�û�¤ .´¨� ö¤�Öµõ ´±·õ ß�ãõ

.e = (1;1; : : : ;1)

T

2 R

n

ø ´¨� ü÷�Þû ÅþÂ��õ I ö� ¤¢



ßþÂÞ� 20

°þÂÖ� ý�Â� �Î¡ �¤�±ä .Àª�� ¤��Þû üê�î ù

b

¥�À÷� �� f â��� À��î ­Âê (3.1

f

0

(x) �

4f(x+ h)� 3f(x)� f(x� 2h)

6h

;

.À����� �¤

�¤�¬�� �¤ ' : R

n

! R â��� .b 2 R

n

ø A 2 R

n�n

À��î ­Âê (4.1

'(x) =

1

2

x

T

Ax � x

T

b;

ø r'(x) = Ax � b �� Â��Â� °��Â��� ' â��� ö��Æû ø ö�þ¢�Âð ¤�¢Â� À�û¢ ö�È÷ .Ý��îüõ ÓþÂã�

.À�µÆû r

2

'(x) = A

' : R

n

! R â��� .rank(A) = n ø m � n ö� ¤¢ �î ,b 2 R

m

ø A 2 R

m�n

À��î ­Âê (5.1

' ý�Â� ýÂ¨�Â¨ ÝÞ���õ ×þ x

�

À�û¢ ö�È÷ .Ý��îüõ ÓþÂã� '(x) = kb � Axk

2

2

�¤�¬�� �¤

.A

T

Ax

�

= A

T

b Âð� �ú�� ø Âð� ´¨�

�

b

ÎÖ÷ ¤¢ �¤ f â��� ý�Â� ÂÜ�� ÍÆ� ñø� �

b

ÜÞ� �¨ .f(x

1

; x

2

) = e

x

1

x

2

(x

1

� x

2

) À��î ­Âê (6.1

.À�Æþ��� (1;1)



2 ÛÊê

�û�Î¡

¥� ù¢�Ôµ¨� �� �¤ ñÀõ ßþ� ,Å³¨ .¢�ªüõ �µª�÷ ö� ý�Â� ñÀõ ×þ �

f

�Þãõ ,ùÀþÀ� ×þ ü¨¤Â� ý�Â�

¤�Ï�� ö���üÞ÷ �¤ �ûñÀõ ßþ� ¥� ý¤��Æ� �Ø�þ� �� ���� �� .À��îüõ Û� ü®�þ¤ ÓÜµ¿õ ý�û©ø¤

ý¢Àä ©ø¤ ×þ ýÂ�ð¤�î�� .¢�ªüõ ��¿µ÷� ö� Û� ý�Â� ý¢Àä ©ø¤ ×þ ,¢Âî Û� Õ�ì¢

���� �� .´¨� ßØÞõÂ�è �

f

±þÂÖ� �÷�þ�¤ ×þ ¥� ù¢�Ôµ¨� öøÀ� üê�î ´ì¢ �� ø üãì�ø ñÀõ×þ Û� ý�Â�

�

f

±þÂÖ� ,´¨� ù�ÂÞû ´þ¢øÀ½õ �� �÷�þ�¤ ¤¢ üÖ�Ö� ¢Àä ×þ ýÂÆî ´ÞÆì ý�ûÝì¤ Çþ�Þ÷ �Ø�þ� ��

ùÀõ�´¨¢�� ¸þ�µ÷ Â� ´¨� ßØÞõ �û�Î¡ ßþ� ,ßþ�Â���� .À÷�ªüõ ùÂ�¡£ �÷�þ�¤ ¤¢ �Î¡ �� ¢�Àä� ��Þ�

.Ýþ¥�¢Â�üõ á�®�õ ßþ� ü¨¤Â� �� ,Ç¿� ßþ� ¤¢ .¢¤�ÁÚ� üú��� Û��ì Â���

b

�

IEEE ù�Úµ¨¢ ¤¢ ¤ø��ª ��Þõ ¢�Àä� 1.2

�¤�¬�� ö���üõ �¤ ÂÔ¬�÷ üÖ�Ö� ¢Àä Âû

x = �q � 2

m

;

¢Àä Å�µ÷�õ �¤ q ¤�ÀÖõ �¹�þ� ¤¢ .´¨� ¼�½¬ ¢Àä ×þ m ø 1 � q < 2 ö� ¤¢ �î ¢�¢ Çþ�Þ÷

�¤�¬�� q Çþ�Þ÷ ,üþø¢ø¢ ù�Úµ¨¢ ¤¢ �î À��î ���� .À�þ�ð ¢Àä ý�Þ÷ �¤ m ø

q = (1:b

1

b

2

b

3

: : :)

2

= 1+ b

1

2

�1

+ b

2

2

�2

+ b

3

2

�3

+ � � � ;

21
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ñ�·õ ý�Â� .À�µÆû ×þ �þ ÂÔ¬ �ûb

i

ö� ¤¢ �î ,´¨�

13:125 = (1101:001)

2

= (1:101001)

2

� 2

3

;

ø

�

57

20

= �2:85 = �(10:1101100)

2

= �(1:01101100)

2

� 2

1

:

�¤�¬�� x üÖ�Ö� ¢Àä À��î ­Âê

x = �q � 2

m

= �(1:b

1

b

2

: : : b

23

)

2

� 2

m

; (1.2)

Àû��¡ ¶½� ,À�ª�±÷ ÂÔ¬ Å�µ÷�õ Àã� �� �¤�ú�ø´Æ�� ý�ûÝì¤ �î ü�¤�¬ ¤¢ ,�õ�¢� ¤¢) Àª��

ù�Úµ¨¢ ¤¢ ù¢�¨ ´ì¢ �� �¤ (1.2) Û·õ üÖ�Ö� ¢Àä ×þ ý¥�¨ùÂ�¡£ ù

b

��ª ,Ç¿� ßþ� ¤¢ .(Àª

ø ¢�ªüõ ùÂ�¡£ ´�� 32 ¤¢ ù¢�¨ ´ì¢ �� (1.2) Û·õ üÖ�Ö� ¢Àä Âû .Ý��îüõ ü¨¤Â�

1

IEEE

ø Å�µ÷�õ ,´õ�ä :´¨� ö� ÓÜµ¿õ Ç¿� �¨ ý¥�¨ùÂ�¡£ �� ¥��÷ �÷�þ�¤ ¤¢ ö� ý¥�¨ùÂ�¡£ ý�Â�

´¨� Âþ¥ �¤�¬�� üÖ�Ö� ¢Àä ×þ ÓÜµ¿õ ý�û´ÞÆì ý�Â� �û´�� «�Êµ¡� .¢Àä ý�Þ÷

1 8 23

s e f

´õ�ä ü÷¢ø�ê� �¤�¬�� �Þ÷ Å�µ÷�õ ýÂÆî ´ÞÆì

,s = 0 Âð�) ¢�ªüõ ù¢�Ôµ¨� ´õ�ä ý¥�¨ùÂ�¡£ ý�Â� ´�� ×þ �î Àû¢üõ ö�È÷ ñøÀ� ßþ�

¢Àä Å�µ÷�õ ´ÞÆì ý¥�¨ùÂ�¡£ ý�Â� .(´¨� üÔ�õ ¢Àä �¤�¬ ßþ� Â�è ¤¢ ø ´±·õ ¢Àä ,ü�ãþ

´�� 23 ßþ� ,´¨� ×þ �È�Þû ¤�Èä� ¥� Û±ì ´�� �Ø�þ� �� ���� �� ø ¢�ªüõ ù¢�Ôµ¨� ´�� 23 ¥�

.f = b

1

b

2

� � � b

23

Ýþ¤�¢ ,ü�ãþ ,¢�ªüõ ù¢�¢ «�Êµ¡� ¤�Èä� ¥� Àã� üþ�Àµ�� Ýì¤ 23 ý�Â�

ßþ� ¤¢ .´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ �Þ÷ ý�Â� ´�� ´Èû ,Àû¢üõ ö�È÷ ��� ñøÀ� �î �÷�ðö�Þû

ý�Þ÷ �Ø�þ� �� ���� �� �õ� .(2 ý��±õ ¤¢) ¢Âî ùÂ�¡£ ö���üõ �¤ 255 �� 0 ¢Àä 2

8

= 256 ,�û´��

�127 � m � 128 �¤�¬�� �Þ÷ ù

b

¢øÀ½õ �î À¨¤üõ ÂÑ÷�� ñ�Öãõ ,Àª�� üÔ�õ À÷���üõ ¢�Àä�

�î °��Â� ßþ� �� ;¢�ªüõ ù¢�Ôµ¨� ü÷¢ø�ê� ù

b

��ª ¥� ¢�Àä� ßþ� ý¥�¨ùÂ�¡£ ý�Â� .¢�ª �µêÂð ÂÑ÷ ¤¢

�µª�÷ ø¢ ý��±õ ¤¢ ¢Àä ßþ� Å³¨ ø ¢�ªüõ �ê�®� �Þ÷ üãì�ø ¤�ÀÖõ ��§�þ�� ��÷ �� ´��� ¢Àä ×þ

¤¢ .´¨� 127 �� Â��Â� ´��� ¤�ÀÖõ ßþ� ,ù¢�¨ ´ì¢ ¤¢ .¢�ªüõ ùÂ�¡£ �Ï��Âõ ´�� ´Èû ¤¢ ø ùÀª

´�� ´Èû ¤¢ e = m+ 127 ¢Àä ,0 � m+ 127 � 255 Ýþ¤�¢ �Ø�þ� �� ���� �� ,�¤�¬ ßþ�

Institute for Ele
tri
al and Ele
troni
s Engineers

1
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m = 128 �î ü÷�õ¥ ,¢�Àä� ý¥�¨ùÂ�¡£ ù

b

��ª ,Àþ¢ Ý�û��¡ �î �÷�ðö�Þû .¢�ªüõ ùÂ�¡£ ÂÑ÷ ¢¤�õ

�¤�¬�� ù��ó�õÂ÷ ¢�Àä� ù¢�¨ ´ì¢ ¤¢ ,�¤�¬ ßþ� ¤¢ .´¨� �ø�Ôµõ ßþÂþ�¨ �� m = �127 ø

x = (�1)

s

(1:f)

2

� 2

m

; �126 � m � 127;

�� Â��Â� À÷�ªüõ ù¢�¢ Çþ�Þ÷ �¤�¬ ßþ� �� �î üµ±·õ ¢�Àä� ¢�Àã� .À÷�ªüõ ù¢�¢ Çþ�Þ÷

254� 2

23

= 2130706432 � ¢¤��Ü�õ ø¢ ;

!À��î �Æþ�Öõ üÖ�Ö� ¢�Àä� �

b

ä�Þ¹õ ¢�Àä� ¢�Àã� �� �¤ ¢�Àä� ßþ� ¢�Àã� .´¨�

Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ 11:703125 ¢Àä 1.2 ñ�·õ

11:703125 = (1011:101101)

2

= (1:011101101)

2

� 2

3

:

Ýþ¤�¢ ,üêÂÏ¥� .s = 0 ø m = 3 ,f = 01110110100000000000000 ,�¤�¬ ßþ� ¤¢

e = m+ 127 = 130 = (10000010)

2

:

´¨� Âþ¥ �¤�¬�� (sef) Çþ�Þ÷ ,ßþ�Â����

0 10000010 01110110100000000000000

s e f

¤¢ Õ�ì¢ �¤�¬�� �¤ ö� ö��µ� ù�ðÂû ,À�þ�ðüõ ¤ø��ª ��Þõ ¢Àä �¤ üÖ�Ö� ¢Àä ×þ 1.2 ÓþÂã�

.¢Âî ùÂ�¡£ (sef)

��Þõ ¢�Àä� �ä�Þ¹õ �î Ý����üõ �õ�¢� ¤¢ üóø ,´¨� ñ�Ú� ,üÖ�Ö� ¢�Àä� �

b

ä�Þ¹õ �î Ý�÷�¢üõ

,�¤�¬ ßþ� ¤¢ .´¨� ¤ø��ª ��Þõ ¢Àä ×þ x = (1:f)

2

� 2

m

À��î ­Âê .´Æ�÷ ñ�Ú� ¤ø��ª

�� ´¨� Â��Â� ýÀã� ¤ø��ª ��Þõ ¢Àä

x

0

=

�

(1:f)

2

+ 2

�23

�

� 2

m

= x+ 2

m�23

;

¢��ø ý¤ø��ª ��Þõ ¢Àä º�û ¢Àäø¢ ßþ� ß�� ø ´¨� 2

m�23

�� Â��Â� x

0

ø x ß�� �

b

Ü¬�ê ,ßþ�Â����

.¢¤�À÷

�� Â��Â� ´±·õ ù

b

��ó�õÂ÷ ¤ø��ª ��Þõ ¢Àä ßþÂ�×��î �î ´¨� ßªø¤

x = (1:00 : : :0)

2

� 2

�126

= 2

�126

;
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�� Â��Â� (´±·õ) ù��ó�õÂ÷ ¤ø��ª ��Þõ ¢Àä ßþÂ�ï¤�� ø

x = (1:11 : : :1)

2

� 2

�127

= 2

128

� 2

104

= 3:4028� 10

38

;

.´¨�

ù¢�¢ Çþ�Þ÷ �÷�Ú� �1 ø ÂÔ¬ ¢Àä ùÀª���¤� Çþ�Þ÷ ù�Úµ¨¢ ¤¢ �î Àþ¢ Ý�û��¡ ,�õ�¢� ¤¢

.À÷�ªüõ

¢Àä ù�Ú÷� ,f = 0 ø (e = (11111111)

2

,ü�ãþ) m = 128 Âð� �

x = (�1)

s

(1:f)

2

� 2

128

;

üÈþ�Þ÷ ,�¤�¬ ßþ� Â�è ¤¢ ø +1ý�Â� üÈþ�Þ÷ ù�Ú÷� ,s = 0 Âð� .¢�� Àû��¡ �1 ý�Â� üÈþ�Þ÷

ù�Ú÷� ,f 6= 0 ø m = 128 �î ü�¤�¬ ¤¢ .¢�� Àû��¡ �1 ý�Â�

x = (�1)

s

(1:f)

2

� 2

128

;

.¢�ªüõ ù¢�¢ Çþ�Þ÷

1

"NaN' �� ø À�îüÞ÷ É¿Èõ �¤ ý¢Àä º�û

�¤�¬�� ¢Àä ù�Ú÷� ,m = �127 Âð� �

x = (�1)

s

(0:f)

2

� 2

�126

;

Ýþ¤�¢ ù�Ú÷� ,s = 0 Âð� ,�¤�¬ ßþ� ¤¢ ø x = �0 ù�Ú÷� ,f = 0 �î ü�¤�¬ ¤¢ .¢�ªüõ ùÂ�¡£

.¢¤�¢ ¢��ø ÓÜµ¿õ Çþ�Þ÷ ø¢ ÂÔ¬ ¢Àä ý�Â� ,ßþ�Â���� .x = �0 ,�¤�¬ ßþ� Â�è ¤¢ ø x = +0

.À�þ�ð ñ�õÂ÷Âþ¥ ¢�Àä� �¤ ¢�Àä� ßþ� ù�Ú÷� ,f 6= 0 Âð�

¢�Àä� ,ÂÔ¬ ¢Àä ý�Â� Çþ�Þ÷ ø¢ Ûõ�ª ¤ø��ª ��Þõ ¢�Àä� ,1.2 ÓþÂã� �� ���� �� 1.2 ´ª�¢¢�þ

.À�µÆû �1 ø +1 ý�ûÇþ�Þ÷ ø (´±·õ ø üÔ�õ) ùÀªù��ó�õÂ÷ ¢�Àä� ,(´±·õ ø üÔ�õ) ñ�õÂ÷Âþ¥

.¢�ªüõ �µêÂð ÂÑ÷ ¤¢ �÷�þ�¤ ¤¢ ¢Àä ×þ ý¥�¨ùÂ�¡£ ý�Â� ´�� 64 ,IEEEÓ




ä�Ìõ ´ì¢ ¤¢

ý�Â� ´�� 52 ø ü÷¢ø�ê� ù

b

��ª �� �Þ÷ ý�Â� ´�� 11 ,¢Àä ´õ�ä ý�Â� ´�� ×þ �¤�¬ ßþ� ¤¢

ý�û¶½� ��Þ� ,ù¢�¨ ´ì¢ À�÷�Þû .¢�ªüõ ù¢�¢ «�Êµ¡� Å�µ÷�õ ýÂÆî ´ÞÆì ý¥�¨ùÂ�¡£

.¢�¢ ��¹÷� Ýû Óä�Ìõ ´ì¢ ý�Â� ö���üõ �¤ ùÀª��¹÷�

Not a Number

1
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IEEE ��Æ� 2.2

¤¢ ý��� �� ù�Ú÷� ,¢�ª ��¹÷� ¤ø��ª ��Þõ ¢Àäø¢ ß�� ü��Æ� ÛÞä ×þ Âð� �î Ý���±� Ý�û��¡üõ

Óä�Ìõ ´ì¢ ö���üõ ���Èõ ¤�Ï�� ø Ý��îüõ �ãó�Îõ �¤ ù¢�¨ ´ì¢ �¹�þ� ¤¢ .¢�ªüõ ùÂ�¡£ (sef)

�¤�¬�� FP �� R �

b

ä�Þ¹õ ¥� �¤ fl â��� ,´Æ¿÷ .¢Âî ü¨¤Â� �¤

fl : R ! FP

x! fl(x)

¤ø��ª ��Þõ ¢�Àä� �

b

ä�Þ¹õ ÂÚ÷��� FP ø x ¢Àä ¤ø��ª ��Þõ Çþ�Þ÷ fl(x) ö� ¤¢ �î Ý��îüõ ÓþÂã�

ù�Ú÷� ,ÝþÂ�Ú� ÂÑ÷ ¤¢ üÖ�Ö� ¢�Àä� ¤�½õ ýø¤ üÏ�Ö÷ ö���ä�� �¤ ¤ø��ª ��Þõ ¢�Àä� Âð� .´¨�

¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� fl â��� �

b

Î��®

�î ü�¤�¬ ¤¢ ù�Ú÷� ,Àª�� Â�ï¤�� ùÀªù��ó�õÂ÷ ¤ø��ª ��Þõ ¢Àä ßþÂ�ï¤�� ¥� jxj Âð� (Óó�)

.fl(x) = �1 ,�¤�¬ ßþ� Â�è ¤¢ ø ,fl(x) = +1 Ýþ¤�¢ ,x > 0

��Þõ ¢Àä �� Â��Â� fl(x) ù�Ú÷� ,¢Â�ð ¤�Âì (ñ�õÂ÷Âþ¥ ø ù��ó�õÂ÷) ¤ø��ª ��Þõ ¢Àä ø¢ ß�� x Âð� (�)

.´¨� Â�×þ¢�÷ x �� �î ¢�� Àû��¡ ý¤ø��ª

ù��ó�õÂ÷ ¤ø��ª ��Þõ ¢Àä ø¢ ß�� x ´±·õ ¢Àä À��î ­Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ IEEE ù

b

¢�¨ ´ì¢

,ü�ãþ ,Àª�� ùÀª

q � 2

m

< x < (q + 2

�23

)� 2

m

;

.0 < Æ < 2

m�23

ö� ¤¢ �î ,x = q � 2

m

+ Æ Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .1 � q < 2 ö� ¤¢ �î

ù�Ú÷� ,Æ <

1

2

� 2

m�23

Âð� ,ö��î�

fl(x) = q � 2

m

;

ù�Ú÷� ,Æ >

1

2

� 2

m�23

Âð� ø

fl(x) = (q + 2

�23

)� 2

m

:

�¤�¬ ßþ� ¤¢ .Æ =

1

2

� 2

m�23

ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üµó�� ,ß��»Þû

x = (1:b

1

b

2

� � � b

23

1)

2

� 2

m

:

ù�Ú÷� ,b

23

= 0 Âð� ,×�þ�

fl(x) = q � 2

m

;
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´ª�¢ Ý�û��¡ ,b

23

= 1 �î ü�¤�¬ ¤¢ ø

fl(x) = (q + 2

�23

)� 2

m

:

�� Â��Â� ´±·õ ñ�õÂ÷Âþ¥ ¢Àä ßþÂ�×��î

x = (0:00 � � �1)

2

� 2

�126

= 2

�23

� 2

�126

= 2

�149

;

Ýþ¤�¢ ,ö��î� .´¨�

.fl(x) = +0 ù�Ú÷� ,0 < jxj < 2

�149

ø x > 0 Âð� �

.fl(x) = �0 ù�Ú÷� ,0 < jxj < 2

�149

ø x < 0 Âð� �

.fl(x) = x ù�Ú÷� ,x 2 FP Âð� ,ùø�ä��

¤ø��ª ��Þõ ¢�Àä� �

b

ä�Þ¹õ ¤¢ ü��Æ� ñ�Þä� ü¨¤Â� �� ,ùÀª���¤� °ó�Îõ �� ���� �� ,�õ�¢� ¤¢

ÛÞä ,�¤�¬ ßþ� ¤¢ .Àª�� üÖ�Ö� ¢�Àä� �

b

ä�Þ¹õ ¤¢ ÛÞä ×þ \ � " À��î ­Âê .Ýþ¥�¢Â�üõ

y ø x ¤ø��ª ��Þõ ¢Àä ø¢ ý�Â� .Ý�û¢üõ Çþ�Þ÷ \� " �� �¤ ¤ø��ª ��Þõ ¢�Àä� �

b

ä�Þ¹õ ¤¢ ÂÒ��µõ

Ý�û¢üõ ¤�Âì

x� y = fl(x � y):

Ý�Þã� ßþ� .Àª�� NaN �þ ´þ�ú��� y �þ x ´¨� ßØÞõ �Âþ¥ ,¢¤�¢ Ý�Þã� �� ¥��÷ ÓþÂã� ßþ� üóø

.¢�ªüõ ��¹÷� Âþ¥ �¤�¬��

´¨� ��ãõ ßþ� �� NaN �î À��î ���� .¢�� Àû��¡ NaN ��÷ x� y ù�Ú÷� ,Àª�� NaN ,y �þ x Âð� �

.f 6= 0 ø À�µÆû ×þ �� Â��Â� �ûÝì¤ �

b

Þû ,(sef) ý�Þ÷ Ç¿� ¤¢ �î

lim

x;y!+1

(x� y) ,ß��»Þû .(+1)� (+1) = +1 ,ßþ�Â���� , lim

x;y!+1

(x+ y) = +1 Ýþ¤�¢ �

.(+1)	 (+1) = NaN �Áó ,´Æ�÷ ¢���õ

´±·õ �þ üÔ�õ ´¨� ßØÞõ �õ� ,´¨� üØ��î ¤��Æ� ¢Àä ,üÔ�õ ×��î ¤��Æ� ¢Àä ø¢ Û®�Ô� �

��÷ (+0) � (�0) ,°��Â� ß�Þû�� .¢�� Àû��¡ +0 �þ �0 �� Â��Â� (�0) 	 (�0) ,ßþ�Â���� .Àª��

.¢�� Àû��¡ �0 �þ +0 �� Â��Â�

�� Â��Â� ×þ ¥� Â�ï¤�� ¤




ø��ª ��Þõ ¢Àä ß�µÆ¿÷ ,IEEE ù

b

¢�¨ ´ì¢ ¤¢

(1:0 � � �0

23

1

)

2

� 2

0

= 1+ 2

�23

;

¢Àä ,1+ 2

�23

ø 1 Í¨ø �

b

ÎÖ÷ .´¨�

1+

1

2

� 2

�23

= 1+ 2

�24

;
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ù�Ú÷� ,0 � x � 2

�24

Âð� ,×�þ� .´¨�

1� x = 1;

ù�Ú÷� ,2

�24

< x � 2

�23

Âð� ø

1� x = 1+ 2

�23

:

��Þõ ¢Àä ßþÂ�×��î ÓþÂã� �� ��� ø Ý�û¢üõ ö�È÷ �

ma
h

�� �¤ ß�ª�õ ö�Ü�Æ�� 2.2 ÓþÂã�

ø Ý�û¢üõ ö�È÷ u �� �¤ ×þ ¢Àä À÷ø¤ ý�Î¡ ,ß��»Þû .1 � �

ma
h

> 1 �î ´¨� ý¤ø��ª

.1� u = 1 �î ´¨� ý¤ø��ª ��Þõ ¢Àä ßþÂ�ï¤�� ,ÓþÂã� �� ���

ß��»Þû ø u = 2

�24

Ýþ¤�¢ ,ü�ªø¤ �� ,´¨� ùÀõ� ÓþÂã� ßþ� ¥� Û±ì �î ü±ó�Îõ �� ���� ��

Ýþ¤�¢ ,°��Â� ßþ� �� .¢¤�¢ ¤�Âì 2

�24

¥� Å� �î ´¨� ý¤ø��ª ��Þõ ¢Àä ß�µÆ¿÷ �

ma
h

1:0 � � �01� 2

�24

= (1+ 2

�23

)2

�24

� 5:9605� 10

�8

:

.Àª�±÷ ¤�ÂìÂ� ¤ø��ª ��Þõ ¢�Àä� �

b

ä�Þ¹õ ¤¢ ´¨� ßØÞõ üÖ�Ö� ¢�Àä� �

b

ä�Þ¹õ «��¡ ¥� üÌã�

Ýþ¤�¢ ,ñ�·õ ý�Â�

(1� 2

�24

)� 2

�24

= 1� 2

�24

= 1;

1� (2

�24

� 2

�24

) = 1� 2

�23

= 1+ 2

�23

:

.¢¤�À÷ ýÂþÁ�´îÂª ´�¬�¡ ,¤ø��ª ��Þõ ¢�Àä� �

b

ä�Þ¹õ �î Àû¢üõ ö�È÷ �¹�µ÷ ßþ�

�Î¡ ��ó�÷� 3.2

�¤�¬ ßþ� ¤¢ .¢�ª ù¢¥ °þÂÖ� x

�

Û·õ ýÂÚþ¢ üÖ�Ö� ¢Àä �� x üÖ�Ö� ¢Àä À��î ­Âê

;Ý�þ�ðüõ �Í¡ �¤ x

�

� x ¤�ÀÖõ (1

;Ý�þ�ðüõ ÕÜÎõ ý�Î¡ �¤ jx

�

� xj ¤�ÀÖõ (2

.(x 6= 0 �Ø�þ� ­Âê ��) Ý�þ�ðüõ ü±Æ÷ ý�Î¡ �¤

jx

�

� xj

jxj

¤�ÀÖõ (3
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ýÂµÈ�� ´�Þû� ¥� ÂÚþ¢ ý�Î¡ ø¢ �� ´±Æ÷ ü±Æ÷ ý�Î¡ ,üÜÞä Û��Æõ ¤¢ �î À��î ����

Ý�û¢ ¤�Âì Âð� .À�îüõ Ó�¬�� Âµú� �¤ �Î¡ üð¤�� �Âþ¥ ;´¨� ¤�¢¤�¡Â�

Æ =

x

�

� x

x

;

ùÀªÀ�ó�� ü±Æ÷ ý�Î¡ ,´Æ¿÷ .´¨� ü±Æ÷ ý�Î¡ jÆj ö� ¤¢ �î ,x

�

= x(1 + Æ) Ýþ¤�¢ ù�Ú÷�

���Èõ ¤�Ï�� x < 0 ´ó�� ¤¢) x > 0 Ý��îüõ ­Âê .Ý��îüõ ü¨¤Â� �¤ ù¢�¨ ö¢Âî¢Âð ×þ ¤¢

¤ø��ª ��Þõ ¢Àä ø¢ ß�� x �î À��î ­Âê ,ùø�ä�� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ù¢�¨ ´ì¢ ø (¢�ªüõ ÛÞä

,ü�ãþ ,1 � q < 2 �î ý¤�Ï�� ,Àª�� (q + 2

�23

)� 2

m

ø q � 2

m

üó��µõ

q � 2

m

� x < (q + 2

�23

)� 2

m

:

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢

jx� fl(x)j �

1

2

�

(q + 2

�23

)� 2

m

� q � 2

m

�

=

1

2

2

�23

2

m

= 2

m�24

:

�

b

Î��¤ ¤¢ ü±Æ÷ ý�Î¡ ,ßþ�Â����

�

�

�

�

x� fl(x)

x

�

�

�

�

�

2

m�24

q � 2

m

�

2

m�24

2

m

= 2

�24

= u;

Ýþ¤�¢ ,ø ¤ßþ�¥� .À�îüõ ëÀ¬

fl(x) = x(1+ Æ); jÆj � u = 2

�24

:

�� Â��Â� ù¢�¨ ´ì¢ ¤¢ ö¢Âî¢Âð ×þ ¤¢ ùÀªÀ�ó�� ü±Æ÷ ý�Î¡ Â·î�À� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.´¨� (u) ×þ ¢Àä À÷ø¤ ý�Î¡

2

�150

�� Â��Â� Â·î�À� ÕÜÎõ ý�Î¡ ù�Ú÷� ,Àª�� ñ�õÂ÷Âþ¥ ¢Àä ×þ fl(x) Âð� 2.2 ´ª�¢¢�þ

ýÀã� ñ�õÂ÷Âþ¥ ¢Àä ù�Ú÷� ,Àª�� ñ�õÂ÷Âþ¥ ¢Àä ×þ r = (0:f)

2

� 2

�126

Âð� �Âþ¥ ;¢�� Àû��¡

�� Â��Â�

s = ((0:f)

2

+ 2

�23

)� 2

�126

= (0:f)

2

� 2

�126

+ 2

�149

= r + 2

�149

;

ù�Ú÷� ,r � x � s Âð� ,ø ¤ßþ�¥� .¢�� Àû��¡

jx� fl(x)j �

1

2

(s� r) = 2

�150

:
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À÷���üõ ü±Æ÷ ý�Î¡ üóø ,´¨� üØ��î ¢Àä ÕÜÎõ ý�Î¡ Â·î�À� ,¢�ªüõ ùÀû�Èõ �î �÷�ðö�Þû

À��î ­Âê ,ñ�·õ ý�Â� .Àª�� ï¤�� ¤��Æ�

x = 2

�149

+ 2

�150

= (0:0 : : :01

23

1)

2

� 2

�126

:

,ßþ�Â���� ø fl(x) = (0:0 : : :01

22

)

2

� 2

�126

= 2

�148

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢

jx� fl(x)j

jxj

=

2

�148

� 2

�149

� 2

�150

2

�149

+ 2

�150

=

1

3

;

.´¨� 33% �� Â��Â� �

f

±þÂÖ� ü±Æ÷ ý�Î¡ ,ü�ãþ ßþ� ø

Àû��¡ �þ¤ Âþ¥ x:y ÛÞä �

b

¹�µ÷ Ý�þ�ðüõ .À�ª�� ¤ø��ª ��Þõ ¢Àä ø¢ y ø x À��î­Âê 3.2 ÓþÂã�

Â�×��î ,´±·õ ù

b

��ó�õÂ÷ ¢Àä ßþÂ�×��î ¥� ö� ÕÜÎõ¤Àì ø ÂÔ¬�÷ ö� Õ�ì¢ ¤�ÀÖõ ù�ðÂû ,¢��

ÕÜÎõ¤Àì ø ÂÔ¬�÷ ö� Õ�ì¢ ¤�ÀÖõ ù�ðÂû ,¢�� Àû��¡ �þ¤ Â¨ x:y ÛÞä �

b

¹�µ÷ ,°��Â� ß�Þû �� .Àª��

.Àª�� Â�ï¤�� ,ù��ó�õÂ÷ ¢Àä ßþÂ�ï¤�� ¥� ö�

,ñ�·õ ý�Â� .¢�ª ï¤�� ¤��Æ� À÷���üõ ü±Æ÷ ý�Î¡ ù�Ú÷� ,¢�ª �þ¤Âþ¥ �Â® ×þ �

b

¹�µ÷ Âð�

Ýþ¤�¢

x = (1:1)

2

� 2

�74

;

y = (1:0)

2

� 2

�75

;

x� y = (1:1)

2

� 2

�149

= 2

�149

+ 2

�150

;

x
 y = (0:0 � � �10

23

)

2

� 2

�126

= 2

�148

:

Ýþ¤�¢ ,ÝþÀþ¢ ßþ� ¥� Ç�� �î �÷�ðö�Þû ,ßþ�Â����

jx� y � x
 yj

jx� yj

=

1

3

:

.´¨� 33% �

f

±þÂÖ� ü±Æ÷ ý�Î¡ ,�¹�µ÷¤¢

ÕÜÎõ¤Àì) À�ª�� ß�ª�õ ù

b

¢øÀ½õ ¤¢ fl(x):f l(y) ø x:y ø üÖ�Ö� ¢Àä ø¢ y ø x À��î­Âê ö��î�

,�¤�¬ ßþ� ¤¢ .(Àª�� �µª�¢ ¤�Âì ù��ó�õÂ÷ ¤ø��ª ��Þõ ¢Àä ßþÂ�ï¤�� ø ßþÂ�×��î ß�� ö�

Ýþ¤�¢ ø Ý�û¢üõ ö�È÷ (x:y)

�

�� �¤ ¢�ªüõ ùÂ�¡£ �÷�þ�¤ ¤¢ �î ý��¹�µ÷

(x:y)

�

= fl(fl(x):f l(y)) = fl(x)� fl(y):
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Ýþ¤�¢ ,´ó�� ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ �Â® ÛÞä �Àµ��

(x� y)

�

= fl(x)
 fl(y)

= x(1+ Æ

1

)
 y(1+ Æ

2

)

= x(1+ Æ

1

)y(1+ Æ

2

)(1+ Æ

3

)

= x� y(1+ Æ);

ø jÆ

i

j � u ö� ¤¢ �î

Æ = Æ

1

+ Æ

2

+ Æ

3

+ Æ

1

Æ

2

+ Æ

1

Æ

3

+ Æ

2

Æ

3

+ Æ

1

Æ

2

Æ

3

:

,À�µÆû ×��î ¤��Æ� u �� �Æþ�Öõ ¤¢ u

3

ø u

2

ø jÆ

1

Æ

2

Æ

3

j � u

3

ø jÆ

i

Æ

j

j � u

2

�Ø�þ� �� ���� ��

×þ �Ø�þ� ÂÚõ ,´¨� ×��î üÜ�¡ �Â® ¤¢ ü±Æ÷ ý�Î¡ ,ßþ�Â���� .´¨� ü��¡ °þÂÖ� jÆj � 3u

.Àû¢  ¤ �þ¤Â¨ �þ �þ¤ Âþ¥

Ýþ¤�¢ ,´ó�� ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ âÞ� ÛÞä ,×�þ�

(x+ y)

�

= fl(x)� fl(y)

= x(1+ Æ

1

)� y(1+ Æ

2

)

= (x(1 + Æ

1

) + y(1+ Æ

2

))(1+ Æ

3

)

= (x+ y)(1+ Æ

3

) + (xÆ

1

+ yÆ

2

)(1+ Æ

3

):

´ª�¢ Ý�û��¡ ,ßþ�Â����

�

�

�

�

(x+ y)� (x+ y)

�

x+ y

�

�

�

�

� jÆ

3

j+

jxÆ

1

+ yÆ

2

j

jx+ yj

j1+ Æ

3

j:

Ýþ¤�¢ ,üêÂÏ¥�

jxÆ

1

+ yÆ

2

j

jx+ yj

�

jxjjÆ

1

j+ jyjjÆ

2

j

jx+ yj

�

jxj+ jyj

jx+ yj

u:

ßþ� ¤¢ .À�µÆû ´õ�ä Ýû y ø x À��î ­Âê �Àµ�� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ÓÜµ¿õ ´ó�� ø¢ ,ö��î�

Ýþ¤�¢ ,�¤�¬

jÆ

3

j+

jxÆ

1

+ yÆ

2

j

jx+ yj

j1+ Æ

3

j � u+

jxj+ jyj

jx+ yj

u(1+ jÆ

3

j) � u(2+ u) = 2u+ u

2

:

,×�þ� .´¨� âÞ� ¤¢ ü±Æ÷ ý�Î¡ ý��� ö�Âî ý�Â� ü��¡ °þÂÖ� 2u �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

ü±Æ÷ ý�Î¡ ,�¤�¬ ßþ� ¤¢ .À�ª�� �õ�ãó�ÓÜµ¿õ y ø x ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üµó��
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´¨� üÖ�Ö� ¢Àä ×þ � 6= 0 ø y 2 FP À��î ­Âê ,ñ�·õ ý�Â� .Àª�� ï¤�� ¤��Æ� À÷���üõ

�î ý¤�Ï��

x = �y + �; fl(�y + �) = �y:

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢

x+ y = �; (x + y)

�

= fl(x)� fl(y) = (�y)� y = 0:

,�¹�µ÷¤¢

�

�

�

�

(x+ y)

�

� (x+ y)

x+ y

�

�

�

�

= 1;

.´¨� %100 �� Â��Â� ü±Æ÷ ý�Î¡ Àû¢üõ ö�È÷ �î

´¨¢ ¥� (ý¢�þ¥ ý��ãõ �� ý�ûÝì¤) ý¢�þ¥ ´ì¢ ,Ýû �� ×þ¢�÷ ¢Àä ø¢ ÕþÂÔ� ¤¢ ,üÜî ¤�Ï��

.Ý��îüõ ���¤� ñ�·õ×þ ,á�®�õ ßþ� Âµú� í¤¢ ý�Â� .À�þ�ðüõ ��Ú÷��ã��ê éÁ� ö� �� �î ¢ø¤üõ

� = 3:1415926 � � � ¢Àä ý�Â� °þÂÖ� ø¢ y = 3:14158 ø x = 3:14160 À��î ­Âê

Ý�û��¡ ,Ý��î �±¨�½õ �¤ z = x�y ¤�ÀÖõ Óä�Ìõ ´ì¢ �� ø °Üµõ ¤��ê��Â÷ ¥� ù¢�Ôµ¨� �� Âð� .À�µÆû

ùÀõ�´¨¢�� ¤�ÀÖõ .¢�ªüõ z = 2:000000000013102 � 10

�5

�� Â��Â� ¤�ÀÖõ ßþ� �î Àþ¢

z = 2:000000000000000 � 10

�5

�� Â��Â� z ¤�ÀÖõ �î Ý�µª�¢ ¤�Ñµ÷� �Âþ¥ ;´¨� ñ�Öãõ�÷

,¢Âî ùÂ�¡£ sef ¤¢ Õ�ì¢ ¤�Ï�� ö���üÞ÷ �¤ y ø x ¢Àä ø¢ ¥� ��Àîº�û �Ø�þ� �� ���� �� üóø .Àª��

¢Àä Å�µ÷�õ ý�úµ÷� ¤¢ �î 13102 ¢Àä ý�ûÝì¤ �î À��î ���� .´¨� ù¢�¢  ¤ üì�Ô�� ß���

üú��� Û��ì ý�Î¡ ¢�¹þ� ¶ä�� �î À÷�ªüõ �µêÂð ¤�î�� ýÀã� ��±¨�½õ ��Þ� ¤¢ ,À÷�ùÀª Âû�Ò

.À÷�ªüõ

â���� 2.2 ñ�·õ

f(x) =

1� 
osx

sin

2

x

; g(x) =

1

1+ 
osx

;

ù¢�¢ i = 0;1; : : : ;10 ,x

i

= 10

�i

ý�¥��� â��� ø¢ ßþ� Âþ¢�Öõ ,Âþ¥ ñøÀ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ý�¥��� �î Ý����üõ üóø ,À�ª�� Â��Â� Âþ¢�Öõ ßþ� ý�¥��� g ø f Âþ¢�Öõ �î ¢ø¤üõ ¤�Ñµ÷� .´¨� ùÀª

¤¢ �î ´¨� ßþ� ,ë�Ô�� ßþ� Û�ó¢ .À�µÆû �ø�Ôµõ ¤��Æ� g ø f Âþ¢�Öõ 10

�10

ø 10

�9

,10

�8

×þ¢�÷ 1 �� 
osx Âþ¢�Öõ ,x×��î Âþ¢�Öõ ý�¥��� ø ¢¤�¢ ¢��ø 1� 
osx �¤�±ä f ÂÆî �¤�¬

.¢ø¤üõ ´¨¢ ¥� ý¢�þ¥ ´ì¢ ,Ýû �� ×þ¢�÷ ¢Àä ø¢ ÕþÂÔ� ¤¢ ø À�µÆû
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x

i

f(x

i

) g(x

i

)

1:000000000000000 0:649223205204762 0:649223205204762

0:100000000000000 0:501252086288577 0:501252086288571

0:010000000000000 0:500012500208481 0:500012500208336

0:001000000000000 0:500000124992189 0:500000125000021

0:000100000000000 0:499999998627931 0:500000001250000

0:000010000000000 0:500000041386852 0:500000000012500

0:000001000000000 0:500044450291337 0:500000000000125

0:000000100000000 0:499600361081322 0:500000000000001

0:000000010000000 0:000000000000000 0:500000000000000

0:000000001000000 0:000000000000000 0:500000000000000

0:000000000100000 0:000000000000000 0:500000000000000

,�¤�¬ ßþ� ¤¢ .´¨� �µ¨��� x

0

�

b

ÎÖ÷ ¥� üÚþ�ÆÞû×þ ¤¢ f â��� �ø¢ ÕµÈõ À��î­Âê 3.2 ñ�·õ

Ýþ¤�¢ ,h > 0 Âû ý�¥��� ø x

0

�

b

ÎÖ÷ ¤¢ f â��� ÂÜ�� ÍÆ� ¥� ù¢�Ôµ¨� ��

f(x

0

+ h) = f(x

0

) + f

0

(x

0

)h+

h

2

2

f

00

(�); j� � x

0

j � h:

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢

f

0

(x

0

) =

f(x

0

+ h)� f(x

0

)

h

�

h

2

f

00

(�); j� � x

0

j � h:

Ýþ¤�¢ ,ßþ�Â����

f

0

(x

0

) �

f(x

0

+ h)� f(x

0

)

h

; (2.2)

�¤�¬�� °þÂÖ� ßþ� ¥� Û¬�� ý�Î¡ ø

E(h) = �

h

2

f

00

(�);

Ýþ¤�¢ ,×�þ� .´¨�

jE(h)j =

h

2

jf

00

(�)j � Ch;

ö� ¤¢ �î

C = max

fx:jx�x

0

j�hg

1

2

jf

00

(x)j:
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10-15 10-10 10-5 100
10-8

10-6

10-4

10-2

100

102

.3.2 ñ�·õ ý�Â� �Î¡ Çþ�Þ÷ :1.2 ÛØª

�

b

Î��¤ ¥� ù¢�Ôµ¨� �� Ý�û��¡üõ .x

0

= 1 ø f(x) = e

x

À��î ­Âê .E(h) = O

h!0

(h) ,ø ¤ßþ�¥�

¤�Âì �ãó�Îõ ¢¤�õ �¤ Û¬�� ý�Î¡ ,h×��î Âþ¢�Öõ ý�¥��� ø ù¢¥ °þÂÖ� �¤ f

0

(x

0

) ¤�ÀÖõ (2.2)

Ý��îüõ ��ú� �¤ Âþ¥ °




Üµõ �

b

õ�÷Â� ,¤�î ßþ� ý�Â� .Ý�û¢

h=10.^(-15:0);

f=�(x) exp(x);

x0=1;

fp=(f(x0+h)-f(x0))./h;

loglog(h,abs(fp-exp(x0)));

â��� ,�õ�÷Â� ßþ�

e(x) =

f(x+ h)� f(x)

h

� f

0

(x) =

f(x+ h)� f(x)

h

� e

x

;

ÛØª ßþ� .Àþ�üõ ´¨¢�� 1.2 ÛØª ,�õ�÷Â� ßþ� ý�Â�� �� .À�îüõ Ý¨¤ [10

�15

;10

0

℄ ù

b

¥�� ¤¢ �¤

�

b

±¨�½õ ¤¢ ý¢�þ¥ ´ì¢ ,×��î ý�ûh ý�¥��� �î Àû¢üõ ö�È÷

fp(x) =

f(x+ h)� f(x)

h

;

.¢ø ¤üõ ´¨¢ ¥�
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.À�µÆû ß�ª�õ ù

b

¢øÀ½õ ¤¢ ø ´±·õ üÖ�Ö� ¢Àä n + 1 ,x

n

,: : : ,x

1

,x

0

À��î ­Âê 4.2 ñ�·õ

ü±Æ÷ ý�Î¡ Â·î�À� ,¢�ª ��¹÷� Õ�ì¢ ¤�Ï�� �ú÷� âÞ� Å³¨ ø À÷�ª ù¢�¢ ß�ª�õ �� ¢�Àä� ßþ� Âð�

?¢�� Àû��¡ ��

Ý�û��¡ ,ßþ�Â���� .¢�ªüõ ùÂ�¡£ ß�ª�õ ¤¢ �î ´¨� ý¤�ÀÖõ fl(x

i

) ,i Âû ý�Â� �î Ý�÷�¢üõ :Û�

Ýþ¤�¢ ,ø ¤ßþ�¥� .jÆ

i

j � u �î ý¤�Ï�� fl(x

i

) = x

i

(1+ Æ

i

) ´ª�¢

S

�

=

n

X

i=0

fl(x

i

) =

n

X

i=0

x

i

(1+ Æ

i

)

=

n

X

i=0

x

i

+

n

X

i=0

x

i

Æ

i

= S +

n

X

i=0

x

i

Æ

i

;

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢ .S =

n

X

i=0

x

i

ö� ¤¢ �î

�

�

�

�

S

�

� S

S

�

�

�

�

=

1

S

�

�

�

�

�

n

X

i=0

x

i

Æ

i

�

�

�

�

�

�

1

S

n

X

i=0

jx

i

jjÆ

i

j �

1

S

n

X

i=0

x

i

u = u:

.¢�� Àû��¡ u �� Â��Â� ü±Æ÷ ý�Î¡ Â·î�À� ,ßþ�Â����

,�¤�¬ ßþ� ¤¢ .À�µÆû ´±·õ ¤ø��ª ��Þõ ¢Àä n + 1 ,x

n

,: : : ,x

1

,x

0

À��î ­Âê 5.2 ñ�·õ

.À��î �±¨�½õ �¤ S =

n

X

i=0

x

i

�

b

±¨�½õ ¤¢ ü±Æ÷ ý�Î¡

¤¢ �î Àª�� ö� �� ÂÒ��µõ ¤�ÀÖõ S

�

k

Ý��îüõ­Âê ø S

k

= x

0

+ x

1

+ � � �+ x

k

Ý�û¢üõ ¤�Âì :Û�

Ýþ¤�¢ .¢�ªüõ ùÂ�¡£ �÷�þ�¤

8

<

:

S

0

= x

0

;

S

k+1

= S

k

+ x

k+1

;

8

<

:

S

�

0

= x

0

;

S

�

k+1

= fl(S

�

k

+ x

k+1

);

Ý�û¢üõ ¤�Âì .k = 0;1; : : : ; n� 1 ö� ¤¢ �î

�

k

=

S

�

k

� S

k

S

k

; Æ

k

=

S

�

k+1

� (S

�

k

+ x

k+1

)

S

�

k

+ x

k+1

:

Ýþ¤�¢ .jÆ

k

j � u ö� ¤¢ �î ,S

�

k

= S

k

(1+ �

k

) ø S

�

k+1

= (S

�

k

+x

k+1

)(1+ Æ

k

) ,�¤�¬ ßþ� ¤¢

�

k+1

=

S

�

k+1

� S

k+1

S

k+1
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=

(S

�

k

+ x

k+1

)(1+ Æ

k

)� (S

k

+ x

k+1

)

S

k+1

=

(S

k

(1+ �

k

) + x

k+1

)(1+ Æ

k

)� (S

k

+ x

k+1

)

S

k+1

=

(S

k

+ x

k+1

+ S

k

�

k

)(1+ Æ

k

)� (S

k

+ x

k+1

)

S

k+1

= �

k

S

k

S

k+1

(1+ Æ

k

) +

S

k

+ x

k+1

S

k+1

Æ

k

:

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢

�

k+1

= �

k

S

k

S

k+1

(1+ Æ

k

) + Æ

k

:

Ýþ¤�¢ ,S

k

< S

k+1

�Ø�þ� �� ���� �� ,ö��î�

j�

k+1

j � j�

k

j

�

�

�

�

S

k

S

k+1

�

�

�

�

(1+ jÆ

k

j) + jÆ

k

j � j�

k

j(1+ u) + u:

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢ ø j�

k+1

j � u+ �j�

k

j Ýþ¤�¢ ù�Ú÷� ,� = 1+ u Ý�û¢ ¤�Âì Âð�

j�

0

j =

jS

�

0

� S

0

j

jS

0

j

=

jx

0

� x

0

j

jx

0

j

= 0;

j�

1

j � u;

j�

2

j � u+ �j�

1

j = u(1+ �);

j�

3

j � u+ �(u+ �u) = u(1+ � + �

2

);

.

.

.

j�

n

j � u(1+ � + �

2

+ � � �+ �

n�1

) = u

�

n

� 1

� � 1

= (1+ u)

n

� 1:

Ýþ¤�¢ ,���¡ -ß���÷ ý��ÜÞ�ø¢ ÍÆ� ×Þî �� ,ö��î�

(1+ u)

n

� 1 =

n

X

k=0

�

n

k

�

u

k

� 1

= (1+ nu+

n(n� 1)

2

u

2

+ � � �)� 1

= nu+

n(n� 1)

2

u

2

+ � � � :

´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� ×��î

1

u

�� �Æþ�Öõ ¤¢ n Âð� ,�¤�¬ ßþ� ¤¢

(1+ u)

n

� 1 � nu;

.´¨� ü±Æ÷ ý�Î¡ ý�Â� ü±¨��õ °þÂÖ� nu Àû¢üõ ö�È÷ �î
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ñ�·õ �� .´¨� ï¤�� ¤��Æ� ¢Àä ×þ �� ×��î ¤��Æ� ¢Àä ×þ âÞ� ,�Î¡ â���õ ¥� ÂÚþ¢ üØþ

.À��î ���� Âþ¥

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .y = 2

�6

= 0:0156 ø x = 2

18

= 262144 À��î ­Âê 6.2 ñ�·õ

x� y = fl(x+ y)

= fl(2

18

+ 2

�6

)

= fl

�

(1:00 � � �0)

2

� 2

18

+ (0:0 � � �001

24

)

2

� 2

18

�

= fl

�

(1:0 � � �001

24

)

2

� 2

18

�

= (1:0 � � �0)

2

� 2

18

= 2

18

:

�µêÂð ùÀþ¢�÷ IEEE ù

b

¢�¨ ´ì¢ ¤¢ 262144 Â��Â� ¤¢ 0:0156 ¢Àä �î Àû¢üõ ö�È÷ �¹�µ÷ ßþ�

.´¨� ùÀª

¤��Æ� ¢Àä ×þ �� ×��î ¤��Æ� ¢Àä ×þ âÞ� ¥� °¨��õ Ýµþ¤�Úó� ×þ �

b

��¤� �� ö���üõ üû�ð

.À��î ���� ýÀã� ñ�·õ �� .¢�¢ ¢�±ú� �¤ ý¢Àä �

b

¹�µ÷ ø ¢Âî ýÂ�ð�Ü� ï¤��

¤�ÀÖõ ,IEEE ù

b

¢�¨ ´ì¢ ¤¢ Ý�û��¡üõ .z = 2

18

ø x = y = 2

�6

À��î ­Âê 7.2 ñ�·õ

6.2 ßþÂÞ� �� ���� �� ü�ªø¤�� ,Ý��î ù¢�Ôµ¨� x � (y � z) ¥� Âð� .Ý��î �±¨�½õ �¤ x + y + z

�î Ý��îüõ �±¨�½õ °��Â� ßþ� �� �¤ x + y + z ¤�ÀÖõ ,ö��î� .x � (y � z) = z ´ª�¢ Ý�û��¡

.Ý��îüõ âÞ� Â�ï¤�� ¢Àä �� �¤ Û¬�� Å³¨ ø ù¢Âî �±¨�½õ �¤ Â�×��î ¢Àä ø¢ á�Þ¹õ ´Æ¿÷

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢

(x� y)� z = fl(2

�6

+ 2

�6

)� z

= 2

�5

� 2

18

= fl

�

(0:0 � � �001

23

)

2

� 2

18

+ (1:00 � � �0)

2

� 2

18

�

= fl

�

(1:0 � � �001

23

)

2

� 2

18

�

= (1:0 � � �001

23

)

2

� 2

18

:

.´¨� x+ (y + z) ý�Â� x� (y � z) �� ´±Æ÷ ýÂµú� °þÂÖ� ,¤�ÀÖõ ßþ� �î ´¨�À��
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��Ú÷��ã��ê éÁ� ¥� ýÂ�ð�Ü� 4.2

¥� ,ÂÚþ¢ �¤�±ä �� �þ ø Ýû �� ×þ¢�÷ ¢Àäø¢ ÕþÂÔ� ¥� ,°¨��õ Ýµþ¤�Úó� ×þ �

b

��¤� �� ö���üõ üû�ð

.Ý��îüõ ���¤� ñ�·õ À�� ,á�®�õ öÀªßªø¤ ý�Â� .¢Âî ýÂ�ð�Ü� ��Ú÷��ã��ê éÁ�

Âð� .Ý��î �±¨�½õ×��î ¤��Æ� ý�ûx ý�¥��� �¤ y =

p

1+ x

2

�1 ¤�ÀÖõ Ý�û��¡üõ 8.2 ñ�·õ

Ýû �� ×þ¢�÷ ¢Àäø¢ ÕþÂÔ� Û¬�� y ¤�ÀÖõ ø

p

1+ x

2

� 1 Ýþ¤�¢ ù�Ú÷� ,Àª�� ×��î ¤��Æ� x

Ýþ¤�¢ ,ÛØÈõ ßþ� âê¤ ßþ� ý�Â� .¢�� Àû��¡

p

1+ x

2

� 1 =

x

2

p

1+ x

2

+ 1

�

x

2

2

:

�

b

±¨�½õ ý�Â� .Àû��¡ y ý�Â� ü��¡ °þÂÖ� 0:5 � 10

�12

ù�Ú÷� ,x = 10

�6

Âð� ,ñ�·õ ý�Â�

¥� ö���üõ ÂµÈ�� ´ì¢ �� y ¤�ÀÖõ

(1+ y)

n

=

n

X

k=0

�

n

k

�

u

k

= 1+ ny +

n(n� 1)

2

y

2

+

n(n� 1)(n� 2)

6

y

3

+ � � � ;

Ýþ¤�¢ ,âì�ø ¤¢ .¢Âî ù¢�Ôµ¨� ��÷

(1+ x

2

)

1

2

= 1+

1

2

x

2

+

1

2

(�

1

2

)

2

x

4

+

1

2

(�

1

2

)(�

3

2

)

6

x

6

+ � � � :

ù�Ú÷� ,x = 10

�6

Âð� ,ñ�·õ ý�Â�

y �

1

2

� 10

�12

�

1

8

� 10

�24

+

1

16

� 10

�36

:

ý�¥��� .Ý��î �±¨�½õ �¤ y = x�sinx Ý�û��¡üõ ø Àª�� ×��î ý¢Àä x À��î­Âê 9.2 ñ�·õ

,üóø .Àþ�üõ ´¨¢�� Ýû �� ×þ¢�÷ ¢Àäø¢ ÕþÂÔ� ¥� y ,ßþ�Â���� ø x � sinx Ýþ¤�¢ ×��î ý�ûx

Ýþ¤�¢

y = x� sinx =

1

3!

x

3

�

1

5!

x

5

+

1

7!

x

7

� � � � �

1

3!

x

3

:

ßþ� ¤¢ .x = 10

�8

À��î ­Âê ,ñ�·õ ý�Â� .¢�� Àû��¡ y ý�Â� ü��¡ °þÂÖ�

1

3!

x

3

,ßþ�Â����

�îüó��¤¢ ,´¨� ÂÔ¬ �� Â��Â� Àû¢üõ ´¨¢�� y = x�sinxý�Â� °Üµõ ¤��ê��Â÷ �î ý¤�ÀÖõ ,�¤�¬

.´¨� 1:6666666666666667 � 10

�25

�� Â��Â�

1

3!

x

3

¤�ÀÖõ
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â��� Ý�û��¡üõ 10.2 ñ�·õ

f(x) =

1

1+ 2x

�

1� x

1+ x

;

f ¤¢ ¢���õ ÂÆî ø¢ Âû ,ÂÔ¬ �� ×þ¢�÷ ¤��Æ� Âþ¢�Öõ ý�¥��� .Ý��î �±¨�½õ jxj � 1 ý�¥��� �¤

��ì¤� ¢�Àã� �î ¢�ªüõ ¶ä�� Ýû �� ×þ¢�÷ ¢Àä ø¢ Û®�Ô� ø ¢�� À�û��¡ ×þ¢�÷ ¤��Æ� 1 ¤�ÀÖõ ��

��) °Üµõ ¤��ê��Â÷ x = 10

�10

ý�¥��� ,ñ�·õ ý�Â� .¢øÂ� ß�� ¥� (´ì¢ �¹�µ÷¤¢ ø) ý¢�þ¥ ý��ãõ��

ÂÔ¬ ¢Àä f �

b

Èþ¤ �ú�� �î À��î ���� .´Æ�÷ üÖÎ�õ �î À÷�¢ÂðüõÂ� �¤ ÂÔ¬ ¤�ÀÖõ (Óä�Ìõ ´ì¢

�¤�¬�� �¤ â��� ,ÛØÈõ ßþ� âê¤ ý�Â� .´¨�

f(x) =

2x

2

(1+ 2x)(1+ x)

;

¤�ÀÖõ °Üµõ ¤��ê��Â÷ ù�Ú÷� ,Ý��î ù¢�Ôµ¨� f(10

�10

) ¤�ÀÖõ �

b

±¨�½õ ý�Â� ��� â��� ¥� Âð� .Ý�Æþ�÷üõ

Âþ¢�Öõ ý�¥��� �î À��î ���� ,ß��»Þû .Àû¢üõ ´¨¢�� �¤ 1:999999999400000�10

�20

Â��Â� 10

�10

ý�¥��� �¤�±ä ßþ� .¢¥ °þÂÖ� 2x

2

�¤�±ä �� ö���üõ �¤ f â��� ,ÂÔ¬ �� ×þ¢�÷ ¤��Æ�

.´¨� ü±¨��õ ¤�ÀÖõ �î ¢�� Àû��¡ 2:000000000000000 � 10

�20

��

´�¨�Æ� ø ý¤�Àþ�� ,üã®ø©�¡ 5.2

ùÀª ���¤� 1923 ñ�¨ ¤¢ ¢¤�õ�¢�û Í¨�� ¤��ß�µÆ¿÷ ÓþÂã� ßþ� .Ý��îüõ ���¤� �¤ Âþ¥ ÓþÂã� �Àµ��

.℄8[ ´¨�

Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª ù�ðÂû ,À�þ�ðüõ â®ø©�¡ �¤ üÎ¡ �

b

ÜÿÆõ ×þ 4.2 ÓþÂã�

;Àª�� �µª�¢ ���� ×þ Ûì�À� �ÜÿÆõ (1

;Àª�� �µØþ ,�ÜÿÆõ ���� (2

.Àª�� �µÆ��ø �ûù¢�¢ �� �µ¨��� ¤�Ï�� �ÜÿÆõ ���� (3

.À�þ�ðüõ â®øÀ� �¤ �ÜÿÆõ ö� ,Àª�� �µª�À÷ �¤ Íþ�Âª ßþ� ¥� üØþ Ûì�À� ý��ÜÿÆõ Âð�

.À�µÆû â®ø©�¡ Û��Æõ ,À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ §¤¢ ßþ� ¤¢ �î üÜ��Æõ �

b

Þû

�Ü�Âõ×þ×




��î ý�Î¡ Âð� ,¢�ªüõ �µÔð ¤�Àþ�� �ÜÿÆõ×þ Û� ý�Â� Ýµþ¤�Úó� ×þ 5.2 ÓþÂã�

üÞµþ¤�Úó� .ÀûÀ÷ ¤�Âì Â���

b

� ´½� ýÀ� ¤�Ï�� �¤ üþ�ú÷ �

b

¹�µ÷ ´ì¢ ø Àª�� ù¢ÂØ÷ Àª¤ ü¨�¨� ¤�Ï��

.À�þ�ðüõ ¤�Àþ���÷ ,Àª�±÷ ¤�Àþ�� �î �¤



39 �û�Î¡ .2 ÛÊê

´¨� ßØÞõ ø ¢¢ÂðüõÂ� �ÜÿÆõ Û� Ýµþ¤�Úó� �� ,ý¤�Àþ�� �î Ý����üõ ,ÓþÂã� ßþ� �� ���� ��

.Àª�� ¤�Àþ���÷ ,�ÜÿÆõ ö�Þû Û� ý�Â� ÂÚþ¢ üÞµþ¤�Úó� ø ¤�Àþ�� ,�ÜÿÆõ ×þ Û� ý�Â� üÞµþ¤�Úó�

.À�îüõ ßªø¤ �¤ á�®�õ ßþ� Âþ¥ ñ�·õ

�

b

ó�±÷¢ 11.2 ñ�·õ

x

0

= 1; x

1

=

1

3

; (3.2)

x

n

=

13

3

x

n�1

�

4

3

x

n�2

; n � 2; (4.2)

´¨� x

n

= qr

n

�¤�¬�� (4.2) üµÈð¥�� �

b

Î��¤ üõ�Þä ���� �î Ý�÷�¢üõ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

¤¢ x

n

= qr

n

ý¤�Áðý�� �� .À�µÆû ÂÔ¬�÷ r ø q Âþ¢�Öõ ,(3.2) �

b

�óø� Âþ¢�Öõ �� ���� �� .℄7[

´ª�¢ Ý�û��¡ (4.2)

3r

2

� 13r + 4 = 0:

�¤�¬�� �ÜÿÆõ üõ�Þä ���� ,ßþ�Â���� .r

2

= 4 ø r

1

=

1

3

¥� À��¤�±ä �ó¢�ãõ ßþ� ý�û�Èþ¤

x

n

= �r

n

1

+ �r

n

2

= �

�

1

3

�

n

+ � � 4

n

;

Ýþ¤�¢ ,x

1

=

1

3

ø x

0

= 1 ý�¥��� .¢�� Àû��¡

8

<

:

�+ � = 1;

�

�

1

3

�

+ 4� =

1

3

:

�

b

ó�±÷¢ �î � = 0 ø � = 1´ª�¢ Ý�û��¡ ,ù�Úµ¨¢ ßþ� Û� ��

x

n

= (

1

3

)

n

; (5.2)

.Àû¢üõ �¹�µ÷ �¤

ö�È÷ Àã� ñøÀ� ¤¢ ø ù¢Âî �±¨�½õ �¤ �ó�±÷¢ ��Þ� ,°Üµõ ö��¥ �� �õ�÷Â� ×þ ¥� ù¢�Ôµ¨� ��

üµÈð¥�� À÷ø ¤ ¥� ù¢�Ôµ¨� �� ,x

�

n

¤�ÀÖõ ø (5.2) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� x

n

,ñøÀ� ßþ� ¤¢ .Ýþ�ù¢�¢

�¤�¬�� ö���üõ �¤ ö� Û�ó¢ .´¨� üÔ�õ x

�

16

�î ¢�ªüõ �Ñ��õ .´¨� ùÀª �±¨�½õ (4.2)

,¢Âî ùÂ�¡£ �÷�þ�¤ ¤¢ Õ�ì¢ ¤�Ï�� ö���üÞ÷ �¤

1

3

¢Àä �Ø�þ� �� ���� �� ,�ø¢ �




�ð ¤¢ .¢Âî ����� Âþ¥

üÚµª�±÷�) ´¨� ùÀª âÞ� x

�

16

¤¢ ø ù¢Âî Àª¤ �Î¡ ßþ� �î ´¨� ùÀª ¢¤�ø ö� ¤¢ üØ��î ý�Î¡

�î À��î ���� �µ±ó�) Àª�� �µª�¢ üãì�ø ¤�ÀÖõ �� ý¢�þ¥ �ø�Ô� �î ´¨� ùÀª ¶ä�� ,�¹�µ÷¤¢ ø (�Î¡

.Ý��îüõ �ãó�Îõ �¤ �Î¡ Àª¤ Û�ó¢ ,�õ�¢� ¤¢ .(´¨� ù¢�¢  ¤ ��÷ Ýû¢¤�ú� ��ð ¤¢ ë�Ô�� ßþ�
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¤¢ � ù

b

¥�À÷� �� üØ��î ý�Î¡) Àª�� x

1

=

1

3

+ � ø x

0

= 1 �¤�¬�� ��óø� Âþ¢�Öõ À��î ­Âê

�¤�¬�� �ó�±÷¢ üõ�Þä �

b

ÜÞ� ,�¤�¬ ßþ� ¤¢ .(´¨� ùÀª ¢¤�ø x

1

x

n

= (1�

3

11

�)(

1

3

)

n

+

3

11

�� 4

n

;

Àª¤ ´äÂ¨ �� ø ¢�ªüõ Â��Â� 4

n

,x

n

�

b

±¨�½õ ¤¢ � ý�Î¡ �î Àû¢üõ ö�È÷ �Î��¤ ßþ� .¢�� Àû��¡

.´¨� ¤�Àþ���÷ x

n

�

b

±¨�½õ ý�Â� ù¢�Ôµ¨� ¢¤�õ ý¤�ÂØ� À÷ø ¤ �î Àû¢üõ ö�È÷ ¸þ�µ÷ .À�îüõ

n x

n

x

�

n

2 0:11111111111111 0:11111111111111

3 0:03703703703704 0:03703703703704

4 0:01234567901235 0:01234567901234

5 0:00411522633745 0:00411522633744

.

.

.

.

.

.

.

.

.

14 0:00000020907516 0:00000020575195

15 0:00000006969172 0:00000005639888

16 0:00000002323057 �0:00000002994080

ý�ûñ�ÂÚµ÷� �

b

±¨�½õ 12.2 ñ�·õ

I

n

=

Z

1

0

x

n

x+ 5

dx; n = 0;1;2; : : : ;23;

Ýþ¤�¢ .´¨� ´±·õ ø üóø�÷ I

n

�

b

ó�±÷¢ ,ü�ªø¤�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

I

n

+ 5I

n�1

=

Z

1

0

x

n

+ 5x

n�1

x+ 5

dx =

Z

1

0

x

n�1

dx =

1

n

:

ßþ�Â����

I

n

=

1

n

� 5I

n�1

; n = 1;2; : : : ;23: (6.2)

Ýþ¤�¢ ,üêÂÏ¥�

I

0

=

Z

1

0

1

x+ 5

dx = ln

6

5

:

�¤ I

n

Âþ¢�Öõ ,(6.2) üµÈð¥�� �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ø Ýþ��µª�÷ °Üµõ ö��¥ �� ý��÷�þ�¤ �

b

õ�÷Â� ×þ

ý¤�Àþ���÷ ,Ý����üõ �î �÷�ðö�Þû .´¨� ùÀª ù¢¤ø� Âþ¥ ñøÀ� ¤¢ Âþ¢�Öõ ßþ� .Ýþ�ù¢Âî �±¨�½õ

.I

22

< 0 ,ùø�ä�� ø ´¨� ù¢¤�¡ Ýû �� �ó�±÷¢ ö¢��üóø�÷ ,19 ¤�ÂØ� ¤¢ �Âþ¥ ;´¨� ù¢�¢  ¤
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n I

n

0 0:18232155679395

1 0:08839221603023

2 0:05803891984886

.

.

.

.

.

.

17 0:00937190685686

18 0:00869602127127

19 0:00915147259102

20 0:00424263704492

21 0:02640586239444

22 �0:08657476651765

.À�îüõ �±¨�½õ ý��÷�þ�¤ �

b

õ�÷Â� �î À�µÆû ýÂþ¢�Öõ �û I

�

n

À��î ­Âê ,ý¤�Àþ���÷ Û�Ü½� ý�Â�

ßþ� ¤¢ .I

0

= I

�

0

+ � ÂÚþ¢ �¤�±ä �� �þ ,Àª�� I

�

0

¤¢ ¢Àä ö¢Âî¢Âð ¥� Û¬�� ý�Î¡ � À��î ­Âê

Ýþ¤�¢ üµÈð¥�� �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,�¤�¬

I

1

= 1� 5I

0

= 1� 5(I

�

0

+ �) = I

�

1

� 5�;

I

2

=

1

2

� 5I

1

=

1

2

� 5(I

�

1

� 5�) =

1

2

� 5I

�

1

+ 5

2

� = I

�

2

+ 5

2

�;

.

.

.

I

n

=

1

n

� 5I

n�1

=

1

n

� 5(I

�

n�1

+ (�1)

n�1

5

n�1

�) = I

�

n

+ (�1)

n

5

n

�:

ö���õ �� ø ùÀª ï¤�� ,À¨¤üõ I

�

n

�� üµìø I

�

0

¤¢ � ×��î ý�Î¡ �î Àû¢üõ ö�È÷ Â¡� ýø�Æ�

.¢�� Àû��¡ ï¤�� ¤��Æ� ,ï¤�� ý�ûn ý�¥��� �î ,À¨¤üõ (�1)

n

5

n

�

Ýþ¤�¢ ,I

n

! 0 �Ø�þ� �� ���� �� .Ý��îüõ ���¤� ¤�Àþ�� Ýµþ¤�Úó� ×þ ñ�·õ ßþ� ý�Â� ,ö��î�

´ª�¢ Ý�û��¡ ,(6.2) üµÈð¥�� �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� .I

22

� I

21

I

22

=

1

22

� 5I

21

�

1

22

� 5I

22

:

Ýþ¤�¢ ,�¹�µ÷¤¢

I

22

�

1

6� 22

= 0:00757575757576:

Â��Â� �î Ýþ�ù¢Âî �±¨�½õ �¤ I

22

¤�ÀÖõ °Üµõ ¤��ê��Â÷ ¤¢ quad ¤�µ¨¢ ¥� ù¢�Ôµ¨� �� �î ´¨� Âî£ ö�þ�ª

�¤ üµÈð¥�� �

b

Î��¤ ,I

22

ü±þÂÖ� ¤�ÀÖõ öÀªÉ¿Èõ �� .I

22

� 0:00729738381631 �� ´¨�
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�¤�¬��

I

n�1

=

1

5

(

1

n

� I

n

);

×þ ¥� ù¢�Ôµ¨� �� .Ý��î �±¨�½õ øÂÆ� üµÈð¥�� �¤�¬�� �¤ I

n

Âþ¢�Öõ Ý�÷���üõ ,ö��î� .Ý�Æþ�÷üõ

¢��ø �� �î Àû¢üõ ö�È÷ ñøÀ� ßþ� .´¨� ùÀõ� ´¨¢�� Âþ¥ ñøÀ� ¸þ�µ÷ °Üµõ ¤��ê��Â÷ ¤¢ �õ�÷Â�

,ü�ãþ ,ö� üãì�ø ¤�ÀÖõ �� I

0

ý¤�Èä� ý�ûÝì¤ �

b

Þû ,´Æ�÷ ¤�¢¤�¡Â� ý¢�þ¥ ´ì¢ ¥� I

n

¤�ÀÖõ �Ø�þ�

¢¤�õ Ýµþ¤�Úó� �î Àû¢üõ ö�È÷ �¹�µ÷ ßþ� .´¨� ö�ÆØþ ,ln

6

5

= 0:18232155679395

.À�þ�Þ÷ Û�Ü½� �¤ Ýµþ¤�Úó� ßþ� ý¤�Àþ�� ,ßþÂÞ� ×þ ö���ä�� .´¨� ¤�Àþ�� �ûI

n

�

b

±¨�½õ ý�Â� ù¢�Ôµ¨�

n I

n

0 0:18232155679395

1 0:08839221603023

2 0:05803891984887

.

.

.

.

.

.

16 0:00989635014452

17 0:00934177868915

18 0:00884666210982

19 0:00839826839827

20 0:00800865800866

21 0:00757575757576

22 0:00757575757576

,: : : ,x

2

,x

1

üÖ�Ö� ¢Àä n À��î ­Âê .´¨� ùÀª ��Â¿µ¨� ℄6[ â�Âõ ¥� ñ�·õ ßþ� 13.2 ñ�·õ

�� Â��Â� ¢�Àä� ßþ� ß�Ú÷��õ .À�ª�� ùÀª ù¢�¢ x

n

�

n

=

1

n

n

X

k=1

x

k

; (7.2)

�� Â��Â� �ú÷�Å÷�þ¤�ø ø

var(x) =

1

n

n

X

k=1

(x

k

� �

n

)

2

; (8.2)

�� Â��Â� �î ¢�ªüõ ùÀ�õ�÷ ¤��ãõ é�Â½÷� ,Å÷�þ¤�ø ¤Á� ß��»Þû .´¨�

�

n

=

p

var(x); (9.2)
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¤¢ Âþ¥ ��¤�µ¨¢ ×Þî �� ù�Ú÷� ,Ý��î ùÂ�¡£ x = [x

1

; x

2

; : : : ; x

n

℄ ¤�¢Â� ¤¢ �¤ �ûù¢�¢ Âð� .´¨�

Ý��î �±¨�½õ �¤ �

n

ø var(x) ,�

n

Âþ¢�Öõ Ý�÷���üõ °Üµõ

n=length(x);

mux=sum(x)/n;

varx=sum((x-mux).^2)/n;

sx=sqrt(varx);

¤�� ×þ ,À÷�ª Çþ�Þ�� ¤�� ø¢ �ûù¢�¢ Ûî ´¨� �¥� ,(8.2) �

b

Î��¤ ×Þî�� Å÷�þ¤�ø �

b

±¨�½õ ý�Â�

�

b

±¨�½õ ý�Â� ÂÚþ¢ üó�õÂê Ý�÷���üõ üóø .var(x) �

b

±¨�½õ ý�Â� ÂÚþ¢ ¤�� ø �

n

�

b

±¨�½õ ý�Â�

Ýþ¤�¢ .Àª�±÷ �ûù¢�¢ Çþ�Þ�� ¤�� ø¢ �� ¥��÷ �î Ýþ¤ø� ´¨¢�� Å÷�þ¤�ø

var(x) =

1

n

n

X

k=1

(x

2

k

� 2�

n

x

k

+ �

2

n

)

=

1

n

n

X

k=1

x

2

k

� 2�

n

1

n

n

X

k=1

x

k

+ �

2

n

1

n

n

X

k=1

1

=

1

n

n

X

k=1

x

2

k

� �

2

n

: (10.2)

Å÷�þ¤�ø ¤�ÀÖõ ù¢�¢ Çþ�Þ�� ¤�� ×þ �� �ú�� ø Âþ¥ ��¤�µ¨¢ ¥� ö���üõ ,ùÀõ�´¨¢�� �

b

Î��¤ �� ���� ��

¢Âî �±¨�½õ �¤

s=0; sq=0; n=0;

while n<length(x)

n=n+1;

s=s+x(n);

sq=sq+x(n)^2;

end

mux=s/n;

varx=sq/n-mux^2;

sx=sqrt(varx);

�¤�¬�� �¤ x ¤�¢Â�

x = 100

0

B

B

B

�

1

1

.

.

.

1

1

C

C

C

A

+ 10

�5

0

B

B

B

�

v � 0:5

0

B

B

B

�

1

1

.

.

.

1

1

C

C

C

A

1

C

C

C

A

;

¤�¢Â� ßþ� ö���üõ .´¨� ´¡���Øþ âþ¥�� �� üê¢�Ê� ¤�¢Â� ×þ v 2 R

n

ö� ¤¢ �î Ý��îüõ ÓþÂã�

¢Âî À�ó�� Âþ¥ ¤�µ¨¢ Í¨�� °Üµõ ¤¢ �¤
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.(7.2) ø (5.2) ý�û�Î��¤ ×Þî�� ¤��ãõ é�Â½÷� ø Å÷�þ¤�ø ,ß�Ú÷��õ �±¨�½õ :1.2 ñøÀ�

(8.2) �Î��¤ (10.2) �Î��¤

�

n

99:999999564453901 99:999999564453901

var(x) 8:315555404071574e � 12 5:456968210637569e � 12

�

n

2:883670474251795e � 06 2:336015455992868e � 06

x=100*ones(100,1)+1e-5*(rand(100,1)-0.5);

�±¨�½õ (10.2) ø (8.2) ý�û�Î��¤ Í¨�� �î �

n

ø var(x) ,�

n

¥� ýÂþ¢�Öõ ,1.2 ñøÀ� ¤¢

(10.2) �

b

Î��¤ Í¨�� ùÀª�±¨�½õ var(x) ¤�ÀÖõ �î Àû¢üõ ö�È÷ ñøÀ� ßþ� .Ýþ�ù¢Âî ���¤� ,À÷�ùÀª

Ýû �� ×þ¢�÷ ¢Àä ø¢ ÕþÂÔ� Û�ó¢�� ´ì¢ ö¢�¢´¨¢¥� ,ö� Û�ó¢ ø ´Æ�÷ ¤�¢¤�¡Â� ü±¨��õ ´ì¢ ¥�

üóø ,¢¤�¢ ¥��÷ �ûù¢�¢ ¤¢ ©�Þ�� ¤��×þ �� �ú�� (10.2) �

b

Î��¤ Í¨�� Å÷�þ¤�ø �

b

±¨�½õ ��Âð� .´¨�

.´¨� ¤�Àþ���÷ ý¢Àä à�½ó ¥�

Ýþ¤�¢ .Ý��îüõ ���¤� ¤�Àþ�� ©ø¤ ×þ ,�õ�¢� ¤¢

n�

2

n

=

n

X

k=1

(x

k

� �

n

)

2

=

n�1

X

k=1

(x

k

� �

n

)

2

+ (x

n

� �

n

)

2

=

n�1

X

k=1

�

(x

k

� �

n�1

)� (�

n

� �

n�1

)

�

2

+ (x

n

� �

n

)

2

=

n�1

X

k=1

(x

k

� �

n�1

)

2

� 2(�

n

� �

n�1

)

n�1

X

k=1

(x

k

� �

n�1

)

| {z }

=0

+(n� 1)(�

n

� �

n�1

)

2

+ (x

n

� �

n

)

2

= (n� 1)�

2

n�1

+ (n� 1)(�

n

� �

n�1

)

2

+ (x

n

� �

n

)

2

: (11.2)

Ýþ¤�¢ ,üêÂÏ¥�

n�

n

= (n� 1)�

n�1

+ x

n

;

�

b

Î��¤ �î

�

n�1

=

n

n� 1

�

n

�

1

n� 1

x

n

;
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ßþ�Â���� .Àû¢üõ �¹�µ÷ �¤

(n� 1)(�

n

� �

n�1

)

2

= (n� 1)

�

�

n

�

n

n� 1

�

n

+

1

n� 1

x

n

�

2

=

1

n� 1

(x

n

� �

n

)

2

:

´ª�¢ Ý�û��¡ ,(11.2) �

b

Î��¤ ¤¢ �Î��¤ ßþ� ý¤�Áðý�� ��

n�

2

n

= (n� 1)�

2

n�1

+

n

n� 1

(x

n

� �

n

)

2

;

�þ

�

2

n

=

n� 1

n

�

2

n�1

+

1

n� 1

(x

n

� �

n

)

2

:

Ý�Æþ�÷üõ �¤ Âþ¥ °Üµõ �

b

õ�÷Â� ,üµÈð¥�� �

b

Î��¤ ßþ� ×Þî �� ,ö��î�

s=x(1); mux=s; varx=0; n=1;

while n<length(x)

n=n+1;

s=s+x(n);

mux=s/n;

varx=(n-1)*varx/n+(x(n)-mux)^2/(n-1);

end

sx=sqrt(varx);

Ýþ¤ø�üõ ´¨¢�� �¤ Âþ¥ Âþ¢�Öõ ,�õ�÷Â� ßþ� ý�Â�� ��

�

n

= 99:999999564453901,

var(x) = 8:315555416278121e � 12,

�

n

= 2:883670476368290e � 06.

.À�µÆû ¤�¢¤�¡Â� üê�î ´ì¢ ¥� �

n

ø var(x) ¤�ÀÖõ ,¢�ªüõ �Ñ��õ �î �÷�ðö�Þû

�ÜÿÆõ ý�ûù¢�¢ ¤¢ ×��î Â��ç� ×þ ù�ðÂû ,À�þ�ðüõ´ó��À� �þ§�Æ� �¤ �ÜÿÆõ×þ 6.2 ÓþÂã�

´ó��©�¡ �þ §�Æ�Â�è �¤ �ÜÿÆõ ,�¤�¬ ßþ� Â�è ¤¢ ;¢¢Âð ö� ���� ¤¢ ü¨�¨� Â��ç� ¶ä��

¤�î�� �ÜÿÆõ Û� ý�Â� �î ´¨� üÞµþ¤�Úó� ¥� ÛÖµÆõ ø �ÜÿÆõ ´�û�õ �� ¯��Âõ ´�¨�Æ� .À�þ�ðüõ

.¢ø¤üõ

�îö��� .¢¤�¢ ¢��ø ý¢�þ¥ �ø�Ô� ,üã®øÀ� ø üµó��À� ß�� �î ¢Âî ���� Àþ�� 3.2 ´ª�¢¢�þ

.Àª�� ´ó��À� üóø ,â®ø©�¡ ´¨� ßØÞõ �ÜÿÆõ ×þ ,Àþ¢ Ý�û��¡
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üÎ¡ ��¢�ãõ ù�Úµ¨¢ 14.2 ñ�·õ

�

1 1

1:1 1

��

x

1

x

2

�

=

�

1

2

�

; (12.2)

°þÂ® Âð� ,ö��î� .´¨� x

2

= �9 ø x

1

= 10 ù�Úµ¨¢ ßþ� üãì�ø ���� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

x

2

= �99 ø x

1

= 100 �¤�¬�� ù�Úµ¨¢ üãì�ø ���� ,Ý�û¢ Â��ç� 1:01 �� 1:1 ¥� �¤ (2;1)

üãì�ø ���� ¤¢ ü¨�¨� Â��ç� ¶ä�� �ÜÿÆõ ù

b

¢�¢ ×þ ¤¢ ×��î Â��ç� ×þ �î Ý����üõ .Àª Àû��¡

.´¨� §�Æ� (2;1) °þÂ® �� ´±Æ÷ �ÜÿÆõ �î Àû¢üõ ö�È÷ �¹�µ÷ ßþ� .´¨� ùÀª �ÜÿÆõ

.¢Âî ¢¤ø�Â� �¤ �ÜÿÆõ ×þ (üµó��À�) ´�¨�Æ� ö���üõ �÷�Ú� �î Àþ¢ Ý�û��¡ ,�õ�¢� ¤¢

�ÜÿÆõ ×þ ü�øÂ¡ ø �ûù¢�¢ ¤¢ ü±Æ÷ ý�Î¡ °��Â��� E

rel;out

ø E

rel;in

À��î ­Âê 7.2 ÓþÂã�

�¤�¬�� �ÜÿÆõ´ó�� ¢Àä ,�¤�¬ ßþ� ¤¢ .À�µÆû

� =

E

rel;out

E

rel;in

;

.¢�ªüõ ÓþÂã�

.´¨� �ÜÿÆõ ü�øÂ¡ f(x) ø ù¢�¢ x �¹�þ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f â��� ¤�ÀÖõ �

b

±¨�½õ �

b

ÜÿÆõ

´ª�¢ Ý�û��¡ ,(´¨� ×��î ý¢Àä h) Ý��î �±¨�½õ x+ h ¤¢ �¤ f Ý�û��¿� Âð�

E

rel;in

=

�

�

�

�

(x+ h)� x

x

�

�

�

�

=

�

�

�

�

h

x

�

�

�

�

;

E

rel;out

=

�

�

�

�

f(x+ h)� f(x)

f(x)

�

�

�

�

�

�

�

�

�

hf

0

(x)

f(x)

�

�

�

�

:

ßþ�Â����

� =

E

rel;out

E

rel;in

�

�

�

�

�

xf

0

(x)

f(x)

�

�

�

�

:

x Â




Ô¬�÷ ø ×��î ¤�ÀÖõ ×þ ý�¥��� �¤ f(x) = x � sinx â��� ¤�ÀÖõ Ý�û��¡üõ 15.2 ñ�·õ

Ýþ¤�¢ .Ý��î �±¨�½õ

xf

0

(x)

f(x)

=

x(1 � 
osx)

x� sinx

= x

1�

 

1�

x

2

2!

+

x

4

4!

+ � � �

!

x�

 

x�

x

3

3!

+

x

5

5!

+ � � �

!
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=

1

2

�

x

2

4!

+ � � �

1

6

�

x

2

5!

+ � � �

�

1

2

1

6

= 3:

.´¨� ´ó��©�¡ ÂÔ¬�÷ ×��î Âþ¢�Öõ ý�¥��� f �

b

±¨�½õ �

b

ÜÿÆõ ,�¹�µ÷¤¢ ø � � 3 ,ßþ�Â����

â��� Ý�û��¡üõ 16.2 ñ�·õ

f(x) = (x� 1)

2

+ 2;

�

b

ÜÿÆõ ,�¹�µ÷¤¢ .� = 0 ßþ�Â���� ø f

0

(1) = 0 ø f(1) = 2 Ýþ¤�¢ .Ý��î �±¨�½õ x = 1 ¤¢ �¤

.f(x) = 2+h

2

ù�Ú÷� ,x = 1+h Âð� �î À��î ���� .´¨� ´ó��©�¡ x = 1 ¤¢ f â��� �

b

±¨�½õ

Ý��î ­Âê Âð� ,ö��î� .´¨� x´




ì¢ ¥� ÂµÈ�� üÜ�¡ f(x) ´




ì¢ ,ßþ�Â����

f(x) = 2+ ((x � 1)

2

)

0:51

;

ý�¥��� �î À��î ���� �¹�þ� ¤¢ .´¨� ´ó��©�¡ x = 1 ¤¢ f â��� �

b

±¨�½õ ,Û±ì â��� Û·õ ù�Ú÷�

�� Â��Â� �

f

±þÂÖ� ,f(1 + h) ¤¢ ùÀª¢�¹þ� ý�Î¡ ,ü�ãþ .f(1 + h) � 2 + jhj Ýþ¤�¢ ,x = 1 + h

.´¨� x ¤¢ ùÀª¢¤�ø ý�Î¡

(�4;1) ù

b

¥�� ¤¢ x ù��¿ó¢ �

b

ÎÖ÷ ×þ ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) =

p

x+ 4�2 â��� 17.2 ñ�·õ

Ýþ¤�¢

xf

0

(x)

f(x)

=

2+

p

4+ x

2

p

4+ x

:

×Þî�� ,ñ�·õ ý�Â� .´¨� ´ó��©�¡ ¯�Ö÷ Âþ�¨ ¤¢ ø ´ó��À� f â��� ,�4 ��×þ¢�÷ ý�ûxý�¥���

Ýþ¤�¢ ,°Üµõ ¤��ê��Â÷

f(�4+ 10

�14

) = �1:999999898935408;

¤�ÀÖõ ¤¢ ý¢�þ¥ ¤��Æ� Â��ç� ,(x Â�çµõ) ù¢�¢ ¤¢ 10

�14

ù

b

¥�À÷� �� üþ�Î¡ ,¢�ªüõ ùÀû�Èõ �î ö���

.´¨� �2 �� Â��Â� �4 �

b

ÎÖ÷ ¤¢ â��� ¤�ÀÖõ �î À��î ���� .´¨� ù¢Âî ¢�¹þ� â���

.ÝþÂ�üõ ö�þ�� �� ýÂÚþ¢ ñ�·õ �� �¤ Ç¿� ßþ�
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Roots of (x−1)(x−2)...(x−20)
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0
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4

6
Roots of 10

−6
x

20
+(x−1)(x−2)...(x−20)

.18.2 ñ�·õ ¤¢ q(x) ø p(x) ý�û�Èþ¤ :2.2 ÛØª

ý��ÜÞ�À�� 18.2 ñ�·õ

p(x) =

20

Y

i=1

(x� i) = x

20

+ � � � ;

°þÂ® .À�µÆû x

20

= 20 ,: : : ,x

1

= 1 �� Â��Â� ý��ÜÞ�À�� ßþ� ý�û�Èþ¤ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

Ýþ¤�¢ ,âì�ø ¤¢ .Ý�õ�÷üõ q(x) �¤ Û¬�� ý��ÜÞ�À�� ø Ý��îüõ ÛþÀ±� 1+ 10

�6

�� 1 ¥� �¤ x

20

q(x) = p(x) + 10

�6

x

20

= (1+ 10

�6

)x

20

+ � � � :

ý¢�þ¥ �ø�Ô� p ý�û�Èþ¤ �� ø À�µÆû ÍÜµ¿õ ö� �

b

Èþ¤ 12 �î Àþ¢ Ý�û��¡ q ý�û�Èþ¤ �

b

±¨�½õ ��

.(´¨� ´ó��À�) À�µÆû §�Æ� ¤��Æ� x

20

°þÂ® �� ´±Æ÷ p ý�û�Èþ¤ ,ÂÚþ¢ �¤�±ä �� .À÷¤�¢

.´¨� ùÀª ù¢�¢ Çþ�Þ÷ q ø p ý�û�Èþ¤ âþ¥�� 2.2 ÛØª ¤¢

ßþÂÞ�

.À�û¢ Çþ�Þ÷ 2 ý��±õ ¤¢ �¤ 13:43 ø

5

3

¢�Àä� (1.2

.À�Æþ��� ��÷ Óä�Ìõ ´ì¢ ý�Â� �¤ ù¢�¨ ´ì¢ ù

b

¤��¤¢ 1.2 Ç¿� ¤¢ ùÀªù¤�ª� ¶��±õ (2.2

.´¨� 2

�149

�� Â��Â� ù¢�¨ ´ì¢ ¤¢ ñ�õÂ÷Âþ¥ ¢Àä ø¢ Âû ß�� �Ü¬�ê �î À�û¢ ö�È÷ (3.2

.À����� �¤ ×þ ¢Àä À÷ø¤ ý�Î¡ ø ß�ª�õ ö�Ü�Æ�� Âþ¢�Öõ ,IEEEÓä�Ìõ ´ì¢ ¤¢ (4.2
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0.6

0.8

1

1.2

1.4

1.6

1.8

2

1 2 3 4 5 6 7 8 9 10

10-16

1

.7.2 ßþÂÞ� ÛØª :3.2 ÛØª

¤�ÀÖõ �

b

±¨�½õ ¤¢ ÕÜÎõ ý�Î¡ ý�Â� ��� ö�Âî ×þ .i = 1;2;3;4 ,x

i

> 0 À��î ­Âê (5.2

.Àþ¤ø� ´¨¢�� z = x

1

x

2

+ x

3

x

4

ý¤�ÂØ� À÷ø ¤ �î À�û¢ ö�È÷ (6.2

x

0

= 1; x

n

=

1

3

x

n�1

n � 1;

.´¨� ¤�Àþ�� x

n

= (

1

3

)

n

�

b

±¨�½õ ý�Â�

â��� (7.2

f(x) =

ln(1+ x)

x

;

10

�17

��ð ñ�Ï �� (10

�17

;10

�15

) ù

b

¥�� ¤¢ ÓÜµ¿õ ©ø¤ ø¢ �� �¤ â��� ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

â��� y = ln(1 + x)=x ¥� ù¢�Ôµ¨� �� ,´Æ¿÷ ©ø¤ ¤¢ .Ýþ�ù¢Âî Ý¨¤ °Üµõ ¤��ê��Â÷ ¥� ù¢�Ôµ¨� �� ø

¤�¢�Þ÷ Å³¨ ø d = 1 + x Ý�û¢üõ ¤�Âì ,�ø¢ ©ø¤ ¤¢ ø (²� ,3.2 ÛØª) Ýþ�ù¢Âî Ý¨¤ �¤ f

Çþ�Þ÷ ý�Â� ¤�¢�Þ÷ ø¢ Âû �Ø�þ� �� .(´¨�¤ ,3.2 ÛØª) Ýþ�ù¢�¢ Çþ�Þ÷ �¤ y = ln(d)=(d � 1)

?À��ø�Ôµõ ÂÚþÀØþ �� �Â� ,À÷�ùÀª Ý¨¤ â��� ×þ

ý�ûý��ÜÞ�À�� (8.2

p(x) = (x� 5)

9

;
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4.8 4.85 4.9 4.95 5 5.05 5.1 5.15 5.2
−1

0

1
x 10

−6 f

4.8 4.85 4.9 4.95 5 5.05 5.1 5.15 5.2
−1

0

1
x 10

−6 g

4.8 4.85 4.9 4.95 5 5.05 5.1 5.15 5.2
−1

0

1
x 10

−6 h

.8.2 ßþÂÞ� ¤¢ r ø q ,p ý�ûý��ÜÞ�À�� :4.2 ÛØª

q(x) = x

9

� 45x

8

+ 900x

7

� 10500x

6

+ 78750x

5

� 393750x

4

+1312500x

3

� 2812500x

2

+ 3515625x � 1953125;

r(x) = x(x(x(x(x(x(x(x(x � 45) + 900)� 10500) + 78750)

�393750) + 1312500) � 2812500) + 3515625) � 1953125;

¥� ×þÂû ��±¨�½õ ¢�Àã� .À÷Â��Â� Ýû �� ý��ÜÞ�À�� �¨ ßþ� �î Àþ¢ ö���üõ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ßþ� °Üµõ ¤¢ plot ¤�µ¨¢ ¥� ù¢�Ôµ¨� �� .À��î �Æþ�Öõ Ýû �� ø ù¢Âî �±¨�½õ �¤ �ûý��ÜÞ�À�� ßþ�

ßþ� ¤�¢�Þ÷ .Ýþ�ù¢Âî Ý¨¤ 0:0005 ��ð ñ�Ï ¥� ù¢�Ôµ¨� �� [4:8;5:2℄ ù

b

¥�� ¤¢ �¤ ý��ÜÞ�À�� �¨

.À��î ö��� �¤ �ûÛØª ß�� �ø�Ô� Û�ó¢ .´¨� ùÀª ù¢�¢ ö�È÷ 4.2 ÛØª ¤¢ �ûý��ÜÞ�À��

ñ�õÂê ¥� ù¢�Ôµ¨� �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f

1

(x; Æ) = 
os(x+ Æ)� 
osx â��� (9.2


os�� 
os = �2 sin

�+  

2

sin

��  

2

;

.À�õ��� f

2

(x; Æ) ø �µê�þ f

1

ý�Â� ýÂÚþ¢ �¤�±ä

°þÂÖ� f

2

(x; Æ)=Æ ø f

1

(x; Æ)=Æ �¤�±ä ø¢ ,Àª�� ×��î üê�î ù

b

¥�À÷� �� Æ Âð� ,À�û¢ ö�È÷ (Óó�)
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.Àû¢üõ ´¨¢�� � sinx ý�Â� ü±¨��õ

g

1

(x; Æ) = f

1

(x; Æ)+sin x Âþ¢�Öõ ,°Üµõ ¤��ê��Â÷ ×Þî �� ø Æ = 1e�11 ø x = 3 ý�¥��� (�)

.À��î ö��� �¤ ¤�ÀÖõ ø¢ ßþ� �ø�Ô� Û�ó¢ .À��î �±¨�½õ �¤ g

2

(x; Æ) = f

2

(x; Æ) + sinx ø

À�û¢ ö�È÷ (10.2

ln(x�

p

x

2

� 1) = � ln(x+

p

x

2

� 1):

ý�ä¢� ý¢Àä ñ�·õ×þ �� ?�Â� ?´¨� Â�°¨��õ ý¢Àä ��±¨�½õ ý�Â� �¤�±ä ø¢ ßþ� ¥� ×þ��Àî

.À�û¢ ö�È÷ �¤ ¢�¡

.Àþ� ¢��ø�� ý¢Àä ��ØÈõ ´¨� ßØÞõ �î À�û¢ ö�È÷ ,Âþ¥ ý�û�¤�±ä ¥� ×þÂû ý�Â� (11.2

.¢�ª âê¤ ùÀª�µª�÷ ��ØÈõ �î À�Æþ��� ü�¤�¬�� �¤ �û�¤�±ä Å³¨

.x� 1 ý�¥���

q

x+

1

x

�

q

x�

1

x

�¤�±ä (Óó�)

.b � 1 ø a � 0 ý�¥���

q

1

a

2

+

1

b

2

�¤�±ä (�)

üÎ¡ ��¢�ãõ ù�Úµ¨¢ (12.2

�

a b

b a

��

x

y

�

=

�

1

0

�

;

.a; b > 0 ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

?Àþ�üõ ¢��ø�� ù�Úµ¨¢ ßþ� Û� ¤¢ ý¢Àä ÛØÈõ �� ,a � b Âð� (Óó�)

.À��î ���¤� z = x+ y �

b

±¨�½õ ý�Â� ¤�Àþ�� ý¢Àä ©ø¤ ×þ (�)

â��� �

b

±¨�½õ ¤¢ (13.2

f(x) =

e

x

� 1� x

x

2

;

�¤�±ä ?´Æ�� ö� Û�ó¢ ;¢�ªüõ ¢�¹þ� ý¢�þ¥ ü±Æ÷ ý�Î¡ x � 0 Âþ¢�Öõ ý�¥��� ,�÷�þ�¤ �

b

Ü�¨ø��

üµ¨¤¢ °Üµõ �

b

õ�÷Â� ×þ �� .Àû¢ ¢�±ú� x � 0 Âþ¢�Öõ ý�Â� �¤ f �

b

±¨�½õ �î À�Æþ��� f ý�Â� ýÂÚþ¢

.À��î ü¨¤Â� �¤ á�®�õ

üµÈð¥�� �

b

Î��¤ ×Þî�� �î ý��ó�±÷¢ x

0

> �1 Âû ý�¥��� (14.2

x

n+1

= 2

n+1

(

p

1+ 2

�n

x

n

� 1);
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°Üµõ �

b

õ�÷Â� üóø .¢�ªüõ �ÂÚÞû ln(1+ x

0

+

1

4

x

2

0

) �� ,¢�ªüõ ÓþÂã�

x=4;

for n=1:100

x=2^(n+1)*(sqrt(1+x/2^n)-1);

end

x

?¢Âî Û� �¤ ÛØÈõ ßþ� ö���üõ �÷�Ú� ?´Æ�� ö� Û�ó¢ .Àû¢üõ ´¨¢�� ´¨¤¢�÷ �

f

õ�î ü����

¤¢ .b � 
 > 0 �î ý¤�Ï�� ,À�ª�� �þø��ó�Ý��ì ¶Ü·õ ×þ âÜ® ø¢ 
 ø b À��î ­Âê (15.2

âê¤ ý�Â� ?´Æ�� ö� Û�ó¢ .¢�ªüõ ¢�¹þ� ý¢�þ¥ ü±Æ÷ ý�Î¡ �÷�þ�¤ �

b

Ü�¨ø�� ¶Ü·õ Â�ø �

b

±¨�½õ

?À��îüõ ¢�ú�È�� üû�¤ �� ,ÛØÈõ ßþ�

°Üµõ �

b

õ�÷Â� (16.2

d=sqrt(b^2-4*a*
);

r1=-(b-d)/(2*a);

r2=-(b+d)/(2*a);

�

b

ó¢�ãõ Û� ý�Â� �õ�÷Â� ßþ� ¥� .À�îüõ �±¨�½õ �¤ ax

2

+ bx+ 
 = 0 �ø¢ �

b

�¤¢ �

b

ó¢�ãõ ý�û�Èþ¤

¥� �û�Èþ¤ ¥� ×þ��Àî .Ý��îüõ ù¢�Ôµ¨� ,¢¤�¢ ´±·õ �

b

Èþ¤ ø¢ �î ,x

2

�10

9

x+1 = 0 �ø¢ �

b

�¤¢

�

b

õ�÷Â� ¥� Âð� ?�Â� ø ´Æ�÷ ¤�¢¤�¡Â� üê�î ´ì¢

d=sqrt(b^2-4*a*
);

r1=-(b+sign(b)*d)/(2*a);

r2=
/(a*r1);

?Àþ�üõ ´¨¢�� ý��¹�µ÷ �� ,Ý��î ù¢�Ôµ¨�



3 ÛÊê

ü���÷ø ¤¢

�þ Çþ�õ¥� ¥� ù¢�Ôµ¨� �� ¯�Ö÷ ¥� ý¢�Àã� ¤¢ (��Üãõ�÷ �þ ��Üãõ) â��� ×þ ¥� ýÂþ¢�Öõ À��î ­Âê

¢�¡ �� �ã��Âõ öøÀ� ýÂÚþ¢ ¯�Ö÷ ¤¢ �¤ â��� ßþ� ¤�ÀÖõ Ý�û��¡üõ .´¨� ùÀõ� ´¨¢�� ýÂ�ð�÷�Þ÷

.´¨� ÂþÁ�ö�Øõ� ü���÷ø ¤¢ ¥� ù¢�Ôµ¨� �� ¤�î ßþ� .Ý�÷�� °þÂÖ� â���

�ûý��ÜÞ�À�� ¥� ù¢�Ôµ¨� �� ü���÷ø ¤¢ 1.3

,´¨� n Â·î�À� �

b

�¤¢ ¥� ÍÜµ¿õ �þ üÖ�Ö� °þ�Â® �� �ûý��ÜÞ�À�� ��Þ� �

b

ä�Þ¹õ �

n

À��î­Âê

ü�ãþ

�

n

=

(

P (x) : P (x) =

n

X

i=0

a

i

x

i

; a

i

2 C

)

:

i = 0;1; : : : ; n ,(x

i

; f(x

i

)) �þ�Þµõ ¯�Ö÷ ¤¢ �¤ f â��� P 2 �

n

ý��ÜÞ�À�� Ý�þ�ðüõ 1.3 ÓþÂã�

ù�ðÂû ,À�îüõ ü���÷ø ¤¢

P (x

i

) = f(x

i

); i = 0;1; : : : ; n:

.À�þ�ðüõ ���÷ø ¤¢ ý��ÜÞ�À�� �¤ P

.´¨� �µØþ ���÷ø ¤¢ ý��ÜÞ�À�� 1.3 �

b

�Ìì

53
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�þ�Þµõ ¯�Ö÷ ¤¢ f â��� ý�Â� ���÷ø ¤¢ ý��ÜÞ�À�� ø¢ P

2

ø P

1

À��î ­Âê ,ÓÜ¡

e

ö�ûÂ� �� :ö�ûÂ�

ü�ãþ ,À�µÆû i = 0;1; : : : ; n ,(x

i

; f(x

i

))

P

1

(x

i

) = P

2

(x

i

) = f(x

i

); i = 0;1; : : : ; n:

ø ´¨� n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À��×þ P ,�¤�¬ ßþ� ¤¢ .P � P

1

� P

2

Ý�û¢üõ ¤�Âì

P (x

i

) = P

1

(x

i

)� P

2

(x

i

) = f(x

i

)� f(x

i

) = 0; i = 0;1; : : : ; n:

2 .´¨� Ëì��� ×þ �î ¢¤�¢ �Èþ¤ n+ 1 ,P ý��ÜÞ�À�� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

Ý�û¢üõ ¤�Âì .Ý��îüõ �ãó�Îõ �¤ ���÷ø ¤¢ ý��ÜÞ�À�� ¢��ø ,�õ�¢� ¤¢

L

i

(x) =

n

Y

j=0

j 6=i

x� x

j

x

i

� x

j

; i = 0;1; : : : ; n: (1.3)

Ýþ¤�¢ �î ´¨� ßªø¤

L

i

(x

j

) = Æ

ij

=

(

1; i = j;

0; i 6= j:

Ý�û¢üõ ¤�Âì ,ö��î�

P (x) =

n

X

i=0

f(x

i

)L

i

(x):

ø P 2 �

n

�î ´¨� ßªø¤ ,�¤�¬ ßþ� ¤¢

P (x

k

) =

n

X

i=0

f(x

i

)L

i

(x

k

) =

n

X

i=0

f(x

i

)Æ

ik

= f(x

k

); k = 0;1; : : : ; n:

���÷ø ¤¢ ý��ÜÞ�À�� �¤ P ý��ÜÞ�À�� .´¨� ù¢�¢ ¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ý��ÜÞ�À�� ,P ü�ãþ

.À�þ�ðüõ Ä÷�Âð�

ý��ÜÞ�À�� .´¨� ùÀª ù¢�¢ f(0;1); (1;2); (2;4)g �¤�¬�� f â��� ¥� ¤�ÀÖõ �¨ 1.3 ñ�·õ

.À��î �±¨�½õ �¤ f(1:5) ü±þÂÖ� ¤�ÀÖõ ,ö� ×Þî �� ø À�Æþ��� ¯�Ö÷ ßþ� ¤¢ �¤ f â��� ���÷ø ¤¢

Ýþ¤�¢ :Û�

L

0

(x) =

(x� 1)(x � 2)

(0� 1)(0 � 2)

;

L

1

(x) =

(x� 0)(x � 2)

(1� 0)(1 � 2)

;

L

2

(x) =

(x� 0)(x � 1)

(2� 0)(2 � 1)

:
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�¤�¬ ßþ� ¤¢

P (x) = 1� L

0

(x) + 2� L

1

(x) + 4� L

2

(x) =

1

2

(x

2

+ x+ 2);

Ýþ¤�¢ ,ßþ�Â���� .´¨� ÂÑ÷ ¢¤�õ ���÷ø ¤¢ ý��ÜÞ�À��

f(1:5) � P (1:5) =

1

2

(1:5

2

+ 1:5+ 2) = 2:875:

�î Àþ¢ ö���üõ üð¢�¨�� .w(x) =

n

Y

j=0

(x� x

j

) À��î ­Âê

w

0

(x

i

) =

n

Y

j=0

j 6=i

(x

i

� x

j

);

Ýþ¤�¢ ,ßþ�Â���� ø

L

i

(x) =

w(x)

(x� x

i

)w

0

(x

i

)

:

�¤�¬�� ö���üõ �¤ Ä÷�Âð� ���÷ø ¤¢ ý��ÜÞ�À�� ,�Î��¤ ßþ� ×Þî ��

P (x) = w(x)

n

X

i=0

f(x

i

)

(x� x

i

)w

0

(x

i

)

; (2.3)

.´ª�÷

.Ýþ¤�¢ ¥��÷ ü��Æ� ÛÞä 3(n � 1) �� ,x ù

b

Àªù¢�¢ �

b

ÎÖ÷ ¤¢ �ûL

i

¥� ��ÀîÂû �

b

±¨�½õ ý�Â�

���÷ø ¤¢ ý��ÜÞ�À�� �

b

±¨�½õ ý�Â� ø ,ü��Æ� ÛÞä 3(n�1)(n+1) �� �ûL

i

��Þ� ý�Â� ,�¹�µ÷¤¢

¥� ý��¿Æ÷ .Ýþ¤�¢ ¥��÷ ü��Æ� ÛÞä 3(n�1)(n+1)+n+1+n = 3n

2

+2n�2 �� Ä÷�Âð�

��±¨�½õ Ý¹� ýÂ�ÚÞÈ� ¤�Ï�� �î ¢¤�¢ ¢��ø ℄1, 6[ üû�Ú�÷�Âð ñ�õÂê ��÷ �� Ä÷�Âð� ü���÷ø ¤¢

À��î ­Âê .Ý��îüõ ���¤� �¤ ñ�õÂê ßþ� ,�¹�þ� ¤¢ .Àû¢üõ Çû�î �¤

�

i

=

1

w

0

(x

i

)

; i = 0;1; : : : ; n:

´ª�¢ Ý�û��¡ (2.3) �

b

Î��¤ ×Þî �� ,�¤�¬ ßþ� ¤¢

P (x) = w(x)

n

X

i=0

�

i

x� x

i

f(x

i

): (3.3)

.¢�� Àû��¡ Â��Â� f â��� �� f â��� ���÷ø ¤¢ ý��ÜÞ�À�� ,�¤�¬ ßþ� ¤¢ .f(x) = 1 À��î ­Âê

Ýþ¤�¢ ,ßþ�Â����

1 = f(x) = P (x) = w(x)

n

X

i=0

�

i

x� x

i

;
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Àû¢üõ �¹�µ÷ �î

w(x) =

1

n

X

i=0

�

i

x� x

i

:

�¤�¬�� P ý��ÜÞ�À�� ,(3.3) �

b
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P

i

0

i

1

���i

k

(x

i

j

) =

(x

i

j

� x

i

0

)P

i

1

i

2

���i

k

(x

i

j

)� (x

i

j

� x

i

k

)P

i

0

i

1

���i

k�1

(x

i

j

)

x

i

k

� x

i

0

=

(x

i

j

� x

i

0

)f(x

i

j

)� (x

i

j

� x

i

k

)f(x

i

j

)

x

i

k

� x

i

0

= f(x
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¢�ªüõ �µª�÷ Âþ¥ �¤�¬�� (5.3) �
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.(n = 3 ý�¥���) ¢�� Àû��¡ Âþ¥ �¤�¬�� Ûþ�÷ Ýµþ¤�Úó� ñøÀ� ,�¤�¬ ßþ� ¤¢
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¤�Âì ,i = 0;1; : : : ; n Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (7.3) �
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b

±¨�½õ ý�Â� Å³¨ .Ý�Æþ�÷üõ

´¨� éøÂãõ

p := a

n

(� � x

n�1

) + a

n�1

For k := n� 2; n� 3; : : : ;0, Do

p := p � (� � x

k

) + a

k

EndDo

ø P

i

0

i

1

���i

k

(x) ý�ûý��ÜÞ�À�� ¥� ×þÂû .¢Âî �±¨�½õ �¤ �ûa

i

ö���üõ �÷�Ú� �î Ý���±� ,ö��î�

Ýþ¤�¢ ,�¹�µ÷¤¢ .À�µÆû x

i

k�1

,: : : ,x

i

0

¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ,P

i

0

i

1

���i

k�1

(x)

P

i

0

i

1

���i

k

(x) = P

i

0

i

1

���i

k�1

(x) + �(x � x

i

0

) � � � (x� x

i

k�1

):

�¤�¬ ßþ� ¤¢ .� = f [x

i

0

; x

i

1

; : : : ; x

i

k

℄ À��î ­Âê

P

i

0

i

1

���i

k

(x) = f [x

i

0

℄ + f [x

i

0

; x

i

1

℄(x� x

i

0

) + f [x

i

0

; x

i

1

; x

i

2

℄(x� x

i

0

)(x � x

i

1

) + � � �

+f [x

i

0

; x

i

1

; : : : ; x

i

k

℄(x� x

i

0

)(x � x

i

1

) � � � (x� x

i

k�1

): (14.3)

üµÈð¥�� �

b

Î��¤ ×þ ,�õ�¢� ¤¢ .À�þ�ðüõ ùÀªÝ�ÆÖ� Û®�Ô� ß�õ� k �¤ f [x

i

0

; x

i

1

; : : : ; x

i

k

℄ ¢Àä

�î ÝþÀþ¢ ,Ûþ�÷ Ýµþ¤�Úó� ¤¢ .Ýþ¤ø�üõ ´¨¢�� ùÀªÝ�ÆÖ� Û®�Ô� ß�õ� k �

b

±¨�½õ ý�Â�

P

i

0

i

1

���i

k

(x) =

(x � x

i

0

)P

i

1

i

2

���i

k

(x) � (x� x

i

k

)P

i

0

i

1

���i

k�1

(x)

x

i

k

� x

i

0

: (15.3)

�

b

Î��¤ ´¨�¤ ´Þ¨ ¤¢ ø ,f [x

i

0

; x

i

1

; : : : ; x

i

k

℄ �� Â��Â� x

k

°þÂ® ,(14.3) �

b

Î��¤ �� ���� �� ,ö��î�

�� Â��Â� (15.3)

f [x

i

1

; x

i

2

; : : : ; x

i

k

℄� f [x

i

0

; x

i

1

; : : : ; x

i

k�1

℄

x

i

k

� x

i

0

;

Ýþ¤�¢ ,ßþ�Â���� .´¨�

f [x

i

0

; x

i

1

; : : : ; x

i

k

℄ =

f [x

i

1

; x

i

2

; : : : ; x

i

k

℄� f [x

i

0

; x

i

1

; : : : ; x

i

k�1

℄

x

i

k

� x

i

0

:

.(n = 3) ¢Âî �±¨�½õ ö���üõ �¤ ùÀªÝ�ÆÖ� ��®�Ô� Âþ¢�Öõ �

b

Þû ,Âþ¥ ñøÀ� ¥� ù¢�Ôµ¨� ��
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k = 0 k = 1 k = 2 k = 3

x

0

f [x

0

℄

&

f [x

0

; x

1

℄

&

x

1

f [x

1

℄

%

&

f [x

0

; x

1

; x

2

℄

&

f [x

1

; x

2

℄

%

&

f [x

0

; x

1

; x

2

; x

3

℄

x

2

f [x

2

℄

%

&

f [x

1

; x

2

; x

3

℄

%

f [x

2

; x

3

℄

%

x

3

f [x

3

℄

%

,ñøÀ� ßþ� ¥� ù¢�Ôµ¨� �� ,ö��î� .i = 0;1; : : : ; n ,f

i

= f [x

i

℄ Ýþ¤�¢ ,ñøÀ� ßþ� ¤¢ �î À��î ����

�¤�¬�� ö���üõ �¤ P

n

(x) ý��ÜÞ�À��

P (x) = P

01���n

(x) = f [x

0

℄ + f [x

0

; x

1

℄(x� x

0

) + � � �

+f [x

0

; x

1

; � � � ; x

n

℄(x� x

0

)(x� x

1

) � � � (x� x

n�1

);

.´¨� éøÂãõ ß���÷ ���÷ø ¤¢ ý��ÜÞ�À�� �� ý��ÜÞ�À�� ßþ� .¢¤ø� ´¨¢��

Â��ç� öøÀ� i

k

,: : : ,i

1

,i

0

¥� ´ÈÚþ�� Âû ´½� f

i

0

i

1

���i

k

ù

b

ÀªÝ�ÆÖ� ��®�Ô� 1.3 ´ª�¢¢�þ

ù�Ú÷� ,Àª�� (i

0

; i

1

; : : : ; i

k

) ¥� ´ÈÚþ�� ×þ (j

0

; j

1

; : : : ; j

k

) Âð� ,ü�ãþ .À÷�õüõ üì��

f [x

j

0

; x

j

1

; � � � ; x

j

k

℄ = f [x

i

0

; x

i

1

; � � � ; x

i

k

℄:

.¢�ªüõ �¹�µ÷ ,´¨� �µØþ ���÷ø ¤¢ ý��ÜÞ�À�� �îüþ�¹÷�¥� ´�ãì�ø ßþ�

ù�Ú÷� ,Àª�� n �

b

�¤¢ ¥� ý��ÜÞ�À��×þ f Âð� 2.3 �

b

�Ìì

f [x

0

; : : : ; x

k

℄ = 0; k > n:

ø ´¨� k Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À�� ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ P

012���k

(x) ý��ÜÞ�À�� :ö�ûÂ�

¤¢ x

k

°þÂ® ,üêÂÏ¥� .P

012���k

(x) = f(x) Ýþ¤�¢ ,���÷ø ¤¢ ý��ÜÞ�À�� üþ�µØþ �� ���� ��

,�¹�µ÷¤¢ .´¨� ÂÔ¬ �� Â��Â� ,f ¤¢ °þÂ® ßþ� ø f [x

0

; x

1

; : : : ; x

k

℄ �� Â��Â� ,P

012���k

(x)

.f [x

0

; x

1

; : : : ; x

k

℄ = 0
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¸�� ¤¢ �¤ f(x) = x

2

â��� ù

b

ÀªÝ�ÆÖ� ��®�Ô� ñøÀ� ,2.3 �

b

�Ìì öÀªßªø¤ ý�Â� 4.3 ñ�·õ

,¢�ªüõ �Ñ��õ �î �÷�ðö�Þû .´¨� ùÀª ù¢�¢ Çþ�Þ÷ Âþ¥ ñøÀ� ¤¢ �î Ýþ�ù¢Âî �±¨�½õ �ÎÖ÷

.f [x

0

; : : : ; x

k

℄ = 0 Ýþ¤�¢ ,k > 2 ý�¥���

x

i

k = 0 k = 1 k = 2 k = 3 k = 4

0 0

&

1

&

1 1

%

&

1

&

3

%

&

0

&

2 4

%

&

1

%

&

0

5

%

&

0

%

3 9

%

&

1

%

7

%

4 16

%

ý�Â� ùÀªÝ�ÆÖ� ��®�Ô� ñøÀ� .Ý��îüõ Û� ß���÷ ©ø¤ ¥� ù¢�Ôµ¨� �� �¤ 2.3 ñ�·õ 5.3 ñ�·õ

.´¨� Âþ¥ �¤�¬�� �ûù¢�¢

k = 0 k = 1 k = 2

x

0

= 0 f [x

0

℄ = 1

&

f [x

0

; x

1

℄ = 2

&

x

1

= 1 f [x

1

℄ = 3

%

&

f [x

0

; x

1

; x

2

℄ = �

5

6

f [x

1

; x

2

℄ = �

1

2

%

x

2

= 3 f [x

2

℄ = 2

%

À÷�ùÀª �±¨�½õ Âþ¥ �¤�¬�� ùÀªÝ�ÆÖ���®�Ô� ,ñøÀ� ßþ� ¤¢ �î À��î ����

f [x

0

; x

1

℄ =

f [x

1

℄� f [x

0

℄

x

1

� x

0

=

3� 1

1� 0

= 2;

f [x

1

; x

2

℄ =

f [x

2

℄� f [x

1

℄

x

2

� x

1

=

2� 3

3� 1

= �

1

2

;

f [x

0

; x

1

; x

2

℄ =

f [x

1

; x

2

℄� f [x

0

; x

1

℄

x

2

� x

0

=

�

1

2

� 2

3

= �

5

6

:

�¤�¬�� ���÷ø ¤¢ ý��ÜÞ�À�� ,�¹�µ÷¤¢

P (x) = f [x

0

℄ + f [x

0

; x

1

℄(x� x

0

) + f [x

0

; x

1

; x

2

℄(x� x

0

)(x � x

1

)

= 1+ 2x�

5

6

x(x � 1):

.f(2) � P (2) =

10

3

Ýþ¤�¢ ,ßþ�Â���� ø ¢�� Àû��¡
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ü���÷ø ¤¢ ý�Î¡ 3.3

,(x

i

; f(x

i

)) �þ�Þµõ ¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ý��ÜÞ�À�� P 2 �

n

À��î ­Âê 3.3 �

b

�Ìì

À��î ­Âê ,ß��»Þû .¢¤�¢ ��(n + 1) �

b

±�Âõ ÕµÈõ f â��� ø Àª�� i = 0;1; : : : ; n

,�¤�¬ ßþ� ¤¢ .´¨� üûÂð ¯�Ö÷ ��Þ� Ûõ�ª �î Àª�� ý�ù¥�� ßþÂ�×��î ,I = I [x

0

; x

1

; : : : ; x

n

℄

�î ý¤�Ï�� ¢¤�¢ ¢��ø �

�x

2 I [x

0

; x

1

; : : : ; x

n

; �x℄ Û·õ ý¢Àä ,�x 2 I Âû ý�¥���

f(�x)� P (�x) =

f

(n+1)

(�

�x

)

(n+ 1)!

w(�x); (16.3)

.w(x) =

n

Y

i=0

(x� x

i

) ö� ¤¢ �î

E(�x) �

b

±¨�½õ ,éÀû .Ý��îüõ ù¢�Ôµ¨� E(x) = f(x) � P (x) â��� ¥� ,�Î¡ �

b

±¨�½õ ý�Â� :ö�ûÂ�

Ý�û¢üõ ¤�Âì .´¨�

g(x) = f(x)� P (x)�E(�x)

(x� x

0

) � � � (x� x

n

)

(�x� x

0

) � � � (�x� x

n

)

:

�î Àþ¢ ö���üõ üð¢�¨��

(

g(x

i

) = 0; i = 0;1; : : : ; n;

g(�x) = f(�x)� P (�x)�E(�x) = 0:

Ýþ¤�¢ ñ¤

e

�

b

�Ìì ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢ .´¨� �Èþ¤ n+ 2 ý�¤�¢ g â��� ,ßþ�Â����

9�

�x

2 I [x

0

; x

1

; : : : ; x

n

; �x℄ : g

(n+1)

(�

�x

) = 0;

Ýþ¤�¢ ,üóø .Àû¢üõ ö�È÷ �¤ �x �� � üÚµÆ��ø ,� ý�Â� �xÅþÀ÷� ö� ¤¢ �î

0 = g

(n+1)

(�

�x

) = f

(n+1)

(�

�x

)� 0�E(�x)

(n+ 1)!

w(�x)

;

2 .Àû¢üõ ´¨¢�� �¤ �¥� �

b

¹�µ÷ �î

ý��ÜÞ�À�� ,P (x) À��î­Âê .¢¤ø� ´¨¢ �� Âþ¥ �¤�¬�� ö���üõ �¤ �Î¡Çþ�Þ÷ ÂÚþ¢ ÛØª

,x

n

,: : : ,x

0

¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ý��ÜÞ�À�� ,

�

P (x) ø x

n

,: : : ,x

0

¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢

Ýþ¤�¢ .Àª�� �x

�

P (x) = P (x) + f [x

0

; : : : ; x

n

; �x℄(x� x

0

) � � � (x� x

n

):
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�¤�¬ ßþ� ¤¢

�

P (�x) = P (�x) + f [x

0

; : : : ; x

n

; �x℄(�x� x

0

) � � � (�x� x

n

):

ÝþÂ�ðüõ �¹�µ÷ ,

�

P (�x) = f(�x) �Ø�þ� ø �Î��¤ ßþ� ¥� ù¢�Ôµ¨� ��

E(x) = f(�x)� P (�x) = f [x

0

; : : : ; x

n

; �x℄(�x � x

0

) � � � (�x � x

n

):

Ýþ¤�¢ ,(16.3) �

b

Î��¤ ø �Î��¤ ßþ� �

b

Æþ�Öõ ��

f [x

0

; : : : ; x

n

; �x℄ =

f

(n+1)

(�

�x

)

(n+ 1)!

; (17.3)

ø

E(�x) = f [x

0

; : : : ; x

n

; �x℄w(�x):

üûÂð ¯�Ö÷ ¤¢ ø [�1;1℄ ù

b

¥�� ¤¢ �¤ f(x) = sin

�

2

x â��� 6.3 ñ�·õ

x

i

= �1+

2i

n

; i = 0;1; : : : ; n;

´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� â��� ���÷ø ¤¢ ý��ÜÞ�À�� P

n

(x) Âð� �î À�û¢ ö�È÷ .Ý��îüõ ü���÷ø ¤¢

lim

n!1

P

n

(x) = f(x); x 2 [�1;1℄:

Ýþ¤�¢ :Û�

f

(n+1)

(x) = (

�

2

)

n+1

sin

�

(n+ 1)�

2

+

�

2

x

�

;

ßþ�Â���� ø

jf

(n+1)

(x)j � (

�

2

)

n+1

; x 2 [�1;1℄:

�� ���� �� ,ßþ�Â���� .jw(x)j � 2

n+1

�î ÝþÂ�ðüõ �¹�µ÷ ,jx� x

i

j � 2 �Ø�þ� �� ���� �� ,üêÂÏ¥�

´ª�¢ Ý�û��¡ 3.3 �

b

�Ìì

jE

n

(x)j = jP

n

(x)� f(x)j �

(

�

2

)

n+1

(n+ 1)!

� 2

n+1

=

�

n+1

(n+ 1)!

! 0:

ý��ÜÞ�À�� �

b

±¨�½õ ¥� Àþ�� ö�Øõ� À� �� �Ø�þ� ´Æ¿÷ .Ýþ�ªüõ ¤ø�¢�þ �¤ �µØ÷ ø¢ �¹�þ� ¤¢

�� ���� �� �Ø�þ� �ø¢ ø ¢Âî ��ûÂ� I [x

0

; x

1

; : : : ; x

n

℄ ù

b

¥�� ¥� �¤�¡ ¤¢ ¤�ÀÖõ ×þ ý�¥��� ���÷ø ¤¢
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,ßþ�Â���� .¢¤�¢ üÚµÆ� f â��� ��(n+1) ÕµÈõ ø w(x) �� ü���÷ø ¤¢ ý�Î¡ üÜî ¤�Ï�� ,3.3 �

b

�Ìì

Çû�î ��÷ ü���÷ø ¤¢ ý�Î¡ ,ü���÷ø ¤¢ ¯�Ö÷ ¢�Àã� Çþ��ê� �� �î ´ª�¢ ¤�Ñµ÷� ö���üÞ÷ üÜî ´ó�� ¤¢

�¤�¬�� �î ´¨� �Ú÷ø ¤ â��� ,â���� �÷�ðßþ� ¥� �÷�Þ÷ ×þ .À��þ

f(x) =

1

1+ x

2

; x 2 [�5;5℄;

ÓÜµ¿õ ý�ûn ý�¥��� ÂÒ��µõ ���÷ø ¤¢ ý��ÜÞ�À�� ù�ÂÞû�� f â��� ,1.3 ÛØª ¤¢ .¢�ªüõ ÓþÂã�

,Â�ï¤�� ý�ûn ý�¥��� ,¢�ªüõ �Ñ��õ �îö��� .´¨� ùÀª ù¢�¢ Çþ�Þ÷ (ýø�Æõ ý�ûù¥��Âþ¥)

.¢�ªüõ ¢�þ¥ ÂÒ��µõ ���÷ø ¤¢ ý��ÜÞ�À�� ø f â��� é�µ¡�

Â·î�Ûì� �

b

ÜÿÆõ 4.3

�¤�¬�� ü���÷ø ¤¢ ý�Î¡ ,ÝþÀþ¢ Û±ì Ç¿� ¤¢ �î �÷�ðö�Þû

E

n

(x) =

f

(n+1)

(�

x

)

(n+ 1)!

w(x); (18.3)

Ýþ¤�¢ ,ßþ�Â���� .´¨�

jE

n

(x)j �

1

(n+ 1)!

max

x2I

jf

(n+1)

(x)jmax

x2I

jw(x)j �

M

(n+ 1)!

max

x2I

jw(x)j;

ý¤�Ï �¤ x

n

,: : : ,x

0

Ý�û��¡üõ ö��î� .´¨� max

x2I

jf

(n+1)

(x)j ý�Â� ��� ö�Âî ×þM ö� ¤¢ �î

éøÂãõ Â·î�Ûì� �

b

ÜÿÆõ �� ,�ÜÿÆõ ßþ� .Àª�� �µª�¢ �¤ ßØÞõ ¤�ÀÖõ ßþÂµÞî max

x2I

jw(x)j �î Ý�����

�� ´Æ¿÷ .´¨� ÂþÁ�ö�Øõ� ÓÈ�±� ý�ûý��ÜÞ�À�� ¥� ù¢�Ôµ¨� �� Ç¨Â� ßþ� �� ¾¨�� .´¨�

.Ý��îüõ ü¨¤Â� �¤ ö� «��¡ Å³¨ ø Ýþ¥�¢Â�üõ �ûý��ÜÞ�À�� ßþ� üêÂãõ

�¤�¬�� �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ [�1;1℄ ù

b

¥�� ý�Â� �¤ ÓÈ�±� ý�ûý��ÜÞ�À�� �Àµ��

T

n

(x) = 
os(n 
os

�1

(x)); n � 0;

ü��·Ü·õ ý�û�Î��¤ ß�êÂÏ âÞ� �� ,�¤�¬ ßþ� ¤¢ .� = 
os

�1

x À��î ­Âê .À÷�ªüõ ÓþÂã�


os(n+ 1)� = 
os � 
osn� � sin � sinn�;


os(n� 1)� = 
os � 
osn� + sin � sinn�;

Ýþ¤�¢


os(n+ 1)� = 2 
os � 
osn� � 
os(n� 1)�;
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T
n
(x)=cos(n cos

−1
x)

 

 

n=0

n=1

n=2

n=3

n=4

.ÓÈ�±� ý�ûý��ÜÞ�À�� ¥� �ÜÞ� À�� Çþ�Þ÷ :2.3 ÛØª

´ª�¢ Ý�û��¡ 
os � = x ¥� ù¢�Ôµ¨� �� �î

T

n+1

(x) = 2xT

n

(x) � T

n�1

(x):

ø¢ �î À��î ���� .´¨� ÓÈ�±� ý�ûý��ÜÞ�À�� �

b

±¨�½õ ý�Â� üµÈð¥�� �

b

Î��¤ ×þ ,�Î��¤ ßþ�

Çþ�Þ÷ �¤ �ûT

i

¥� ý¢�Àã� ,2.3 ÛØª .À�µÆû T

1

(x) = x ø T

0

(x) = 1 �¤�¬�� ´Æ¿÷ �

b

ÜÞ�

.Àû¢üõ

.À�µÆû Âþ¥ �¤�¬�� ÓÈ�±� ý�ûý��ÜÞ�À�� Ýúõ üðÄþø À��

ý��ÜÞ�À�� ,ßþ�Â���� ø ´¨� 2

n�1

�� Â��Â� T

n

¤¢ x

n

°þÂ® ø n �

b

�¤¢ ¥� ý��ÜÞ�À��×þ T

n

(1

.´¨� ß�Ø� 2

1�n

T

n

.�1 � x � 1 ,jT

n

(x)j � 1 �î ´¨� ßªø¤ (2

�¹�µ÷¤¢ ø 
osn� = 0 �î ¢�ªüõ �¹�µ÷ T

n

(x) = 0 ¥� :T

n

ý�û�Èþ¤ (3

�

k

=

(2k + 1)�

2n

; k = 0;1; : : : ; n� 1;

�¤�¬�� T

n

ý�û�Èþ¤ ,x

k

= 
os �

k

�� ���� �� �î

x

k

= 
os

(2k + 1)�

2n

; k = 0;1; : : : ; n� 1:

.¢�� Àû��¡
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�

b

±¨�½õ �� .T

n

(x) = 
os(n�) Ýþ¤�¢ � = 
os

�1

x ­Âê �� :T

n

ÝÞ���õ ø ÝÞ�Æî�õ ¯�Ö÷ (4

Ýþ¤�¢ ,x �� ´±Æ÷ T

n

ÕµÈõ

dT

n

dx

=

dT

n

d�

:

d�

dx

=

�n sinn�

� sin �

=

n sinn�

sin �

:

�¹�µ÷¤¢ .� 6= 0 ø sinn� = 0 ù�Ú÷� ,

dT

n

dx

= 0 Âð�

�

k

=

k�

n

; k = 1;2; : : : ; n� 1;

´ª�¢ Ý�û��¡ ,ßþ�Â���� ø

x

k

= 
os

k�

n

; k = 1;2; : : : ; n� 1:

Ýþ¤�¢ ,k = 1;2; : : : ; n� 1 ,x

k

ý�¥���

T (x

k

) = T

n

(
os

k�

n

) = 
osn(
os

�1

(
os

k�

n

)) = 
os k� = (�1)

k

:

Ýþ¤�¢ ,üêÂÏ¥�

T

n

(
os

0� �

n

) = T

n

(1) = 
os(n 
os

�1

1) = 
os(n� 0) = 1;

ø

T

n

(
os

n�

n

) = T

n

(
os�) = T

n

(�1) = 
os(n 
os

�1

(�1)) = 
os(n�) = (�1)

n

:

´ª�¢ Ý�û��¡ °ó�Îõ ýÀ��âÞ� ��

T

n

(
os

k�

n

) = (�1)

k

; k = 0;1; : : : ; n:

�¤ T

n

ÝÞ���õ ø ÝÞ�Æî�õ ¯�Ö÷ k = 0;1; : : : ; n ,x

k

= 
os

k�

n

�î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.À�û¢üõ ´¨¢��

ù�Ú÷� ,Àª�� n �

b

�¤¢ ¥� ß�Ø� ý��ÜÞ�À��×þ p Âð� 4.3 �

b

�Ìì

max

�1�x�1

jp(x)j � 2

1�n

:

À��î ­Âê ,ÓÜ¡ ö�ûÂ� �� :ö�ûÂ�

jp(x)j < 2

1�n

; �1 � x � 1:
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ý��ÜÞ�À��×þ q ,�¤�¬ ßþ� ¤¢ .i = 0;1; : : : ; n ,x

i

= 
os

i�

n

ø q � 2

1�n

T

n

Ý�û¢üõ ¤�Âì

ø ´¨� ß�Ø�

q(x

i

) = 2

1�n

T

n

(x

i

) = 2

1�n

(�1)

i

;

Ýþ¤�¢ ,üêÂÏ¥� .(�1)

i

q(x

i

) = 2

1�n

�þ

(�1)

i

p(x

i

) � jp(x

i

)j < 2

1�n

= (�1)

i

q(x

i

);

�¹�µ÷¤¢ ø

(�1)

i

(q(x

i

)� p(x

i

)) > 0:

,ùø�ä�� ø ´¨� n� 1 Â·î�À� r �

b

�¤¢ �î ´¨� ßªø¤ ,�¹�µ÷¤¢ .r � q � p Ý�û¢üõ ¤�Âì

(�1)

i

r(x

i

) > 0; i = 0;1; : : : ; n:

r ý��ÜÞ�À�� �

b

�¤¢ �Ø�þ� �� �¹�µ÷ ßþ� .´¨� �þ�Þµõ �

b

Èþ¤ n ý�¤�¢ r �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

2 .¢¤�¢ Ëì��� ,´¨� n� 1 Â·î�À�

×þ w(x) �î À��î ���� �Àµ�� .Ý�û¢üõ ¾¨�� üûÂð ¯�Ö÷ ßþÂµú� ��¿µ÷� �

b

ÜÿÆõ �� ö��î�

Ýþ¤�¢ ,4.3 �

b

�Ìì �� ���� �� ,ßþ�Â���� ø ´¨� n+ 1 �

b

�¤¢ ¥� ß�Ø� ý��ÜÞ�À��

max

�1�x�1

jw(x)j � 2

�n

:

ø ´¨� n+ 1 �

b

�¤¢ ¥� ß�Ø� ý��ÜÞ�À��×þ 2

�n

T

n+1

,üêÂÏ¥�

max

�1�x�1

j2

�n

T

n+1

j = 2

�n

:

ý�û�Èþ¤ ,ÂÚþ¢ �¤�±ä �� �þ ,2

�n

T

n+1

ý�û�Èþ¤ ý�¥��� max

�1�x�1

jw(x)j ¤�ÀÖõ ßþÂµÞî ,ø ¤ßþ�¥�

À�µÆû Âþ¥ �¤�¬�� �û�Èþ¤ ßþ� �î Àþ�üõ ´¨¢�� T

n+1

x

k

= 
os

(2k + 1)�

2n+ 2

; k = 0;1; : : : ; n;

.Ý��îüõ ö��� �¤ Âþ¥ �

b

�Ìì ,ùÀªÂî£ °ó�Îõ ¥� ù¢�Ôµ¨� �� ,ö��î�

ù�Ú÷� ,À�ª�� T

n+1

ÓÈ�±� ý��ÜÞ�À�� ý�û�Èþ¤ ,j = 0;1; : : : ; n ,x

j

Âð� 5.3 �

b

�Ìì

jE

n

(x)j �

M

(n+ 1)!

max

�1�x�1

j

n

Y

j=0

(x� x

j

)j =

M

(n+ 1)!

2

�n

=

M

2

n

(n+ 1)!

:
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ù��¿ó¢ Âþ¢�Öõ b ø a ö� ¤¢ �î ,Àª�� [a; b℄ �¤�¬�� ü���÷ø ¤¢ ù

b

¥�� �î Ý��îüõ ­Âê ,�õ�¢� ¤¢

Â�çµõ Â��ç� ¥� .À�µÆû

t =

2x� (b+ a)

b� a

; (19.3)

Ýþ¤�¢ .Ý��îüõ ù¢�Ôµ¨�

�1 � t � 1() a � x � b:

ù�Ú÷� ,À�ª�� [�1;1℄ ù

b

¥�� ¤¢ T

n+1

ý��ÜÞ�À�� ý�û�Èþ¤ ,j = 0;1; : : : ; n ,t

j

Ý��î ­Âê Âð�

�¤�¬�� [a; b℄ ù

b

¥�� ¤¢ Âþ¢�Öõ ßþ� ,��� Â�çµõ Â��ç� ��

t

j

=

2x

j

� (b+ a)

b� a

; j = 0;1; : : : ; n: (20.3)

Ýþ¤�¢ ,(20.3) ø (19.3) ý�û�Î��¤ ¥� ù¢�Ôµ¨� �� .¢�� À�û��¡

x� x

j

=

b� a

2

(t� t

j

); j = 0;1; : : : ; n:

Ýþ¤�¢ ,[a; b℄ ù

b

¥�� ý�Â� ,�¹�µ÷¤¢

jE

n

(x)j �

M

(n+ 1)!

max

a�x�b

j

n

Y

j=0

(x� x

j

)j

=

M

(n+ 1)!

max

�1�t�1

j

n

Y

j=0

b� a

2

(t� t

j

)j

=

M

2

n+1

(n+ 1)!

(b� a)

n+1

max

�1�x�1

j

n

Y

j=0

(t� t

j

)j

�

M

2

n+1

(n+ 1)!

(b� a)

n+1

2

�n

=

M

2

2n+1

(n+ 1)!

(b� a)

n+1

:

Ûì� �

b

ÜÿÆõ �� ���� ��) ü���÷ø ¤¢ ý�Â� ¯�Ö÷ ßþÂµú� ,[a; b℄ ù

b

¥�� ý�Â� ùÀªÂî£ °ó�Îõ ýÀ��âÞ� ��

�¤�¬�� (Â·î�

x

j

=

b� a

2

t

j

+

b+ a

2

=

b� a

2


os

(2j + 1)�

2n+ 2

+

b+ a

2

; j = 0;1; : : : ; n; (21.3)

�

b

Î��¤ ¤¢ �Î¡ Â·î�À� ø ´¨�

jE

n

(x)j �

M

2

2n+1

(n+ 1)!

(b� a)

n+1

; (22.3)

.´¨� [a; b℄ ù

b

¥�� ¤¢ f â��� ��(n+ 1) ÕµÈõ ý�Â� ��� ö�Âî ×þ M ö� ¤¢ �î À�îüõ ëÀ¬
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â��� 7.3 ñ�·õ

f(x) =

1

1+ (x� 1:5)

3

; 1 � x � 2;

¯�Ö÷ Âð� .Ý��î ü���÷ø ¤¢ [1;2℄ ù

b

¥�� ¤¢ �ÎÖ÷ �¨ ¤¢ �¤ â��� ßþ� Ý�û��¡üõ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

,�¤�¬ ßþ� ¤¢ .x

2

= 2 ø x

1

= 1:5 ,x

0

= 1 ´ª�¢ Ý�û��¡ ,ÝþÂ�Ú� �Ü¬�Ôó�ýø�Æµõ �¤

�¤�¬�� ���÷ø ¤¢ ý��ÜÞ�À��

P

2

(x) = 1:5238 � 0:4444x + 0:0635x

2

;

ø ¢�� Àû��¡

max

1�x�2

jw(x)j = max

1�x�2

j(x� 1)(x � 1:5)(x � 2)j = 0:0481:

�¹�µ÷¤¢

jE

2

(x)j �

M

3!

max

1�x�2

jw(x)j = 0:0080M;

.´¨� [1;2℄ ù

b

¥�� ¤¢ f

000

â��� ÝÞ�Æî�õM ö� ¤¢ �î

�¤�¬�� �¤ ü���÷ø ¤¢ ¯�Ö÷ (21.3) �

b

Î��¤ ×Þî �� ,ö��î�

x

j

=

1

2


os

(2j + 1)�

2n+ 2

+

3

2

; j = 0;1;2;

�¤�¬�� ü���÷ø ¤¢ ¯�Ö÷ �

b

ä�Þ¹õ ,�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢

x

0

=

3

2

�

p

3

4

= 1:0670; x

1

= 1:5; x

0

=

3

2

+

p

3

4

= 1:9330;

�¤�¬�� ���÷ø ¤¢ ý��ÜÞ�À�� ø

Q

2

(x) = 1:3627 � 0:2949x + 0:0354x

2

;

�

b

Î��¤ ¤¢ ü���÷ø ¤¢ ý�Î¡ ý��� ö�Âî ,(22.3) �

b

Î��¤ ×Þî �� .¢�þ Àû��¡

jE

2

(x)j �

M

2

2�2+1

(2+ 1)!

(2� 1)

2+1

= 0:0052M;

ý��ÜÞ�À�� ý�û�Èþ¤×Þî �� üþ��÷ø ¤¢ ý�Î¡ ý��� ö�Âî ,Ý����üõ �î �÷�ðö�Þû .À�îüõ ëÀ¬

¤¢ .´¨� �Ü¬�Ôó�ýø�Æµõ ¯�Ö÷ ¥� ù¢�Ôµ¨� �� ü���÷ø ¤¢ ý�Î¡ ý��� ö�Âî ¥� Â�×��î ,ÓÈ�±�

.´¨� ùÀª ù¢�¢ Çþ�Þ÷ [1;2℄ ù

b

¥�� ¤¢ Q

2

ø P

2

ý�ûý��ÜÞ�À�� ù�ÂÞû �� f â��� ¤�¢�Þ÷ 3.3 ÛØª

.Àû¢üõ Çþ�Þ÷ �¤ P

2

Â� Q

2

ý��ÜÞ�À�� ´ì¢ ýÂ�Â� ü��¡�� ,ÛØª ßþ�
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1
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1.15

f(x)

P
2
(x)

Q
2
(x)

.7.3 ñ�·õ ý�Â� Q

2

ø P

2

ý�ûý��ÜÞ�À�� ø f â��� :3.3 ÛØª

´�õÂû ü���÷ø ¤¢ 5.3

�î �¤ ö� ¥� «�¡ üµó�� ´Æ¿÷ ,´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� üÜî ÛØª ÓþÂã� ¥� Ç��

.Ý��îüõ üêÂãõ ,¢¤�¢ ý¢Àãµõ ý�û¢Â�¤�î

.À�ª�� ùÀª ù¢�¢ [a; b℄ ù

b

¥�� ¤¢ ,i = 0;1; : : : ; n ,x

i

�þ�Þµõ ¤�ÀÖõ n + 1 À��î ­Âê 6.3 �

b

�Ìì

ßþ� ¤¢ .À�ª�� ùÀª ù¢�¢ R ¤¢ i = 0;1; : : : ; n ,y

i

ø y

0

i

¤�ÀÖõ 2n + 2 À��î ­Âê ,ß��»Þû

�îö��� ¢¤�¢ ¢��ø 2n+ 1 �

b

�¤¢ ¥� Â·î�À� ,P Û·õ üþ�µØþ ý��ÜÞ�À�� ,�¤�¬

P (x

i

) = y

i

; P

0

(x

i

) = y

0

i

; i = 0;1; : : : ; n:

Ý�û¢üõ ¤�Âì :ö�ûÂ�

H

0

k

(x) = [1� 2L

0

k

(x

k

)(x � x

k

)℄[L

k

(x)℄

2

;

H

1

k

(x) = (x� x

k

)[L

k

(x)℄

2

;

�î ´¨� ßªø¤ .À÷�ùÀª ù¢�¢ (1.3) �

b

Î��¤ Í¨�� �î À�µÆû üþ�ûý��ÜÞ�À�� �ûL

k

ö� ¤¢ �î

H

0

k

(x

j

) = Æ

jk

; H

1

k

(x

j

) = 0:

ß��»Þû

d

dx

H

0

k

(x) = �2L

0

k

(x

k

)[L

k

(x)℄

2

+ [1� 2L

0

k

(x

k

)(x� x

k

)℄� 2L

0

k

(x)L

k

(x);



75 ü���÷ø ¤¢ .3 ÛÊê

Ýþ¤�¢ ,ßþ�Â���� ø

d

dx

H

0

k

(x

j

) = 0; 8k; j:

üêÂÏ¥�

d

dx

H

1

k

(x) = [L

k

(x)℄

2

+ (x� x

k

)� 2L

0

k

(x)L

k

(x);

�¹�µ÷¤¢ ø

d

dx

H

1

k

(x

j

) = Æ

jk

; 8k; j:

Ý�û¢üõ ¤�Âì ,ö��î�

P (x) =

n

X

k=0

�

y

k

H

0

k

(x) + y

0

k

H

1

k

(x)

�

:

P À��î­Âê ,üþ�µØþ ö¢�¢ö�È÷ ý�Â� .À�îüõ ëÀ¬ ��Ìì Íþ�Âª ¤¢ P �î Àþ¢ ö���üõ üð¢�¨��

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .R � P �Q Ý�û¢üõ ¤�Âì .À�ª�� ���÷ø ¤¢ ý��ÜÞ�À�� ø¢ Q ø

(

R(x

i

) = P (x

i

)�Q(x

i

) = y

i

� y

i

= 0;

R

0

(x

i

) = P

0

(x

i

)�Q

0

(x

i

) = y

0

i

� y

0

i

= 0;

i = 0;1; : : : ; n;

×þ R �Ø�þ� �� ���� �� .´¨� ¤�ÂØ� ��Æµ�� �� �Èþ¤ 2n + 2 ý�¤�¢ R ý��ÜÞ�À�� ,ßþ�Â����

�¹�µ÷ üþ�µØþ ,ßþ�Â���� ø R � 0 �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� 2n + 1 �

b

�¤¢ ¥� Â·î�À� ý��ÜÞ�À��

2 .¢�ªüõ

.´¨� ÂþÁ�ÕµÈõ [a; b℄ ù

b

¥�� ¤¢ ¤�� 2n+ 2 �î Àª�� üã��� f : [a; b℄ ! R À��î ­Âê 7.3 �

b

�Ìì

,x

i

2 [a; b℄ �þ�Þµõ �

b

ÎÖ÷ n + 1 ¤¢ f â��� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� P Âð� ,�¤�¬ ßþ� ¤¢

�îö��� ´¨� ¢���õ �

x

2 I [x

0

; : : : ; x

n

℄ ×þ ù�Ú÷� ,Àª�� ,i = 0;1; : : : ; n

f(x)� P (x) =

f

(2n+2)

(�

x

)

(2n+ 2)!

n

Y

j=0

(x � x

j

)

2

; 8x 2 [a; b℄:

Ý�û¢üõ ¤�Âì .Àª�� [a; b℄ ù

b

¥�� ¤¢ ´��� ¤�ÀÖõ ×þ x ø E(t) = f(t)� P (t) À��î ­Âê :ö�ûÂ�

g(t) = f(t)� P (t)�E(x)

(t� x

0

)

2

� � � (t� x

n

)

2

(x � x

0

)

2

� � � (x� x

n

)

2

:

�î ´¨� ßªø¤

(

g(x

i

) = g

0

(x

i

) = 0; i = 0;1; : : : ; n;

g(x) = f(x)� P (x) �E(x) = 0:
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,ñ¤

e

�

b

�Ìì ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢ .(¤�ÂØ� ��Æµ�� ��) ´¨� �Èþ¤ 2n + 3 ý�¤�¢ g â��� ,ßþ�Â����

Ýþ¤�¢

9�

x

2 I [x

0

; x

1

; � � � ; x

n

; x℄ : g

(2n+2)

(�

x

) = 0:

ø¤ßþ�¥�

0 = g

(2n+2)

(�

x

) = f

(2n+2)

(�

x

)� 0�E(x)

(2n + 2)!

w(x)

2

;

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î

���÷ø ¤¢ ý��ÜÞ�À�� ¥� ù¢�Ôµ¨� �� .À÷�ùÀª ù¢�¢ Âþ¥ ñøÀ� ¤¢ f

0

ø f â���� ¥� ýÂþ¢�Öõ 8.3 ñ�·õ

.À��î �±¨�½õ �¤ f(

1

2

) ü±þÂÖ� ¤�ÀÖõ ,f â��� ´�õÂû

k 0 1 2

x

k

�1 0 1

y

k

1 1 3

y

0

k

�5 1 7

.Àþ¤ø� ´¨¢ �� �Î¡ ý�Â� ��� ö�Âî ×þ ,Å³¨

´ª�¢ Ý�û��¡ ,Ä÷�Âð� ý�ûý��ÜÞ�À�� �

b

±¨�½õ �� :Û�

L

0

(x) =

(x� 0)(x � 1)

(�1� 0)(�1� 1)

=

1

2

(x

2

� 1);

L

1

(x) =

(x + 1)(x� 1)

(0+ 1)(0� 1)

= 1� x

2

;

L

2

(x) =

(x + 1)(x� 0)

(1+ 1)(1� 0)

=

1

2

(x

2

+ x):

Ýþ¤�¢ ,ß��»Þû

L

0

0

(x) = x; L

0

1

(x) = �2x; L

0

2

(x) =

1

2

(2x + 1):

�¹�µ÷¤¢

H

0

0

(x) = [1� 2L

0

0

(x

0

)(x� x

0

)℄(L

0

(x))

2

=

1

4

(2x+ 3)(x

2

� 1)

2

;

H

0

1

(x) = [1� 2L

0

1

(x

1

)(x� x

1

)℄(L

1

(x))

2

= (1� x

2

)

2

;

H

0

2

(x) = [1� 2L

0

2

(x

2

)(x� x

2

)℄(L

2

(x))

2

=

1

4

(4� 3x)

�

x

2

+ x

�

2

;

H

1

0

(x) = (x� x

0

)(L

0

(x))

2

=

1

4

(x+ 1)

�

x

2

� 1

�

2

;
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H

1

1

(x) = (x� x

1

)(L

1

(x))

2

= x(1� x

2

)

2

;

H

1

2

(x) = (x� x

2

)(L

2

(x))

2

=

1

4

(x� 1)

�

x

2

+ x

�

2

:

´ª�¢ Ý�û��¡ ,ßþ�Â����

f(

1

2

) � P (

1

2

) = H

0

0

(

1

2

) +H

0

1

(

1

2

) + 3H

0

2

(

1

2

)� 5H

1

0

(

1

2

) +H

1

1

(

1

2

) + 7H

1

2

(

1

2

)

=

9

16

+

9

16

+ 3�

45

128

� 5�

27

128

+

9

32

+ 7� (�

9

128

)

=

333

128

= 2:6015625:

�� ´¨� Â��Â� ü���÷ø ¤¢ ý�Î¡ ,7.3 �

b

�Ìì �� ���� ��

E(x) =

f

(6)

(�)

6!

x

2

(x � 1)

2

(x� 2)

2

; � 2 (0;2):

ù�Ú÷� , max

x2(0;2)

jf

(6)

(x)j =M Âð� ,ö��î�

jE(

1

2

)j �

M

6!

(

1

2

)

2

(

1

2

� 1)

2

(

1

2

� 2)

2

= 0:0002M:

üÖ�Ö� ¢�Àä� .Ýþ¥�¢Â�üõ üÜî ´ó�� ¤¢ ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� üêÂãõ �� ×�þ�

x

i

; f

(k)

i

; i = 0;1; : : : ;m; k = 0;1; : : : ; n

i

� 1;

Ý�û¢üõ ¤�Âì .x

0

< x

1

< � � � < x

m

�î ý¤�Ï�� ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

n =

m

X

i=0

n

i

� 1:

ý¤�Ï�� ´¨� n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À��×þ ,P ´




�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� ,üÜî ´ó�� ¤¢

�î

P

(k)

(x

i

) = f

(k)

i

; i = 0;1; : : : ;m; k = 0;1; : : : ; n

i

� 1: (23.3)

ëÀ¬ (23.3) Íþ�Âª ¤¢ �î ¢¤�¢ ¢��ø n Â·î�À� �

b

�¤¢ ¥� �µØþ ý��ÜÞ�À�� ×þ 8.3 �

b

�Ìì

.À�îüõ

Û·õ n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À��×þ �ú�� ø ×þ �î Ý�û¢ ö�È÷ ´¨� üê�î :ö�ûÂ�

P (x) = 


0

+ 


1

x+ � � �+ 


n

x

n

;
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Íþ�Âª .À�îüõ ëÀ¬ (23.3) Íþ�Âª ¤¢ �î ý��÷�ð�� ¢¤�¢ ¢��ø

P

(k)

(x

i

) = 0; i = 0;1; : : : ;m; k = 0;1; : : : ; n

i

� 1; (24.3)

(23.3) Íþ�Âª ø Íþ�Âª ßþ� ¥� Û¬�� ù�Úµ¨¢ °þ�Â® ÅþÂ��õ �î ´¨� ßªø¤ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

¤�ÂØ� ��Æµ�� �� �Èþ¤ n+ 1 ý�¤�¢ P ù�Ú÷� ,À�î ëÀ¬ (24.3) Íþ�Âª ¤¢ P Âð� .´¨� ö�ÆØþ

ÅþÂ��õ ,ßþ�Â���� .¢¤�¢ ÂÔ¬ ý�µØþ ���� ù�Úµ¨¢ ßþ� ,ÂÚþ¢ �¤�±ä �� .P � 0 ,�¹�µ÷¤¢ ø ´¨�

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� ßþ� ø ´¨� ¢ÂÔ�õ�÷ �Ï��Âõ ù�Úµ¨¢ °þ�Â®

,¢¤ø� ´¨¢�� �¤ ���÷ø ¤¢ ý��ÜÞ�À�� ö���üõ (23.3) Íþ�Âª ¥� Û¬�� ù�Úµ¨¢ Û� �� ��Âð�

�

b

±¨�½õ ý�Â� üþ�û©ø¤ ß���÷ ø Ä÷�Âð� ý�ûý��ÜÞ�À�� À�÷�Þû ,ø ¤ßþ�¥� .´Æ�÷ �¤�î ©ø¤ ßþ�

â�Âõ) Ý��îüõ üêÂãõ �¤ �û©ø¤ ßþ� �õ�¢� ¤¢ �î ´¨� ùÀª á�À�� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À��

.(À���±� �¤ ℄15[

,À�µÆû éøÂãõ �µê�þÝ�Þã� Ä÷�Âð� ý�ûý��ÜÞ�À�� �� �î �¤ L

ik

2 �

n

ý�ûý��ÜÞ�À��

Ý�û¢üõ ¤�Âì .Ý��îüõ ÓþÂã� Âþ¥ �Âª��

l

ik

(x) =

(x� x

i

)

k

k!

n

Y

j=0

j 6=i

�

x� x

j

x

i

� x

j

�

n

j

; 0 � i � m; 0 � k � n

i

:

Ý��îüõ ÓþÂã� ,Å³¨

L

i;n

i

�1

(x) = l

i;n

i

�1

; i = 0;1; : : : ;m;

Ý�û¢üõ ¤�Âì ,k = n

i

� 2; n

i

� 3; : : : ;0 ý�Â� üµÈð¥�� ¤�Ï�� ø

L

ik

= l

ik

�

n

i

�1

X

�=k+1

l

(�)

ik

(x

i

)L

i�

(x):

�î ¢�¢ ö�È÷ ö���üõ �ÂÖµ¨� ��

L

(�)

ik

(x

j

) =

(

1; i = j; k = �;

0; otherwise:

�¤�¬�� �¤ P ý��ÜÞ�À�� ,ö��î�

P (x) =

m

X

i=0

n

i

�1

X

k=0

f

(k)

i

L

ik

(x);
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À÷ø¤ .¢�� Àû��¡ f â��� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� P (x) ,�¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã�

.´¨� éøÂãõÓîÂ�� -´�õÂû Ýµþ¤�Úó� �� ,P (x) ý��ÜÞ�À�� �

b

±¨�½õ ý�Â� ùÀªÂî£

,´Æ¿÷ .Ý�û¢üõ Ý�Þã� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� �

b

±¨�½õ ý�Â� �¤ ß���÷ ©ø¤ ,�õ�¢� ¤¢

2 Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À�� ×þ Ý�û��¡üõ .Ý��îüõ �ãó�Îõ «�¡ ´ó�� ×þ ¤¢ �¤ á�®�õ

�î ý¤�Ï�� ,Ý����� P Û·õ

P (x

0

) = f(x

0

); P

0

(x

0

) = f

0

(x

0

); P

00

(x

0

) = f

00

(x

0

):

ß���÷ ���÷ø ¤¢ ñøÀ� .�

i

6= x

0

�î ý¤�Ï�� ,À�ª�� ý�þ�Þµõ ¢�Àä� i = 0;1;2 ,�

i

À��î ­Âê

´¨� Âþ¥ �¤�¬�� i = 0;1;2 ,(�

i

; f(�

i

)) ¯�Ö÷ ý�Â�

k = 0 k = 1 k = 2

�

0

f [�

0

℄

&

f [�

0

; �

1

℄

&

�

1

f [�

1

℄

%

&

f [�

0

; �

1

; �

2

℄

f [�

1

; �

2

℄

%

�

2

f [�

2

℄

%

´¨� Âþ¥ �¤�¬�� ñøÀ� ßþ� �� ÂÒ��µõ ���÷ø ¤¢ ý��ÜÞ�À�� ,ßþ�Â����

P (x) = f [�

0

℄ + f [�

0

; �

1

℄(x� �

0

) + f [�

0

; �

1

; �

2

℄(x� �

0

)(x� �

1

):

Ýþ¤�¢ ,(17.3) �

b

Î��¤ �� ���� �� ,�¤�¬ ßþ� ¤¢

lim

�

0

;�

1

!x

0

f [�

0

; �

1

℄ = lim

�

0

;�

1

!x

0

f

0

(�) � 2 I [�

0

; �

1

℄

= f

0

(x

0

):

°��Â� ß�Þû ��

lim

�

1

;�

2

!x

0

f [�

1

; �

2

℄ = f

0

(x

0

):

ß��»Þû

lim

�

0

;�

1

;�

2

!x

0

f [�

0

; �

1

; �

2

℄ = lim

�

0

;�

1

;�

2

!x

0

1

2!

f

00

(�) � 2 I [�

0

; �

1

; �

2

℄

=

1

2!

f

00

(x

0

):

.¢�� Àû��¡ Âþ¥ �¤�¬�� ß���÷ ���÷ø ¤¢ ñøÀ� ,�¤�¬ ßþ� ¤¢
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k = 0 k = 1 k = 2

x

0

f [x

0

℄

&

f

0

(x

0

)

&

x

0

f [x

0

℄

%

&

1

2!

f

00

(x

0

)

f

0

(x

0

)

%

x

0

f [x

0

℄

%

�¤�¬�� ÂÑ÷ ¢¤�õ ���÷ø ¤¢ ý��ÜÞ�À�� ,ßþ�Â����

P (x) = f(x

0

) + f

0

(x

0

)(x� x

0

) +

1

2!

f

00

(x

0

)(x� x

0

)

2

;

�

b

ÎÖ÷ ¤¢ f â��� ÂÜ�� ÍÆ� ñø� �

b

ÜÞ� �¨ ,ùÀõ�´¨¢�� °þÂÖ� �î ´¨� Âî£ ö�þ�ª .Àþ�üõ ´¨¢��

.´¨� x

0

�¤ x

0

< x

1

< � � � < x

m

�

b

ó�±÷¢ ,´Æ¿÷ .Ý��îüõ ü¨¤Â� üÜî ´ó�� ¤¢ �¤ á�®�õ ,ö��î�

�¤�¬��

x

0

= x

0

= � � � = x

0

| {z }

�� n

0

< x

1

= x

1

= � � � = x

1

| {z }

�� n

1

< � � � < x

m

= x

m

= � � � = x

m

| {z }

�� n

m

;

�

b

ó�±÷¢ ,�¤�¬ ßþ� ¤¢ .Ý�û¢üõ ö�È÷ t

j

�� �¤ �ó�±÷¢ ßþ� �

b

ÜÞ� ß�õ� j .Ý�û¢üõ �ã¨��

t

0

= x

0

� t

1

� t

2

� � � � � t

n

= x

m

;

�� ÂÒ��µõ .À�þ�ðüõ ý¥�¹õ ¯�Ö÷ �¤ �ût

j

,�¹�þ� ¤¢ .n =

m

X

i=0

n

i

�1 ö� ¤¢ �î ,´ª�¢ Ý�û��¡ �¤

�

b

ä�Þ¹õ �ût

j

F = f(t

j

; f(t

j

)) : j = 0;1; : : : ; ng;

.(?�Â�) Ý�Æþ��� ¯�Ö÷ ßþ� ý�Â� �¤ ß���÷ ���÷ø ¤¢ ý��ÜÞ�À�� ´¨� üê�î .Ý��îüõ ÓþÂã� �¤

¯�Ö÷ ßþ� ý�Â� ùÀªÝ�ÆÖ� ��®�Ô� Ý�Þã� �� ¥��÷ ,À�µÆû Â��Â� �ût

j

¥� üÌã� �Ø�þ� �� ���� �� ,üóø

�¤�¬�� �¤

~

F �

b

ä�Þ¹õ .Ýþ¤�¢

~

F = f(�

j

; f(�

j

)) : j = 0;1; : : : ; ng;

ö� ¤¢ �î ,Ý��îüõ ÓþÂã�

�

0

< �

1

< � � � < �

n

:
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ý��ÜÞ�À�� ßþ� .Ý�Æþ�÷üõ

~

F ¯�Ö÷ �ä�Þ¹õ ¤¢ �¤ f â��� ß���÷ ���÷ø ¤¢ ý��ÜÞ�À�� ,´Æ¿÷

�¤�¬��

P (x) =

n

X

j=0

f [�

0

; �

1

; : : : ; �

j

℄(x� �

0

) � � � (x� �

j�1

);

i ý�¥��� ,�ûf [�

0

; �

1

; : : : ; �

j

℄ �

b

±¨�½õ ý�Â� ,ùÀªÝ�ÆÖ� ��®�Ô� ñøÀ� �� ���� �� .¢�� Àû��¡

�

b

±¨�½õ �� ¥��÷ ,ÓÜµ¿õ ý�ûk ø

f [�

i

; �

i+1

; : : : ; �

i+k

℄;

�î Ý����üõ ,(17.3) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� .Ýþ¤�¢

f [�

i

; �

i+1

; : : : ; �

i+k

℄ =

f

(k)

(�)

k!

; � 2 (�

i

; �

i+k

):

.Ý��î ÓþÂã� F ¯�Ö÷ �ä�Þ¹õ ý�Â� �¤ P (x) ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� �î Ýþ�ù¢�õ� ö��î�

Ý��î ÓþÂã� �î ´¨� üã�±Ï

8

>

>

>

>

<

>

>

>

>

:

f [x

i

; x

i+1

; : : : ; x

i+k

℄ = lim

�

j

!x

i

8j

f [�

i

; �

i+1

; : : : ; �

i+k

℄ =

f

(k)

(x

i

)

k!

; x

i

= � � � = x

i+k

;

f [x

i

; x

i+1

; : : : ; x

i+k

℄ =

f [x

i+1

; : : : ; x

i+k

℄ � f [x

i

; : : : ; x

i+k�1

℄

x

i+k

� x

i

; x

i

6= x

i+k

;

(25.3)

ø

P (x) =

n

X

j=0

f [t

0

; t

1

; : : : ; t

j

℄(x � t

0

) � � � (x� t

j�1

):

ø n

1

= 3 ,n

0

= 2 À��î ­Âê 9.3 ñ�·õ

x

0

= 0; f

(0)

0

= �1; f

(1)

0

= �2;

x

1

= 1; f

(0)

1

= 0; f

(1)

1

= 10; f

(2)

1

= 40:

.À�Æþ��� �¤ ¯�Ö÷ ßþ� �� ÂÒ��µõ ´




�õÂû ���÷ø ¤¢ ý��ÜÞ�À��

.Ý�Æþ�÷üõ �¤ �µê�þÝ�Þã� ù

b

ÀªÝ�ÆÖ� ��®�Ô� ñøÀ� (25.3) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ´Æ¿÷ :Û�
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t

i

k = 0 k = 1 k = 2 k = 3 k = 4

t

0

= 0 f [t

0

℄ = �1

f [t

0

; t

1

℄ = �2

t

1

= 0 f [t

1

℄ = �1 f [t

0

; t

1

; t

2

℄ = 3

f [t

1

; t

2

℄ = 1 f [t

0

; : : : ; t

3

℄ = 6

t

2

= 1 f [t

2

℄ = 0 f [t

1

; t

2

; t

3

℄ = 9 f [t

0

; : : : ; t

4

℄ = 5

f [t

2

; t

3

℄ = 10 f [t

1

; : : : ; t

4

℄ = 11

t

3

= 1 f [t

3

℄ = 0 f [t

2

; t

3

; t

4

℄ = 20

f [t

3

; t

4

℄ = 10

t

4

= 1 f [t

4

℄ = 0

�¤ ùÀªÝ�ÆÖ� ��®�Ô� ¥� ¤�ÀÖõ �¨ ,ñøÀ� ßþ� ¤¢ ùÀª���¤� ¢�Àä� �

b

±¨�½õ ù

b

��ª öÀªßªø¤ ý�Â�

Ýþ¤�¢ .Ý��îüõ �±¨�½õ

f [t

0

; t

1

℄ =

f

(1)

(t

0

)

1!

= f

0

(0) = �2;

f [t

2

; t

3

; t

4

℄ =

f

00

(t

2

)

2!

=

f

00

(1)

2

=

40

2

= 20;

f [t

0

; : : : ; t

4

℄ =

f [t

1

; : : : ; t

4

℄� f [t

0

; : : : ; t

3

℄

t

4

� t

0

=

11� 6

1� 0

= 5:

�¤�¬�� ,ÂÒ��µõ ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� ,��� ñøÀ� ¥� ù¢�Ôµ¨� �� ,×�þ�

P (x) = f [t

0

℄ + f [t

0

; t

1

℄(x � t

0

) + f [t

0

; t

1

; t

2

℄(x� t

0

)(x� t

1

) + � � �

+f [t

0

; t

1

; t

2

; t

3

; t

4

℄(x � t

0

)(x � t

1

)(x � t

3

)(x � t

4

)

= �1� 2(x� 0) + 3(x� 0)(x � 0) + 6(x� 0)(x � 0)(x � 1)

+5(x� 0)(x � 0)(x � 1)(x� 1)

= �1� 2x+ 3x

2

+ 6x

2

(x � 1) + 5x

2

(x� 1)

2

;

.¢�� Àû��¡

�¤�¬�� üÜî ´ó�� ¤¢ ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� ý�Î¡ �î Àþ¢ ö���üõ ,7.3 �

b

�Ìì À�÷�Þû

f(x)� P (x) =

f

(n+1)

(�

x

)

(n+ 1)!

w(x); (26.3)
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.w(x) = (x� x

0

)

n

0

(x� x

1

)

n

1

� � � (x� x

m

)

n

m

ø n =

m

X

i=0

n

i

� 1 ö� ¤¢ �î ,´¨�

´¨� Âþ¥ �¤�¬�� 9.3 ñ�·õ ¤¢ ü���÷ø ¤¢ ý�Î¡ ,(26.3) �

b

Î��¤ �� ���� ��

E(x) =

f

(5)

(�)

5!

x

2

(x� 1)

3

; � 2 (0;1):

�î Àþ¢ ö���üõ üµ��¤��

max

x2[0;1℄

jx

2

(x� 1)

3

j =

108

3125

:

ù�Ú÷� ,Àª�� [0;1℄ ù

b

¥�� ¤¢ f

(5)

â��� ý�Â� ��� ö�Âî ×þ M Âð� ,ßþ�Â����

jE(x)j �

M

5!

max

x2[0;1℄

jx

2

(x � 1)

3

j =

M

5!

�

108

3125

= 2:88� 10

�4

:

�þ�ð â���� Í¨�� ü���÷ø ¤¢ 6.3

×þ Ý�û��¡üõ .Àª�� ùÀª ù¢�¢ f â��� ¥� ,i = 0;1; : : : ; n ,(x

i

; f(x

i

)) �

b

ÎÖ÷ n+ 1 À��î ­Âê

ÛØª�� �þ�ð �¤�±ä

�

�;�

(x) =

P

�;�

(x)

Q

�;�

(x)

=

a

0

+ a

1

x+ � � �+ a

�

x

�

b

0

+ b

1

x+ � � �+ b

�

x

�

;

�î ý¤�Ï�� ,Ý�����

�

�;�

(x

i

) = f(x

i

); i = 0;1; : : : ; n:

ßªø¤ .À÷�ªÉ¿Èõ b

�

,: : : ,b

1

,b

0

,a

�

,: : : ,a

1

,a

0

°þÂ® �+�+2 Àþ�� �

�;�

ß��ã� ý�Â�

��Üãõ�÷ °þÂ® � + � + 1 ,ßþ�Â���� ø ¢Âî ­Âê ×þ �� Â��Â� ö���üõ �¤ °þ�Â® ¥� üØþ �î ´¨�

�

b

ÜÿÆõ ,ö��î� .n = �+ � ,�¹�µ÷¤¢ .Ýþ¤�¢

�

�;�

(x

i

) = f(x

i

); i = 0;1; : : : ; �+ �; (A

�;�

�ÜÿÆõ)

ßÚÞû �

b

ó¢�ãõ ���� ,�

�;�

¤¢ °þ�Â® ,ü�ªø¤�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

P

�;�

(x

i

)� f(x

i

)Q

�;�

(x

i

) = 0; i = 0;1; : : : ; �+ �;

�

b

ÜÿÆõ ,ÂÚþ¢ �¤�±ä �� �þ

a

0

+ a

1

x

i

+ � � �+ a

�

x

�

i

� f(x

i

)(b

0

+ b

1

x

i

+ � � �+ b

�

x

�

i

) = 0; i = 0;1; : : : ; �+ �;
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�¤�¬�� üÆþÂ��õ ÛØª�� ö���üõ �¤ ù�Úµ¨¢ ßþ� .Ý�õ�÷üõ S
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b
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n
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n
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n
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n

� � � �f(x

n
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n

n
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C

C

C
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B

�

a

0

.

.
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a
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b
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b

�

1

C

C
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C

C

C

C

C

C

A
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0

B

B

B

B

B

B

B

B

�
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.

.

0

0
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.

.

0

1

C

C

C

C

C

C

C

C

A

;

(27.3)

ßþ� ÅØä üóø ,´Æû ��÷ S

�;�

���� ×þ A

�;�

���� Âû ,Àª ù¤�ª� �î �÷�ðö�Þû .¢�¢ Çþ�Þ÷

.À��î ���� Âþ¥ ñ�·õ �� .´Æ�÷ ´¨¤¢ üÜî ´ó�� ¤¢ °ÜÎõ

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ñøÀ� ¤¢ ùÀªù¢�¢ ¯�Ö÷ 10.3 ñ�·õ

i 0 1 2

x

i

0 1 2

f(x

i

) 1 2 2

�¤�¬�� S

�;�

�

b

ÜÿÆõ ,�¤�¬ ßþ� ¤¢ .� = � = 1 À��î ­Âê

8

>

>

<

>

>

:

a

0

� b

0

= 0;

a

0

+ a

1

� 2(b

0

+ b

1

) = 0;

a

0

+ 2a

1

� 2(b

0

+ 2b

1

) = 0;

�¤�¬�� üÆþÂ��õ ÛØª�� �¤ ù�Úµ¨¢ ßþ� ö���üõ .´¨�

0

B

�

1 0 �1 0

1 1 �2 �2

1 2 �2 �4

1

C

A

0

B

B

B

�

a

0

a

1

b

0

b

1

1

C

C

C

A

=

0

B

B

B

�

0

0

0

0

1

C

C

C

A

;

ù�Úµ¨¢ �� ñ¢�ãõ ù�Úµ¨¢ ßþ� �î Ý����üõ ü��õÀÖõ ýÂÎ¨ ���ÜÞä ¥� ù¢�Ôµ¨� �� .¢�¢ Çþ�Þ÷

0

B

�

1 0 0 0

0 1 0 �2

0 0 1 0

1

C

A

0

B

B

B

�

a

0

a

1

b
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b

1

1
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=

0

B

B

B

�

0

0

0

0

1

C

C

C

A

;

�¤�¬�� ù�Úµ¨¢ üõ�Þä ���� ,b

1

= � 2 R ­Âê �� ,ßþ�Â���� .´¨�

(a

0

; a

1

; b

0

; b

1

) = (0;2�;0; �);
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ßþ� ¤¢ ø Àþ�üõ ´¨¢�� b

1

= 1 ø a

1

= 2 ,b

0

= 0 ,a

0

= 0 ���� ,� = 1 ý�¥��� .¢�� Àû��¡

�¤�¬�� �

1;1

ý�þ�ð â��� ,�¤�¬

�

1;1

(x) =

2x

x

;
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1;1

(0) 6= 1 �î Ý����üõ .¢�� Àû��¡
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�
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a

0

b

0
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1
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2

x

2

;
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�

b
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8

>

>

<

>
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:

a

0
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0
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a

0
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0
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�
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1 �2 �2 �2
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1
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�
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C

C

C

A

=

0

B

B

B

�

0

0

0

0

1

C

C

C

A

;

�¤�¬�� ö���üõ �¤ ù�Úµ¨¢ ßþ� ,ü��õÀÖõ ýÂÎ¨ ���ÜÞä ¥� ù¢�Ôµ¨� �� .¢�ªüõ ù¢�¢ Çþ�Þ÷
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;

�¤�¬�� ù�Úµ¨¢ ßþ� üõ�Þä ���� ,b
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= � 2 R ­Âê �� .´ª�÷

(a

0
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0
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1
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2

) = (4�;4�;�3�; �);

�¤�¬�� ù�Úµ¨¢ ßþ� ý�Â� üúþÀ��÷ ���� ×þ ,� = 1­Âê �� ,ß��»Þû .¢�� Àû��¡

a

0

= 4; b

0

= 4; b

1

= �3; b

2

= 1;

Ýþ¤�¢ ,Âþ¢�Öõ ßþ� ý�¥��� .´¨�

�

0;2

(x) =

4

4� 3x+ x

2

:

.´¨� A

�;�

ý�Â� ü���� ,S

�;�

�

b

ÜÿÆõ ¥� ���� ×þ ü÷�õ¥ �� �î Ý���±� Ý�û��¡üõ ö��î�
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ý�þ�ð �¤�±ä ø¢ 2.3 ÓþÂã�

�
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(x) �

P

1

(x)

Q

1
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(x) �
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Q

2
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1
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2
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1
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2

�� ø ¢�ªüõ �µÔð ñ¢�ãõ

P

1

(x)Q

2

(x) � P

2

(x)Q

1

(x):

,�¤�±ä ßþ� �Â¿õ ø �¤�¬ ù�ðÂû ,¢�ªüõ �µÔð ñø� ü±Æ÷ ¤�Ï�� �þ�ð �¤�±ä ×þ 3.3 ÓþÂã�

.À�ª�� ñø� Ýû �� ´±Æ÷
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1
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(x) =

P

�;�

(x)

Q

�;�

(x)

;
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b
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�Âþ¥ ;´¨� Ëì��� ×þ �î ´¨� �Èþ¤ � + � + 1 ý�¤�¢ P

�;�
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�;�
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)
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i

; f(x

i
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b

ÎÖ÷ ù�Ú÷� ,�
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i

) 6= f(x
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�
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(x) =

P

�;�

(x)

Q

�;�

(x)

;

´ó�� ø¢ ,i 2 f0;1; : : : ; �+ �g Âû ý�¥��� .Àª�� S

�;�

ý�Â� ���� ×þ

,Q

�;�

(x

i

) 6= 0 (Óó�)

,Q

�;�

(x

i

) = 0 (�)

ßØÞõ �ø¢ ´ó�� ¤¢ .�

�;�

(x

i

) = f(x

i

) Ýþ¤�¢ ��®ø�� ,´Æ¿÷ ´ó�� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

.P

�;�

(x

i

) = 0 ¢�ªüõ �¹�µ÷ ,Q

�;�

(x

i

) = 0 �Ø�þ� ¥� .Àª�� üµê��÷´¨¢ (x

i

; f(x

i

)) ´¨�

ýÀ��âÞ� �� .À�µÆ�÷ ñø� Ýû �� ´±Æ÷ ø À�µÆû x � x

i

íÂµÈõ Ûõ�ä ý�¤�¢ Q

�;�

ø P

�;�

,ü�ãþ

.Ý��îüõ ö��� �¤ Àã� �

b

¹�µ÷ ,°ó�Îõ ßþ�
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�

b

ÎÖ÷ º�û ù�Ú÷� ,Àª�� ñø� ü±Æ÷ ¤�Ï�� �î Àª�� �µª�¢ �

�;�

Û·õ ü���� S

�;�

Âð� 1.3 �

b

¹�µ÷

.´¨� ÂþÁ�Û� A

�;�

�

b

ÜÆ

b

õ ø ¢¤�À÷ ¢��ø üµê��÷´¨¢

.Ý��î ö��� �¤ Âþ¥ �

b

�Ìì Ý�÷���üõ ,ß��»Þû

ø ñø� ü±Æ÷ ¤�Ï�� ý�þ�ð �¤�±ä ×þ

~

�

�;�

ø �þ�ð �¤�±ä ×þ �

�;�

À��î ­Âê 11.3 �

b

�Ìì

´¨� ÂþÁ� Û� A

�;�

,�¤�¬ ßþ� ¤¢ .´¨� S

�;�

ý�Â� ü���� �

�;�

�î ý¤�Ï�� Àª�� ö� �� ñ¢�ãõ

.Àª�� S

�;�

ý�Â� ü����

~

�

�;�

Âð� �ú�� ø Âð� ´¨� ö� ý�Â� ���� ×þ �

�;�

ø

ù

b

Àªù¢�¢ ¯�Ö÷ ý�Â� 12.3 ñ�·õ

i 0 1 2 3 4

x

i

�1 0 1 2 3

f(x

i

) 2 1 2 2 �1

�¤�¬�� �

2;2

â��� ,�¤�¬ ßþ� ¤¢ .� = � = 2 À��î ­Âê

�

2;2

(x) =

a

0

+ a

1

x+ a

2

x

2

b

0

+ b

1

x+ b

2

x

2

;

�¤�¬�� �ûb

i

ø �ûa

i

�

b

±¨�½õ ý�Â� (27.3) ù�Úµ¨¢ ø

0

B

B

B

B

B

B

�

1 �1 1 �2 2 �2

1 0 0 �1 0 0

1 1 1 �2 �2 �2

1 2 4 �2 �4 �8

1 3 9 1 3 9

1

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

�

a

0

a

1

a

2

b

0

b

1

b

2

1

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

�

0

0

0

0

0

0

1

C

C

C

C

C

C

C

C

A

;

ù�Úµ¨¢ �� ñ¢�ãõ ù�Úµ¨¢ ßþ� ,ü��õÀÖõ ýÂÎ¨ ���ÜÞä ¥� ù¢�Ôµ¨� �� .¢�� Àû��¡

0

B

B

B

B

B

B

�

1 0 0 0 0 0

0 1 0 0 0 6

0 0 1 0 0 �2

0 0 0 1 0 0

0 0 0 0 1 3

1

C

C

C

C

C

C
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0

B

B

B

B

B

B

B

B

�

a

0

a

1

a

2

b

0

b

1

b

2

1

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

�

0

0

0

0

0

0

1

C

C

C

C

C

C

C

C

A

;

�¤�¬�� ù�Úµ¨¢ üõ�Þä ���� ,b

2

= � 2 R ­Âê �� .´¨�

(a

0

; a

1

; a

2

; b

0

; b

1

; b

2

) = (0;�6�;2�;0;�3�; �);
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Ýþ¤�¢ ,� = 1 ý�¥��� ø ¢�� Àû��¡

a

0

= 0; a

1

= �6; a

2

= 2; b

0

= 0; b

1

= �3; b

2

= 1:

�¹�µ÷¤¢

�

2;2

(x) =

�6x+ 2x

2

�3x+ x

2

=

2x(x � 3)

x(x � 3)

:

ÝþÂ�ðüõ �¹�µ÷ ,À÷¤�¢ �¤ x�x

4

ø x�x

0

Ûõ�ä ø¢ Âû ,ÂÆî ßþ� �Â¿õ ø �¤�¬ �Ø�þ� �� ���� ��

.´Æ�÷ ÂþÁ�Û� A

�;�

�

b

ÜÿÆõ �î

�¤�¬�� (27.3) ù�Úµ¨¢ .� = 1 ø � = 3 Ý��îüõ­Âê ,×�þ�

0

B

B

B

B

B

B

�

1 �1 1 �1 �2 2

1 0 0 0 �1 0

1 1 1 1 �2 �2

1 2 4 8 �2 �4

1 3 9 27 1 3

1

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

�

a

0

a

1

a

2

a

3

b

0

b

1

1

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

�

0

0

0

0

0

0

1

C

C

C

C

C

C

C

C

A

;

ù�Úµ¨¢ �� ñ¢�ãõ ù�Úµ¨¢ ßþ� ,ü��õÀÖõ ýÂÎ¨ ���ÜÞä ¥� ù¢�Ôµ¨� �� .¢�� Àû��¡

0

B

B

B

B

B

B

�

1 0 0 0 0 �9

0 1 0 0 0 �

13

2

0 0 1 0 0 �9

0 0 0 1 0

9

2
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1

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

�

a

0

a

1

a

2

a
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b

0

b

1

1

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

�

0

0

0

0

0

0

1

C

C

C

C

C

C

C

C

A

;

�¤�¬�� ù�Úµ¨¢ üõ�Þä ���� ,b

1

= � 2 R ­Âê �� .´¨�

(a

0

; a

1

; a

2

; b

0

; b

1

; b

2

) = (9�;

13

2

�;9�;�

9

2

�;9�; �);

´ª�¢ Ý�û��¡ ,� = 2 ý�¥��� ø ¢�� Àû��¡

a

0

= 18; a

1

= 13; a

2

= 18; a

3

= �9; b

0

= 18; b

2

= 2:

Ýþ¤�¢ ,�¹�µ÷¤¢

�

3;1

(x) =

18+ 13x+ 18x

2

� 9x

3

18+ 2x

:

���� �

3;1

�î ÝþÂ�ðüõ �¹�µ÷ ,À�µÆû ñø� Ýû �� ´±Æ÷ ßþ� ÂÆî �Â¿õ ø �¤�¬ �Ø�þ� �� ���� ��

.´¨� A

�;�

�

b

ÜÿÆõ
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Û�� ÛÆÜÆõ ý�ûÂÆî ø §�Øãõ ��®�Ô� 7.3

ÓþÂã� Âþ¥ �¤�¬�� §�Øãõ ��®�Ô� ñøÀ� ,i = 0;1; : : : ,(x

i

; f(x

i

)) ¯�Ö÷ �ä�Þ¹õ ý�Â�

.¢�ªüõ

i x

i

'(x

i

) '(x

0

; x

i

) '(x

0

; x

1

; x

i

) '(x

0

; x

1

; x

2

; x

i

)

0 x

0
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0

)

1 x

1

f(x

1

) '(x

0

; x

1

)

2 x

2

f(x

2

) '(x

0

; x

2

) '(x

0

; x

1

; x

2

)

3 x

3

f(x

3

) '(x

0

; x

3

) '(x

0

; x

1

; x

3

) '(x

0

; x

1

; x

2

; x

3

)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Ýþ¤�¢ ,ñøÀ� ßþ� ¤¢

'(x

i

) = f(x

i

);

'(x

i

; x

j

) =

x

i

� x

j

f(x

i

)� f(x

j

)

;

'(x

i

; x

j

; x

k

) =

x

j

� x

k

'(x

i

; x

j

)� '(x

i

; x

k

)

;

'(x

i

; : : : ; x

`

; x

m

; x

n

) =

x

m

� x

n

'(x

i

; : : : ; x

`

; x

m

)� '(x

i

; : : : ; x

`

; x

n

)

:

�¤ ÂÆî ¤�ÀÖõ ,�¤�¬ ßþ� ¤¢ �î ¢�ª ÂÔ¬ ´¨� ßØÞõ ��� ý�ûÂÆî �Â¿õ �î À��î ���� �¹�þ� ¤¢

ö¤�Öµõ ¢�¡ ý�ûö�õ�ð¤� �� ´±Æ÷ §�Øãõ ��®�Ô� �î À��î ���� ,ß��»Þû .ÝþÂ�ðüõ1 �� Â��Â�

Û·õ �þ�ð �¤�±ä ×þ Ý�û��¡üõ .Q

�

2 �

�

ø P

�

2 �

�

À��î ­Âê ,ö��î� .À�µÆ�÷

�

n;n

(x) =

P

n

(x)

Q

n

(x)

;

�î ý¤�Ï�� ,Ý�����

�

n;n

(x

i

) = f(x

i

); i = 0;1; : : : ;2n:

Ýþ¤�¢ .Ý��îüõ ÛÞä Âþ¥ �Âª�� �

n;n

�

b

±¨�½õ ý�Â�

P

n

(x)

Q

n

(x)

= f

0

+

P

n

(x)

Q

n

(x)

� f

0

= f

0

+

P

n

(x)� f

0

Q

n

(x)

Q

n

(x)

:

ý¤�Ï�� ¢¤�¢ ¢��ø P

n�1

2 �

n�1

ý��ÜÞ�À��×þ ,ßþ�Â���� ø P

n

(x

0

)�f

0

Q

n

(x

0

) = 0 ,üóø

�î

P

n

(x)� f

0

Q

n

(x) = (x� x

0

)P

n�1

(x):
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ø¤ßþ�¥�

P

n

(x)

Q

n

(x)

= f(x

0

) + (x� x

0

)

P

n�1

(x)

Q

n

(x)

= f

0

+

x� x

0

Q

n

(x)

P

n�1

(x)

: (28.3)

Ýþ¤�¢ ,üóø
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i
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P

n
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i

)

Q

n

(x

i

)

= f(x

0

) +

x

i

� x

0

Q

n

(x

i

)

P

n�1

(x

i

)

; i = 1;2; : : : ;2n;
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Q

n
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i

)

P

n�1
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i

)

=

x

i

� x

0

f(x

i

)� f(x

0

)

= '(x

0
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i

); i = 1;2; : : : ;2n:

Ýþ¤�¢ ,ß��»Þû

Q

n

(x)

P
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0

; x

1
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Q
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P
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1
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1
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1
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:

üêÂÏ¥�

Q

n

(x

1

)� '(x

0
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1

)P

n�1

(x

1
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Ýþ¤�¢ ,Q
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n�1
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i
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0
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i
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); i = 2;3; : : : ;2n:
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´ª�¢ Ý�û��¡ ,��� À÷ø ¤ �
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�
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+
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'(x
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1
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:

À�û¢üõ Çþ�Þ÷ Âþ¥ �¤�¬�� ÛÆÜÆõ ý�ûÂÆî ¥� ù¢�Ôµ¨� �� �¤ �
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ñøÀ� ¯�Ö÷ ¤¢ �¤ f â��� ,§�Øãõ ��®�Ô� ñøÀ� ¥� ù¢�Ôµ¨� �� 13.3 ñ�·õ
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üµÈð¥�� �

b

Î��¤ ø À�û¢üõ ö�È÷ �(x

i

; x

i+1

; : : : ; x

i+k

) �¤�¬�� �¤ Û��Öµõ ��®�Ô� .℄11[À÷�Þ�

¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ö� �

b

±¨�½õ ý�Â�

�(x

i

) = f(x

i

);

�(x

i

; x

k

) =

x

i

� x

k

f(x

i

)� f(x

k

)

;

.

.

.

�(x

i

; x

i+1

; : : : ; x

i+k

) =

x

i

� x

i+k

�(x

i

; : : : ; x

i+k�1

)� �(x

i+1

; : : : ; x

i+k

)

+�(x

i+1

; : : : ; x

i+k�1

): (30.3)

Ýþ¤�¢ p = 1;2; : : : ý�Â� ù�Ú÷� ,�(x

0

; x

�1

) = 0 Ý��î ­Âê Âð� 12.3 �

b

�Ìì

'(x

0

; x

1

; : : : ; x

p

) = �(x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�2

):

ù�Ú÷� ,p = 1 Âð� .¢�ªüõ ��¹÷� p ýø¤ �ÂÖµ¨� �� ��±�� :ö�ûÂ�

'(x

0

; x

1

) = �(x

0

; x

1

)� 0 = �(x

0

; x

1

);

Ýþ¤�¢ ,' â��� ÓþÂã� Õ±Ï .Àª�� ¤�ÂìÂ� p ý�Â� ÝØ� À��î ­Âê .´¨� ¤�ÂìÂ� �È�Þû �î

'(x

0

; x

1

; : : : ; x

p+1

) =

x

p

� x

p+1

'(x

0

; : : : ; x

p

)� '(x

0

; : : : ; x

p�1

; x

p+1

)

: (31.3)
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´ª�÷ Âþ¥ �¤�¬�� �¤ ÂÆî ßþ� �Â¿õ ö���üõ ,ö��î�

'(x

0

; : : : ; x

p

)� '(x

0

; : : : ; x

p�1

; x

p+1

) = (�(x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�2

))

�(�(x

0

; : : : ; x

p�1

; x

p+1

)� �(x

0

; : : : ; x

p�2

)

= �(x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�1

; x

p+1

):

�� ,×�þ� .´¨� ùÀª �µª�÷ �ÂÖµ¨� ­Âê ¥� ù¢�Ôµ¨� �� ��� �

b

Î��¤ ýø�Æ� ßþÂ¡� �î ´¨� Âî£ ö�þ�ª

´ª�¢ Ý�û��¡ ,(31.3) �

b

Î��¤ ¤¢ Â�¡� �

b

Î��¤ ý¤�Áðý��

'(x

0

; x

1

; : : : ; x

p+1

) =

x

p

� x

p+1

�(x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�1

; x

p+1

)

:

Ýþ¤�¢ ,(30.3) �

b

Î��¤ ø �Î��¤ ßþ� �� ���� �� üóø

�(x

p+1

; x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�1

) =

x

p+1

� x

p

�(x

p+1

; x

0

; : : : ; x

p�1

)� �(x

0

; : : : ; x

p

)

=

x

p

� x

p+1

�(x

0

; : : : ; x

p

)� �(x

0

; : : : ; x

p�1

; x

p+1

)

= '(x

0

; x

1

; : : : ; x

p+1

):

Ýþ¤�¢ ,´¨� ö¤�Öµõ �(:) �Ø�þ� ¥� ,ö��î�

'(x

0

; x

1

; : : : ; x

p+1

) = �(x

0

; : : : ; x

p

; x

p+1

)� �(x

0

; : : : ; x

p�1

);

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î

.¢�¢ Çþ�Þ÷ Âþ¥ �¤�¬�� ö���üõ �¤ Û��Öµõ ��®�Ô� ñøÀ�

x

i

f(x

i

) �(:; :) �(:; :; :) �(:; :; :; :)

x

0

f(x

0

)

�(x

0

; x

1

)

x

1

f(x

1

) �(x

0

; x

1

; x

2

)

�(x

1

; x

2

) �(x

0

; x

1

; x

2

; x

3

)

x

2

f(x

2

) �(x

1

; x

2

; x

3

)

�(x

2

; x

3

)

x

3

f(x

3

)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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Ýþ¤�¢ ,ñøÀ� ßþ� Âþ¢�Öõ ¥� ù¢�Ôµ¨� ��

�

n;n

(x) = f

0

+ x� x

0

= �(x

0

; x

1

) + x� x

1

= �(x

0

; x

1

; x

2

)� �(x

0

)

+ � � �+ x� x

2n�1

=�(x

0

; : : : ; x

2n

)� �(x

0

; : : : ; x

2n�2

):

.À�þ�ðüõ Û�� ÛÆÜÆõ ÂÆî �¤ ÂÆî ßþ�

ñøÀ� ¯�Ö÷ ¤¢ �¤ f â��� Û��Öµõ ��®�Ô� ñøÀ� ¥� ù¢�Ôµ¨� �� 14.3 ñ�·õ

i 0 1 2 3

x

i

0 1 2 3

f(x

i

) 0 �1 �

2

3

9

.À��î ü���÷ø ¤¢

.´¨� Âþ¥ �¤�¬�� Û��Öµõ ��®�Ô� ñøÀ� ,��� ý�ûù¢�¢ ý�Â� :Û�

i x

i

f(x

i

) �(:; :) �(:; :; :) �(:; :; :; :)

0 0 0

�1

1 1 �1 �

1

2

3 �

1

2

2 2 �

2

3

�

19

14

3

29

3 3 9

À÷�ùÀª �±¨�½õ Âþ¥ �¤�¬�� ñøÀ� ßþ� Âþ¢�Öõ ¥� ü¡Â�

�(x

2

) = �

2

3

; �(x

2

; x

3

) =

x

2

� x

3

f(x

2

)� f(x

3

)

=

2� 3

�

2

3

� 9

=

3

29

;

�(x

1

; x

2

; x

3

) =

x

1

� x

3

�(x

1

; x

2

)� �(x

2

; x

3

)

+ �(x

2

) =

1� 3

3�

3

29

+ (�

2

3

) = �

19

14

;

�(x

0

; x

1

; x

2

; x

3

) =

x

0

� x

3

�(x

0

; x

1

; x

2

)� �(x

1

; x

2

; x

3

)

+ �(x

1

; x

2

) =

0� 3

�

1

2

+

19

14

+ 3 = �

1

2

:

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢

�

2;1

(x) = 0+x� 0=�1+x� 1= (�1=2)� 0+x� 2= (�1=2)� (�1) =

4x

2

� 9x

�2x+ 7

:

.Àû¢É�¿È� �¤ '(:) �� ´±Æ÷ �(:) ö¢��ö¤�Öµõ ´þ�õ À÷��µ� ùÀ�÷��¡ �î ¢ø¤üõ ¤�Ñµ÷�
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ü��·Ü·õ ü���÷ø ¤¢ 8.3

ü���÷ø ¤¢ ¥� â���� ßþ� ý�Â� .´Æ�÷ °¨��õ �ûý��ÜÞ�À�� ¥� ù¢�Ôµ¨� �� �ø��µõ â���� ü���÷ø ¤¢

ü�ãþ ,Àª�� T > 0 �ø��� ù

b

¤ø¢ �� ø �ø��µõ f â��� À��î ­Âê .¢�ªüõ ù¢�Ôµ¨� ü��·Ü·õ

f(t+ T ) = f(t); t 2 R:

.À�îüÞ÷ Ýî �ÜÿÆõ ´�Üî ¥� ­Âê ßþ� .T = 2� Ý��îüõ ­Âê Àã� �� �¹�þ� ¥�

ÛØª�� ü��·Ü·õ ý�ûý��ÜÞ�À�� �

b

Þû �

b

ä�Þ¹õ T

n

ý¤�¢Â� ý�Ìê ,n 2 N Âû ý�Â� 4.3 ÓþÂã�

q(t) =

n

X

k=0

a

k


os kt+

n

X

k=1

b

k

sin kt;

q 2 T

n

ý��ÜÞ�À�� .À�µÆû ÍÜµ¿õ �þ üÖ�Ö� ¢�Àä� ,b

n

,: : : ,b

1

ø a

n

,: : : ,a

0

ö� ¤¢ �î ,´¨�

.ja

n

j+ jb

n

j > 0 ù�ðÂû ,À�þ�ðüõ n �

b

�¤¢ ¥� �¤

.q

1

q

2

2 T

n

1

+n

2

ù�Ú÷� ,q

2

2 T

n

2

ø q

1

2 T

n

1

Âð� �î Àþ¢ ö���üõ üð¢�¨��

�µª�¢ [0;2�℄ ü�ø��� �

b

Ü¬�ê ¤¢ �þ�Þµõ �

b

Èþ¤ 2n ¥� Ç�� T

n

¤¢ ý��ÜÞ�À��×þ Âð� 13.3 �

b

�Ìì

.¢�� Àû��¡ ÂÔ¬ �� ñ¢�ãõ ù�Ú÷� ,Àª��

ø q 2 T

n

À��î ­Âê :ö�ûÂ�

q(t) =

a

0

2

+

n

X

k=1

(a

k


os kt+ b

k

sin kt) : (32.3)

ü��·Ü·õ ý�û�Î��¤ ý¤�Áðý�� ��


os kt =

e

ikt

+ e

�ikt

2

; sin kt =

e

ikt

� e

�ikt

2i

;

´ª�¢ Ý�û��¡ ,(32.3) �

b

Î��¤ ¤¢

q(t) =

a

0

2

+

n

X

k=1

�

1

2

(a

k

� ib

k

)e

ikt

+

1

2

(a

k

+ ib

k

)e

�ikt

�

:

ø b

0

= 0­Âê �� ,ö��î�




k

=

1

2

(a

k

� ib

k

); 


�k

=

1

2

(a

k

+ ib

k

); k = 0;1; : : : ; n;
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�¤�¬�� �¤ q(t) ö���üõ

q(t) =

n

X

k=�n




k

e

ikt

;

ø z = e

it

Ý�û¢ ¤�Âì Âð� .´ª�÷

p(z) =

n

X

k=�n




k

z

n+k

;

ù�Ú÷�

q(t) = z

�n

p(z):

[0;2�℄ �Ü¬�ê ¤¢ �þ�Þµõ �

b

Èþ¤ 2n ¥� Ç�� q 2 T

n

ü��·Ü·õ ý��ÜÞ�À�� �î À��î ­Âê ,×�þ�

ýø¤ �þ�Þµõ �

b

Èþ¤ 2n ¥� Ç�� ø ´¨� 2n �

b

�¤¢ ¥� ý��ÜÞ�À��×þ p ,�¤�¬ ßþ� ¤¢ .Àª�� �µª�¢

Ýþ¤�¢ ,�¹�µ÷¤¢ .¢¤�¢ À��ø ù

b

Âþ�¢

p(z) = 0;

2 .a

k

= b

k

= 0 ,k Âû ý�¥��� �î ¢�ªüõ �¹�µ÷ �¹�þ� ¥� ø 


k

= 0 ,k Âû ý�¥��� ü�ãþ ßþ� ø

¤¢ k = 1;2; : : : ; n ,s

k

(x) = sin kt ø k = 0;1; : : : ; n ,


k

(t) = 
os kt â���� 14.3 �

b

�Ìì

.À�µÆû üÎ¡ ÛÖµÆõ C[0;2�℄

À��î ­Âê :ö�ûÂ�

n

X

k=0

a

k


os kt+

n

X

k=1

b

k

sin kt = 0; 8t 2 [0;2�℄:

¥� Ç�� ,b

n

,: : : ,b

1

,a

n

,: : : ,a

0

°þ�Â® �� ü��·Ü·õ ý��ÜÞ�À��×þ �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.À�µÆû ÂÔ¬ �� Â��Â� °þ�Â® ßþ� �

b

Þû ,13.3 �

b

�Ìì Â���� ,�¹�µ÷¤¢ .¢¤�¢ [0;2�℄ ù

b

¥�� ¤¢ �Èþ¤ 2n

2

.À�û¢üõ Û�ØÈ� T

n

ý�Â� �þ�� ×þ �ûs

k

ø �û


k

�î Àû¢üõ ö�È÷ ��Ìì ßþ�

¤�ÀÖõ 2n + 1 ø t

0

; t

1

; : : : ; t

2n

2 [0;2�℄ ù

b

Àªù¢�¢ �þ�Þµõ �

b

ÎÖ÷ 2n + 1 ý�Â� 15.3 �

b

�Ìì

�î ý��÷�ð �� ´¨� ¢���õ q

n

2 T

n

ü��·Ü·õ ý��ÜÞ�À�� ×þ �ú�� ø ×þ ,y

0

; y

1

; : : : ; y

2n

2 R

q

n

(t

j

) = y

j

; j = 0;1; : : : ;2n:
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Ý�û¢üõ ¤�Âì :ö�ûÂ�

`

k

(t) =

2n

Y

i=0

i 6=k

sin

t� t

i

2

sin

t

k

� t

i

2

; k = 0;1; : : : ;2n;

ø

q

n

(t) =

2n

X

k=0

y

k

`

k

(t):

üê�î ,�¹�þ� ¤¢ .j = 0;1; : : : ;2n ,q

n

(t

j

) = y

j

,ßþ�Â���� ø `

k

(t

j

) = Æ

kj

Ýþ¤�¢ �î ´¨� ßªø¤

Ýþ¤�¢ .q

n

2 T

n

�î Ý�û¢ ö�È÷ ´¨�

sin

t� t

0

2

sin

t� t

1

2

=

1

2


os

t

1

� t

0

2

�

1

2


os(t�

t

1

+ t

0

2

);

ö¢�¢¤�Âì �� ø

a

0

=

1

2


os

t

1

� t

0

2

; a

1

= �

1

2


os

t

1

+ t

0

2

; b

1

= �

1

2

sin

t

1

+ t

0

2

;

�î Ý����üõ

s(t) := sin

t� t

0

2

sin

t� t

1

2

= a

0

+ a

1


os t+ b

1

sin t:

.´¨� ×þ �

b

�¤¢ ¥� ü��·Ü·õ ý��ÜÞ�À�� ×þ �¤�¬�� s(t) �¤�±ä �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

`

k

�

b

�¤¢ ,ßþ�Â���� ø ´¨� ×þ �

b

�¤¢ ¥� ü��·Ü·õ ý��ÜÞ�À�� n �Â®Û¬�� �¤�¬�� `

k

,üêÂÏ¥�

.´¨� n Â·î�À� ,q

n

�

b

�¤¢ �î Àû¢üõ ö�È÷ �¹�µ÷ ßþ� .´¨� n �� Â��Â�

Íþ�Âª ¤¢ �î À�µÆû ü��·Ü·õ ý��ÜÞ�À�� ø¢ q

n

ø p

n

À��î­Âê ,���� üþ�µØþ ö¢�¢ö�È÷ ý�Â�

�¤�¬ ßþ� ¤¢ .r � p

n

� q

n

Ý�û¢üõ ¤�Âì .À��îüõ ëÀ¬ ùÀªù¢�¢

r(t

j

) = p

n

(t

j

)� q

n

(t

j

) = y

j

� y

j

= 0; j = 0;1; : : : ;2n:

ßþ� �� .r � 0 Ýþ¤�¢ ,13.3 �

b

�Ìì Â���� ø ´¨� [a; b℄ ù

b

¥�� ¤¢ �þ�Þµõ �

b

Èþ¤ 2n + 1 ý�¤�¢ r ü�ãþ

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� ,°��Â�

�þ�Þµõ ¯�Ö÷

t

j

=

2�j

2n+ 1

; j = 0;1; : : : ;2n;

(i =

p

�1 �¹�þ� ¤¢) ù�Ú÷� ,k 6= 0 Âð� �î À��î ���� �Àµ�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

2n

X

j=0

e

ikt

j

=

2n

X

j=0

e

ijt

k

=

2n

X

j=0

(e

it

k

)

j

=

1� e

i(2n+1)t

k

1� e

it

k

=

1� e

2i�k

1� e

it

k

= 0;
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ù�Ú÷� ,k = 0 Âð� ø

2n

X

j=0

e

ikt

j

= 2n+ 1:

Ýþ¤�¢ ,ßþ�Â����

2n

X

j=0

e

ikt

j

=

(

2n+ 1; k = 0;

0; k = �1;�2; : : : ;�2n:

(33.3)

�¤�¬�� �µØþ ý��ÜÞ�À�� ×þ ñ�±÷¢ �� ,ö��î�

q

n

(t) =

n

X

k=�n




k

e

ikt

;

Íþ�Âª ¤¢ �î Ý�µÆû

q

n

(t

j

) = y

j

; j = 0;1; : : : ;2n;

�

b

ÜÿÆõ Û� �� ñ¢�ãõ �ÜÿÆõ ßþ� Û� .À�î ëÀ¬

n

X

k=�n




k

e

ikt

j

= y

j

; j = 0;1; : : : ;2n;

,(33.3) ¥� ù¢�Ôµ¨� �� ,�¤�¬ ßþ� ¤¢ .Àª�� ù�Úµ¨¢ ßþ� ���� 


k

°þ�Â® À��î ­Âê .´¨�

Ýþ¤�¢

2n

X

j=0

y

j

e

�imt

j

=

n

X

k=�n

0

�




k

2n

X

j=0

e

i(k�m)t

j

1

A

= (2n+ 1)


m

;

�¹�µ÷¤¢ ø




k

=

1

2n+ 1

2n

X

j=0

y

j

e

�ikt

j

; k = �n; : : : ; n: (34.3)

üêÂÏ¥�

n

X

k=�n




k

e

ikt

j

=

n

X

k=�n

0

�

1

2n+ 1

2n

X

p=0

y

p

e

�ikt

p

1

A

e

ikt

j

=

1

2n+ 1

2n

X

p=0

y

p

 

n

X

k=�n

e

ik(t

j

�t

p

)

!

=

1

2n+ 1

y

j

(2n+ 1) = y

j

:

.À�µÆû �ÜÿÆõ ý�µØþ ���� ,À÷�ùÀª ���¤� (34.3) ¤¢ �î üþ�û


k

,ßþ�Â����
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Û·õ �µØþ ý��ÜÞ�À�� ×þ 16.3 �

b

�Ìì

q

n

(t) =

a

0

2

+

n

X

k=1

(a

k


os kt+ b

k

sin kt); (35.3)

�îö��� ¢¤�¢ ¢��ø

q

n

(

2�j

2n+ 1

) = y

j

; j = 0; : : : ;2n:

¢�ªüõ �±¨�½õ Âþ¥ �¤�¬�� ý��ÜÞ�À�� ßþ� °þ�Â® ,ùø�ä��

a

k

=

2

2n+ 1

2n

X

j=0

y

j


os

2�jk

2n+ 1

; k = 0; : : : ; n;

b

k

=

2

2n+ 1

2n

X

j=0

y

j

sin

2�jk

2n+ 1

; k = 1; : : : ; n:

�¤�¬�� ö���üõ �¤ q

n

(t) ü��·Ü·õ ý��ÜÞ�À�� ,13.3 �

b

�Ìì �� ���� �� :ö�ûÂ�

q

n

(t) =

n

X

k=�n




k

e

ikt

;

ö� ¤¢ �î ¢�¢ Çþ�Þ÷




k

=

1

2

(a

k

� ib

k

); 


�k

=

1

2

(a

k

+ ib

k

):

�î Àþ�üõ ´¨¢�� �¹�µ÷ ßþ� �¹�þ� ¥�

a

k

= 


k

+ 


�k

; b

k

=

1

i

(


�k

� 


k

):

´ª�¢ Ý�û��¡ (34.3) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,ßþ�Â����

a

k

=

1

2n+ 1

2n

X

j=0

y

j

(e

�ikt

j

+ e

ikt

j

) =

1

2n+ 1

2n

X

j=0

(y

j

� 2 
os kt

j

)

=

2

2n+ 1

2n

X

j=0

y

j


os

2�jk

2n+ 1

;

ø

b

k

=

1

i

�

1

2n+ 1

2n

X

j=0

y

j

(e

ikt

j

� e

�ikt

j

) =

2

2n+ 1

2n

X

j=0

y

j

sin

2�jk

2n+ 1

;

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î
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ý��ÜÞ�À��×þ .´¨� ùÀª ù¢¤ø� Âþ¥ ñøÀ� ¤¢ f(t) = sin t+
os

3

t â��� ¥� ¤�ÀÖõ ¸�� 15.3 ñ�·õ

.j = 0;1; : : : ;4 ,q

2

(t

j

) = f(t

j

) =: y

j

�î ý¤�Ï�� À����� q

2

Û·õ ø¢ �

b

�¤¢ ¥� ü��·Ü·õ

j 0 1 2 3 4

t

j

0

2�

5

4�

5

6�

5

8�

5

y

j

= f(t

j

) 1 0:981 0:058 �1:117 �0:922

Ýþ¤�¢ ,16.3 �

b

�Ìì ¥� ù¢�Ôµ¨� �� :Û�

a

0

=

2

5

4

X

j=0

y

j

= 0;

a

1

=

2

5

4

X

j=0

y

j


os

2�j

5

= 0:75;

a

2

=

2

5

4

X

j=0

y

j


os

4�j

5

= 0:25;

b

1

=

2

5

4

X

j=0

y

j

sin

2�j

5

= 1;

b

2

=

2

5

4

X

j=0

y

j

sin

4�j

5

= 0:

ßþ�Â����

q

2

(t) = 0:75 
os t+ 0:25 
os2t+ sin t:

.´¨� ùÀª Ý¨¤ [0;2�℄ ù

b

¥�� ¤¢ f â��� ù�ÂÞû �� q

2

ü��·Ü·õ ý��ÜÞ�À�� ¤�¢�Þ÷ ,4.3 ÛØª ¤¢

.´¨� f â��� ý�Â� °¨��õ °þÂÖ� ×þ q

2

ý��ÜÞ�À�� ,Ý����üõ �î �÷�ðö�Þû

Û·õ �µØþ ý��ÜÞ�À�� ×þ 17.3 �

b

�Ìì

q

n

(t) =

a

0

2

+

n�1

X

k=1

(a

k


os kt+ b

k

sin kt) +

a

n

2


osnt;

�î ý¤�Ï�� ¢¤�¢ ¢��ø

q

n

(

�j

n

) = y

j

; j = 0; : : : ;2n� 1:
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0 1 2 3 4 5 6

t

-1.5

-1

-0.5

0

0.5

1

1.5

f(t)

q
2
(t)

.15.3 ñ�·õ ¤¢ f ø q

2

¤�¢�Þ÷ :4.3 ÛØª

Àþ�üõ ´¨¢�� Âþ¥ ý�û�Î��¤ ¥� ý��ÜÞ�À�� ßþ� °þ�Â® ,ùø�ä��

a

k

=

1

n

2n�1

X

j=0

y

j


os

�jk

n

; k = 0; : : : ; n;

b

k

=

1

n

2n�1

X

j=0

y

j

sin

�jk

n

; k = 1; : : : ; n� 1:

2 .¢�ªüõ ¤�Áð�ø ùÀ�÷��¡ �� ø ´¨� 16.3 �

b

�Ìì ��±�� À�÷�Þû ��Ìì ßþ� ��±�� :ö�ûÂ�

ùÂ�çµõÀ�� â���� ü���÷ø ¤¢ 9.3

¤¢ j = 0;1; : : : ;m ,i = 0;1; : : : ; n ,(x

i

; y

i

) �þ�Þµõ �

b

ÎÖ÷ (n + 1) � (m + 1) À��î ­Âê

Û·õ ý��ÜÞ�À�� ×þ Ý�û��¡üõ .À�ª�� ùÀª ù¢�¢ ¯�Ö÷ ßþ� ¤¢ f ù

b

Â�çµõø¢ â��� Âþ¢�Öõ ø R � R

�î ý¤�Ï�� Ý����� ,´¨� m ø n°��Â��� y ø x �� ´±Æ÷ ö� �

b

�¤¢ �î P (x; y)

P (x

i

; y

i

) = f(x

i

; y

i

); i = 0;1; : : : ; n; j = 0;1; : : : ;m:

Ý�û¢üõ ¤�Âì ,¤�î ßþ� ý�Â�

L

i

(x) =

n

Y

k=0

k 6=i

x� x

k

x

i

� x

k

; i = 0;1; : : : ; n;
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L

j

(y) =

m

Y

k=0

k 6=j

y � y

k

y

j

� y

k

; j = 0;1; : : : ;m:

�î ´¨� ßªø¤

L

i

(x

k

)L

j

(y

l

) = Æ

ik

Æ

jl

=

(

1; i = k; j = l;

0; otherwise:

Ý��îüõ ÓþÂã� ,ö��î�

P (x; y) =

n

X

i=0

m

X

j=0

f(x

i

; y

j

)L

i

(x)L

j

(y):

¤¢ ,ùø�ä�� ø ´¨� m ø n �� Â��Â� °��Â��� y ø x �� ´±Æ÷ P ý��ÜÞ�À�� �

b

�¤¢ �î ´¨� ¼®�ø

ý��ÜÞ�À�� Q À��î ­Âê �Âþ¥ ;´¨� �µØþ ý��ÜÞ�À�� ßþ� .À�îüõ ëÀ¬ ��÷ ü���÷ø ¤¢ ¯Âª

ÓþÂã� R = P �Q �¤�¬�� �¤ R â��� .À�î ü���÷ø ¤¢ ùÀªù¢�¢ ¯�Ö÷ ¤¢ �¤ f â��� �î Àª�� ýÂÚþ¢

Ýþ¤�¢ .Ý��îüõ

R(x

r

; y

s

) = P (x

r

; y

s

)�Q(x

r

; y

s

)

= f(x

r

; y

s

)� f(x

r

; y

s

) = 0; r = 0;1; : : : ;m; s = 0;1; : : : ; n:

À��î ­Âê ,ö��î�

R(x; y) =

n

X

i=0

m

X

j=0

�

ij

x

i

y

j

:

Ýþ¤�¢ ,0 � s � m ø 0 � r � n Âû ý�¥���

0 = R(x

r

; y

s

) =

n

X

i=0

m

X

j=0

�

ij

x

i

r

y

j

s

=

n

X

i=0

x

i

r

0

�

m

X

j=0

�

ij

y

j

s

1

A

| {z }

:=�

i

=

n

X

i=0

�

i

x

i

r

:

,x

r

�þ�Þµõ �

b

Èþ¤ (n + 1) ý�¤�¢ h(t) =

n

X

i=0

�

i

x

i

ý��ÜÞ�À�� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

ÂÚõ ,(´¨� n Â·î�À� ý��ÜÞ�À�� �

b

�¤¢ �î À��î ����) ´¨� ßØÞõ�÷ �î ´¨� r = 0;1; : : : ; n

ßþ�Â���� .h � 0 �Ø�þ�

0 = �

i

=

m

X

j=0

�

ij

y

j

s

; i = 0;1; : : : ; n:
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�

b

Èþ¤ (m + 1) ý�¤�¢ g

i

(t) =

m

X

j=0

�

ij

y

j

ý��ÜÞ�À�� ,i Âû ý�¥��� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.j = 0;1; : : : ;m ,�

ij

= 0 �Ø�þ� ÂÚõ ,´¨� ßØÞõ�÷ �î ´¨� s = 0;1; : : : ;m ,y

s

�þ�Þµõ

ßþ�Â����

�

ij

= 0; i = 0;1; : : : ; n; j = 0;1; : : : ;m:

2 .Àû¢üõ �¹�µ÷ �¤ üþ�µØþ �î ,R � 0 Ýþ¤�¢ ,ø ¤ßþ�¥�

.¢�¢ Ý�Þã� ��÷ ùÂ�çµõÀ�� â���� ý�Â� ö���üõ �¤ ��� À÷ø ¤

ý��ÜÞ�À�� .´¨� ùÀª ù¢�¢ Âþ¥ ñøÀ� ¤¢ �ÎÖ÷ Çª ¤¢ f ù

b

Â�çµõø¢ â��� Âþ¢�Öõ 16.3 ñ�·õ

.À�Æþ��� ¯�Ö÷ ßþ� ¤¢ �¤ â��� ���÷ø ¤¢

y

0

= 0 y

1

= 2

x

0

= 0 f(x

0

; y

0

) = 2 f(x

0

; y

1

) = �1

x

1

= 1 f(x

1

; y

0

) = 1 f(x

1

; y

1

) = 3

x

2

= 2 f(x

1

; y

0

) = 2 f(x

2

; y

1

) = 1

Ýþ¤�¢ :Û�

L

0

(x) =

(x� 1)(x � 2)

(0� 1)(0� 2)

=

1

2

(x� 1)(x � 2);

L

1

(x) =

(x� 0)(x � 2)

(1� 0)(1� 2)

= �x(x� 2);

L

2

(x) =

(x� 0)(x � 1)

(2� 0)(2� 1)

=

1

2

x(x� 1);

L

0

(y) =

y � 2

0� 2

= �

1

2

(y � 2);

L

1

(y) =

y � 0

2� 0

=

1

2

y:

�¤�¬�� ùÀªù¢�¢ ¯�Ö÷ ¤¢ â��� ���÷ø ¤¢ ý��ÜÞ�À�� ,ßþ�Â����

p(x; y) = 2L

0

(x)L

0

(y)� L

0

(x)L

1

(y) + L

1

(x)L

0

(y) + 3L

1

(x)L

1

(y)

+2L

2

(x)L

0

(y) + L

2

(x)L

1

(y)

=

9

2

xy �

3

2

y � 2x� 2x

2

y + x

2

+ 2;

.´¨�

ßþ�³¨� â���� ×Þî �� ü���÷ø ¤¢ 10.3

.´¨� [a; b℄ ¥� ¥�Âê� ×þ � : a = x

0

< x

1

< � � � < x

n

= b À��î ­Âê
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:´¨� Âþ¥ «��¡ �� üÖ�Ö� â��� ×þ ,[a; b℄ ù

b

¥�� ýø¤ k �

b

�¤¢ ¥� S

�

ßþ�³¨�×þ 5.3 ÓþÂã�

k �

b

�¤¢ ¥� Â·î�À� ý��ÜÞ�À�� ×þ ,i = 0; : : : ; n � 1 ,[x

i

; x

i+1

℄ ù

b

¥��Âþ¥ Âû ¤¢ S

�

(Óó�)

;´¨�

[a; b℄ ù

b

¥�� ¤¢ k � 1 �

b

±�Âõ �� ö� ��ÖµÈõ ø S

�

â��� ,ÂÚþ¢ �¤�±ä �� .S

�

2 C

k�1

[a; b℄ (�)

.À�µÆû �µ¨���

�¤ S

�

(Y ; :) ,�¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Y = fy

0

; y

1

; : : : ; y

n

g ¯�Ö÷ �

b

ä�Þ¹õ ,×�þ�

ù�ðÂû ,Ý�þ�ðüõ ���÷ø ¤¢ ßþ�³¨� â���

S

�

(Y ;x

i

) = y

i

; i = 0;1; : : : ; n:

â��� 17.3 ñ�·õ

S

�

(x) =

(

2x

3

� x

2

; x 2 [0;1);

6x

3

� 13x

2

+ 12x� 4; x 2 [1;2℄;

,üêÂÏ¥� .´¨� �µ¨��� [0;2℄ ù

b

¥�� ¤¢ â��� ßþ� �Âþ¥ ;´¨� [0;2℄ ýø¤ 3 �

b

�¤¢ ßþ�³¨� â��� ×þ

Ýþ¤�¢

S

0

�

(x) =

(

6x

2

� 2x; x 2 [0;1);

18x

2

� 26x+ 12; x 2 [1;2℄:

¤¢ S

0

�

�î ÝþÂ�ðüõ �¹�µ÷ , lim

x!1

+

S

0

�

(x) = lim

x!1

�

S

0

�

(x) = S

0

�

(1) = 4 �Ø�þ� �� ���� �� ,ö��î�

Ýþ¤�¢ ,ß��»Þû .´¨� �µ¨��� [0;2℄ ù

b

¥��

S

00

�

(x) =

(

12x � 2; x 2 [0;1);

36x� 26; x 2 [1;2℄;

�¹�µ÷ �¤ [0;2℄ ù

b

¥�� ¤¢ S

00

�

â��� üÚµ¨��� �î , lim

x!1

+

S

00

�

(x) = lim

x!1

�

S

00

�

(x) = S

00

�

(1) = 10 ø

.´¨� 3 �

b

�¤¢ ßþ�³¨� â��� ×þ S

�

,ßþ�Â���� .Àû¢üõ

¥� á�÷ ßþ� ýø¤ �õ�¢� ¤¢ ,ßþ�Â���� .´¨� ü±ãØõ ßþ�³¨� â��� ,ßþ�³¨� â��� ßþÂ�ñø�Àµõ

ù

b

¥�� ýø¤ S

�

Û·õ ü±ãØõ ßþ�³¨�â��� ×þ ,5.3 ÓþÂã� �� ���� �� .Ýþ�ªüõ �îÂÞµõ ßþ�³¨�

,S

�

�î ý¤�Ï�� ´¨� 3 Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À��×þ ù¥��Âþ¥ Âû ýø¤ �î ´¨� üã��� ,[a; b℄

.À�µÆû �µ¨��� üûÂð ¯�Ö÷ ¤¢ S

00

�

ø S

0

�

Íþ�Âª ¤¢ �î S

�

(Y ; :) ���÷ø ¤¢ ü±ãØõ ßþ�³¨� â��� ×þ ,üÜî ´ó�� ¤¢ �î À��î ����

S

�

(Y ;x

i

) = y

i

; i = 0;1; : : : ; n;
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,ßþ�Â���� ø ´¨� ��Üãõ�÷ °þÂ® ¤�ú� ý�¤�¢ �¨ �

b

�¤¢ ý��ÜÞ�À�� Âû .´Æ�÷ �µØþ ,À�î ëÀ¬

�Ø�þ� Û�ó¢�� .¢�ª ß��ã� Àþ�� ��Üãõ�÷ °þÂ® 4n ,���÷ø ¤¢ ü±ãØõ ßþ�³¨� â��� ×þ ß��ã� ý�Â�

Ýþ¤�¢ [x

i

; x

i+1

℄ ù

b

¥�� ¤¢

S

�

(Y ;x

i

) = y

i

; S

�

(Y ;x

i+1

) = y

i+1

; i = 0;1; : : : ; n� 1;

üûÂð ¯�Ö÷ ¤¢ �ø¢ ø ñø� �

b

±�Âõ ��ÖµÈõ �Ø�þ� �� ���� �� .¢¤ø� Ý�û��¡ ´¨¢�� �ó¢�ãõ 2n ¢�Àã���

Â��Â� ��¢�ãõ Ûî ¢�Àã� ,ßþ�Â���� .´ª�¢ Ý�û��¡ ÂÚþ¢ �

b

ó¢�ãõ 2(n � 1) ¢�Àã� �� ,À�µÆû �µ¨���

Ý�û��¡ ¥��÷ ÂÚþ¢ �

b

ó¢�ãõ ø¢ �� ,��Üãõ�÷ °þÂ® 4n ß��ã� ý�Â� ,ø ¤ßþ�¥� .¢�� Àû��¡ 4n � 2 ��

ý�Â� .À�îüÞ÷ À�ó�� üê�®� ´þ¢øÀ½õ ßþ�³¨� üÚµ¨��� �î ´¨� ý¤øÂ® �µØ÷ ßþ� Âî£ .´ª�¢

¢�ªüõ ñ�Þä� Âþ¥ Íþ�Âª ¥� üØþ �

f

�Þãõ ÂÚþ¢ �

b

ó¢�ãõ ø¢

;(üã�±Ï ßþ�³¨� ) S

00

�

(Y; a) = S

00

�

(Y; b) = 0 (Óó�)

;(�ø��µõ ßþ�³¨� ) k = 0;1;2 ,S

(k)

�

(Y; a) = S

(k)

�

(Y; b) (�)

ßþ�³¨� ) À�µÆû ùÀªù¢�¢ Âþ¢�Öõ y

0

n

ø y

0

0

ö� ¤¢ �î ,S

0

�

(Y; b) = y

0

n

ø S

0

�

(Y; a) = y

0

0

(�)

.(À�Öõ

;y

0

= y

n

�î ¢�ªüõ ¤�ÂìÂ� ü÷�õ¥ �ú�� (�) ¤¢ S

�

(Y; a) = S

�

(Y; b) ¯Âª �î À��î ����

â��� ,��� Íþ�Âª ¥� ��ÀîÂû ´½� �î Àþ¢ Ý�û��¡ .¢�� Àû��¿÷ ¢���õ S

�

,�¤�¬ ßþ� Â�è ¤¢ �Âþ¥

.¢�� Àû��¡ �µØþ ü±ãØõ ���÷ø ¤¢ ßþ�³¨�

ý�Â� ù�ðÂû ,Ý�þ�ðüõ �µ¨��� �

f

ÖÜÎõ [a; b℄ ù

b

¥�� Â� �¤ f : [a; b℄ ! R üÖ�Ö� â��� 6.3 ÓþÂã�

,[a

i

; b

i

℄ ý�ûù¥�� ¥� üû��µõ �

b

ä�Þ¹õ Âû ý�Â� �î ý¤�Ï�� ,Àª�� ¢���õ Æ > 0 ×þ ,� > 0 Âû

¯Âª ¤¢ �î i = 1;2; : : : ; n

a � a
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2
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2

< � � � < a
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.

n
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i
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i
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n
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i

� a

i
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b
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b
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1
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2

)j � �jx

1

� x

2
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2
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�

f
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f
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f

±þÂÖ� ,f
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Z

x

a

f

0

(t)dt; 8x 2 [a; b℄:
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�

b

±¨�½õ ý�Â� Ǳ����Ǳ�� ýÂ�ðñ�ÂÚµ÷� ù

b

Àä�ì ¥� ù�Ú÷� ,À�ª�� �µ¨��� �

f
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a
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ä�Þ¹õ 7.3 ÓþÂã�
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dx
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b
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m
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f
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m
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b
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b

ä�Þ¹õ

f
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m

p

[a; b℄ �� �¤

ù�Ú÷� ,Àª�� ���÷ø ¤¢ ü±ãØõ ßþ�³¨� â��� ×þ S

�
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.S

�

(Y ; :) 2 K

3

p
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3

[a; b℄
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2
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kfk
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Z
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a
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2

dx:
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0

< x

1

< � � � < x
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(f(x) � S

�

(x))S

000

�

(x)

�

�

�

x

�

i

x

+

i�1

#

:

ö�ÆØþ ýÀã� ù
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.´¨� ùÀª ù¢�Ôµ¨� S

�

�

�

x

i

�

x

+

i�1

¢�Þ÷ ¥� ,ßþ�Â���� .´Æ�÷
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�
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�
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b

¥�� ¤¢ S
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0

�
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0
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�

� 0 Ýþ¤�¢ ,[x

i�1
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℄ ù

b

¥��Âþ¥ Âû ¤¢
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i=1
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�
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�
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�
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:

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� ,°��Â� ßþ� ��

×þ � = fa = x

0

< x

1

< � � � < x

n

= bg À��î ­Âê (�Â÷ ÝÞ���õ ´�¬�¡) 19.3 �

b

�Ìì

ý¤�Ï�� ,À�ª�� ùÀª ù¢�¢ f 2 K

2

[a; b℄ â��� ø Y = fy

0

; y

1

; : : : ; y

n

g Âþ¢�Öõ ø Àª�� [a; b℄ ¥� ¥�Âê�

Íþ�Âª ¥� üØþ Âð� ,�¤�¬ ßþ� ¤¢ .i = 0;1; : : : ; n ,f(x

i

) = y

i

�î

;S

00

�

(Y; a) = S

00

�

(Y; b) = 0 (Óó�)

;Àª�� �ø��µõ S

�

(Y ; :) ø f 2 K

2

p

[a; b℄ (�)

;S

0

�

(Y; b) = f

0

(b) ø S

0

�

(Y; a) = f

0

(a) (�)

Â�Õ�ì¢ ¤�Ï�� �þ ,kfk

2

� kS

�

(Y ; :)k

2

ù�Ú÷� ,Àª�� ¤�ÂìÂ�

kf � S

�

(Y ; :)k

2

= kfk

2

� kS

�

(Y ; :)k

2

� 0: (36.3)

.¢�ªüõ ß��ã� �µØþ ¤�Ï�� S

�

(Y ; :) â��� (�) ø (�) ,(Óó�) ý�û´ó�� ¥� ×þÂû ¤¢ ,ùø�ä��



109 ü���÷ø ¤¢ .3 ÛÊê

Ýþ¤�¢ ,(�) ø (�) ,(Óó�) ´ó�� �¨ ¥� ×þÂû ¤¢ :ö�ûÂ�

f(x

+

i�1

)� S

�

(Y ;x

+

i�1

) = 0;

f(x

�

i

)� S

�

(Y ;x

�

i

) = 0:

´ª�¢ Ý�û��¡ ,´ó�� �¨ ßþ� ¥� ×þÂû ¤¢ ,ßþ�Â����

g := (f

0

(x)� S

0

�

(Y ;x))S
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�

(Y ;x)

�

�

�

b

a

�

n

X

i=1

(f(x)� S

�

(Y ;x))S
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�
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�

�

�

x

�

i
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+

i�1
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(x) � S

0

�
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�
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�

�

�

b

a

= (f

0

(b)� S

0

�

(Y ; b))S

00

�

(Y ; b)� (f

0

(a)� S

0

�

(Y ; a))S
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�

(Y ; a):

.g = 0 Ýþ¤�¢ ,´ó�� ßþ� ¤¢ ,ßþ�Â���� .S

00

�

(Y ; a) = S

00

�

(Y ; b) = 0 Ýþ¤�¢ ,(Óó�) ´ó�� ¤¢

ø f(a) = f(b)´ª�¢ Ý�û��¡ ,f 2 K

2

p

[a; b℄ �Ø�þ� ¥� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ (�) ´ó�� ,ö��î�

ø S

0

�

(Y ; a) = S

0

�

(Y ; b) �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� �ø��µõ S

�

�Ø�þ� �� ���� �� .f

0

(a) = f

0

(b)

.g = 0 �î ´¨� ßªø¤ ,�û�Î��¤ ßþ� ¥� ù¢�Ôµ¨� �� .S

00

�

(Y ; a) = S

00

�

(Y ; b)

´ó�� �¨ ¥� ×þÂû ¤¢ 18.3 �

b

�Ìì ¥� ù¢�Ôµ¨� �� ,ö��î� .g = 0 �î ´¨�À�� ,(�) ´ó�� ¤¢

.¢�ªüõ �¹�µ÷ (36.3) �

b

Î��¤ ,(�) ø (�) ,(Óó�)

�

b

Î��¤ ¤¢ .Àª�� ýÂÚþ¢ ü±ãØõ ���÷ø ¤¢ ßþ�³¨� â���

�

S

�

(Y ; :) À��î­Âê ,üþ�µØþ ��±�� ý�Â�

Ý�û¢üõ ¤�Âì �¤

�

S

�

(Y ; :) â��� ,f ý���� (36.3)

k

�

S

�

(Y ; :)� S

�

(Y ; :)k

2

= k

�

S

�

(Y ; :)k

2

� kS

�

(Y ; :)k

2

� 0: (37.3)

´ª�¢ Ý�û��¡ ,

�

S

�

ø S

�

ÇÖ÷ Ëþ�ã� ��

kS

�

(Y ; :)�

�

S
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(Y ; :)k

2

= kS

�

(Y ; :)k

2

� k

�

S

�

(Y ; :)k

2

� 0:

´ª�¢ Ý�û��¡ ,(37.3) �

b

Î��¤ ø �Î��¤ ßþ� ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢
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�

(Y ; :)�

�

S

�

(Y ; :)k
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=

Z

b

a

�

�

S

00
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S
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�
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�

�
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,x 2 [a; b℄ Âû ý�¥��� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

�

S
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�

(Y ;x)� S
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�

(Y ;x) = 0 =)

�

S

�
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�
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x+ d:
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Ýþ¤�¢ ,

�

S

�
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�
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�

S

�

(Y ; a) = S

�
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���÷ø ¤¢ ü±ãØõ ßþ�³¨� �
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±¨�½õ 11.3
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0

< x

1

< � � � < x
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�� ���� �� ,ßþ�Â����
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+
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+
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6
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+
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=
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(42.3)

­Âê �� ,ßþ�Â���� .j = 1;2; : : : ; n� 1 ö� ¤¢ �î
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=
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h

j

�

;

j = 1;2; : : : ; n� 1;

´ª�÷ Âþ¥ �¤�¬�� ö���üõ �¤ (42.3) ù�Úµ¨¢

�

j

M
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+ 2M

j
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j

M
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= d

j

; j = 1;2; : : : ; n� 1; (43.3)
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ù

b

¥��Âþ¥ Âû ¤¢ S

�

(Y ; :) ,�ú÷� ¥� ù¢�Ôµ¨� �� Å³¨ ø �ûM

j

,ù�Úµ¨¢ ßþ� Û� �� .¢�ªüõ �µª�÷
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℄
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,ö� ¥� ù¢�Ôµ¨� �� ø ,M
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h

n

6

M

n�1

+

h

n

+ h

1

3

M

n

+

h

1

6

M

1

=

y

1

� y

n

h

1

�

y

n

� y

n�1

h

n

;

�þ

h

n

h

1

+ h

n

M

n�1

+ 2M

n

+

h

1

h

1

+ h

n

M

1

=

6

h

1

+ h

n

�

y

1

� y

n

h

1

�

y

n

� y

n�1

h

n

�

:

ö¢�¢¤�Âì �� �ó¢�ãõ ßþ�

8

>

>

>

<

>

>

>

:

�

n

=

h

n

h

1

+ h

n

; �

n

=

h

1

h

1

+ h

n

;

d

n

=
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= d
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ø (45.3) ,(43.3) ý�û�Î��¤ ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� .�
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+ �
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= 1 ö� ¤¢ �î ¢�� Àû��¡
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­Âê �� �ó¢�ãõ ßþ�
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.´¨� �ûy
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ÅþÂ��õ 9.3 ÓþÂã�
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.´¨� ¢ÂÔ�õ�÷ ù�Ú÷� ,Àª�� À�î� ýÂÎì °ó�è AÅþÂ��õ Âð� 20.3 �
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�î ý¤�Ï�� À����� 3 Â·î�À� �

b

�¤¢ ¥� P Û·õ ý��ÜÞ�À��×þ (7.3

P (0) = 0; P

0

(0) = 5; P

00

(0) = 0;

P (1) = 6:

ö�Âî ×þ ù�Ú÷� ,E(x) = f(x)�P (x) ø À�î ëÀ¬ ��� Íþ�Âª ¤¢ �î Àª�� ù��¿ó¢ â��� ×þ f Âð�

¥� ß�Ø� ý��ÜÞ�À�� ×þ f â��� �î ü�¤�¬ ¤¢ .Àþ¤ø� ´¨¢�� [0;1℄ ù

b

¥�� ¤¢ jE(x)j ý�Â� ���

.À��î �±¨�½õ �¤ x =

1

2

¤¢ �Î¡ Õ�ì¢ ¤�ÀÖõ ,Àª�� 4 �

b

�¤¢

ø ×þ �î À�û¢ ö�È÷ .´¨� ùÀªù¢�¢ R ¤¢ y

2

ø y

0

1

,y

1

,y

0

Âþ¢�Öõ ø x

2

ø x

1

,x

0

�

b

ÎÖ÷ �¨ (8.3

�î ý¤�Ï�� ¢¤�¢ ¢��ø 3 Â·î�À� �

b

�¤¢ ¥� P Û·õ ý��ÜÞ�À��×þ �ú��

P (x

0

) = y

0

;

P (x

1

) = y

1

; P

0

(x

1

) = y

0

1

;

P (x

2

) = y

2

:

�î Àª�� üã��� f Âð�

f(x

i

) = y

i

; i = 1;2;3;

f

0

(x

1

) = y

0

1

;

.Àþ¤ø� ´¨¢�� �¤ E(x) = f(x)� P (x) ý�Î¡ �¤�±ä ù�Ú÷�

¯�Ö÷ ¤¢ �¤ f â��� �î À����� �þ�ð ý��ÜÞ�À�� ×þ ,§�Øãõ ��®�Ô� ñøÀ� ¥� ù¢�Ôµ¨� �� (9.3

.À�î ü���÷ø ¤¢ Âþ¥ ñøÀ� ¤¢ ùÀªù¢�¢

x

i

0 1 2 4

f(x

i

) 1

3

4

�1 �27

À����� �þ�ð ý��ÜÞ�À��×þ ,(Û�� ÛÆÜÆõ ý�ûÂÆî) Û��Öµõ ��®�Ô� ñøÀ� ¥� ù¢�Ôµ¨� �� (10.3

.À�î ü���÷ø ¤¢ Âþ¥ ñøÀ� ¤¢ ùÀªù¢�¢ ¯�Ö÷ ¤¢ �¤ f â��� �î

x

i

0 1 2 3

f(x

i

) 0 1 5 21

ý��ÜÞ�À�� ×þ .´¨� ùÀªù¢�¢ Âþ¥ ñøÀ� ¤¢ f(t) = sin t+ 
os

3

t â��� ¥� ¤�ÀÖõ ¤�ú� (11.3

.j = 0;1; : : : ;3 ,q

2

(t

j

) = y

j

�î ý¤�Ï�� À����� q

2

Û·õ ø¢ �

b

�¤¢ ¥� ü��·Ü·õ

j 0 1 2 3

t

j

0

�

2

�

3�

2

y

j

= f(t

j

) 1 1 �1 �1
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.´¨� üã�±Ï ü±ãØõ ßþ�³¨� ×þ Âþ¥ â��� �î À�û¢ ö�È÷ (12.3

S(x) =

8

>

>

<

>

>

:

2(x + 1) + (x + 1)

3

; x 2 [�1;0℄;

3+ 5x+ 3x

2

; x 2 [0;1℄;

11+ 11(x � 1) + 3(x� 1)

2

� (x � 1)

3

; x 2 [1;2℄:

�ø��µõ ü±ãØõ ßþ�³¨� ��¢�ãõ ,´¨� ùÀªù¢�¢ Âþ¥ ñøÀ� ¤¢ �î f â��� Âþ¢�Öõ ¥� ù¢�Ôµ¨� �� (13.3

.Àþ¤ø� ´¨¢�� �¤ 1 ø 0 ,�1 ý�ûùÂð �� ÂÒ��µõ ø [�1;1℄ ù

b

¥�� Â�

x

i

�1 0 1

f(x

i

) 1 2 1

ø À�ª�� ÂÚþÀØþ ¥� h �

b

Ü¬�ê �� ø �Ü¬�Ôó�ýø�Æµõ x

0

< x

1

< : : : < x

n

¯�Ö÷ À��î ­Âê (14.3

¯Âª �� �ø¢ �

b

�¤¢ ßþ�³¨� ×þ S

�

(Y ;x) À��î ­Âê ,ß��»Þû .Y = fy

0

; y

1

; : : : ; y

n

g

S

�

(Y ;x

i

) = y

i

; i = 0;1; : : : ; n;

ßþ�³¨� ×þ ß��ã� ý�Â� ,�ø¢ �

b

�¤¢ ßþ�³¨� ×þ ÓþÂã� �� ���� �� �î À�û¢ ö�È÷ ,´Æ¿÷ .Àª��

S

0

�

(Y ;x

0

) = �¤�¬�� �¤ üê�®� ¯Âª ßþ� ,�ø¢ .´¨� üê�®� ¯Âª ×þ �� ¥��÷ �µØþ �ø¢ �

b

�¤¢

,ùÀªù¢�¢ üê�®� ¯Âª �� �þ� .Àþ¤ø� ´¨¢�� �¤ ÂÒ��µõ �ø¢ �

b

�¤¢ ßþ�³¨� ø ÀþÂ�Ú� S

0

�

(Y ;x

1

)

?�Â� ?¢�ªüõ ß��ã� �µØþ ¤�Ï�� ßþ�³¨� ßþ�

�ûm

j

°Æ�Â� ù¥��Âþ¥ Âû ¤¢ �¤ S

�

ø j = 0;1; : : : ; n ,m

j

= S

0

�

(Y ;x

j

) À��î ­Âê :üþ�Þ�û�¤

.À�Æþ��� �ûm

j

ß��ã� ý�Â� üÎ¡ ��¢�ãõ ù�Úµ¨¢ ×þ Å³¨ ø �µª�÷

�¤�¬�� �¤ S(x) â��� (15.3

S(x) =

(

3+ x� 9x

3

; x 2 [0;1);

a+ b(x� 1) + 
(x� 1)

2

+ d(x � 1)

3

; x 2 [1;2℄;

ý�ûùÂð �� üã�±Ï ü±ãØõ ßþ�³¨�×þ S(x) �î À��î ß��ã� ý¤�Ï �¤ 
 ø b ,a Âþ¢�Öõ .ÀþÂ�Ú� ÂÑ÷¤¢

.Àª�� 2 ø 1 ,0

ø Àª�� [0;2℄ ù

b

¥�� ýø¤ ¤��Þû üê�î ù

b

¥�À÷� �� â��� ×þ f À��î ­Âê (16.3

� = fx

0

= 0 < x

1

= 1 < x

2

= 2g; Y = fy

0

; y

1

; y

2

g;

ü±ãØõ ßþ�³¨� ���÷ø ¤¢ ý��ÜÞ�À�� À��î ­Âê .i = 0;1;2 ,y

i

= f(x

i

) ö� ¤¢ �î
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S

�

(Y ;x) =

(

3+ x� 9x

3

; x 2 [0;1);

a+ b(x� 1) + 
(x� 1)

2

+ d(x� 1)

3

; x 2 [1;2℄;

�î À����� ý¤�Ï �¤ d ø 
 ,b ,a Âþ¢�Öõ .i = 0;1;2 ,S

�

(Y ;x

i

) = f(x

i

) �î Àª�� ý��÷�ð��

Z

2

0

j S

00

�

(Y ;x) j

2

dx �

Z

2

0

j f

00

(x) j

2

dx:

ü�ãþ ,Àª�� � üûÂð ¯�Ö÷ Ûõ�ª �

0

� [a; b℄ Âð� À�û¢ ö�È÷ 19.3 �

b

�Ìì ¥� ù¢�Ôµ¨� �� (17.3

Ýþ¤�¢ ,(�) ø (�) ,(Óó�) ý�û´ó�� ¥� ×þÂû ý�Â� ù�Ú÷� ,� � �

0

kfk � kS

�

0

(Y

0

;:)

k � kS

�(Y ;:)

k:

â��� �î À��î ß��ã� ý¤�Ï �¤ d ø 
 ,b ,a Âþ¢�Öõ (18.3

S(x) =

(

6+ 3x� 8x

3

; x 2 [0;1);

a+ b(x� 1) + 
(x� 1)

2

+ d(x � 1)

3

; x 2 [1;2℄;

,ß��»Þû ø f â��� ���÷ø ¤¢ ßþ�³¨� ×þ S À��î ­Âê ,ö��î� .Àª�� üã�±Ï ü±ãØõ ßþ�³¨� ×þ

ö�È÷ .´¨� [1;2℄ ø [0:5;1℄ ,[0;0:5℄ ýø¤ f â��� ���÷ø ¤¢ ø üã�±Ï ü±ãØõ ßþ�³¨� ×þ T (x)

À�û¢

Z

2

0

jS

00

(x)j

2

dx �

Z

2

0

jT

00

(x)j

2

dx:

.À��î ù¢�Ôµ¨� 17.3 ßþÂÞ� ¥� :üþ�Þ�û�¤

Y := fy

0

; y

1

; : : : ; y

n

g Âþ¢�Öõ ø � = fx

0

< x

1

< � � � < x

n

g üûÂð ¯�Ö÷ �ä�Þ¹õ (19.3

¯Âª �� S

�

(Y ; :) ßþ�³¨� â��� �î À��î ´��� ,19.3 �

b

�Ìì ¥� ù¢�Ôµ¨� öøÀ� .´¨� ùÀª ù¢�¢

.´¨�µØþ S

00

�

(Y ;x

0

) = S

00

�

(Y ;x

n

) = 0

´¨� Âþ¥ üûÂð ¯�Ö÷ ¤¢ f 2 K

4

(a; b) â��� ���÷ø ¤¢ ßþ�³¨� â��� ×þ S

�

(x) À��î­Âê (20.3

� = fa = x

0

< x

1

< � � � < x

n

= bg:

Íþ�Âª ¥� üØþ Âð� À�û¢ ö�È÷

;f

0

(x) = S

0

�

(x) ,x = a; b ý�¥��� (Óó�)

;f

00

(x) = S

00

�

(x) ,x = a; b ý�¥��� (�)

;f 2 K

4

p

(a; b) ø Àª�� �ø��µõ S

�

(�)

´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� ¤�ÂìÂ�

kf � S

�

k

2

=

Z

b

a

�

f(x)� S

�

(x)

�

2

f

(4)

(x)dx:



ßþÂÞ� 128



4 ÛÊê

ý¢Àä ýÂ�ðñ�ÂÚµ÷�

�õÀÖõ 1.4

Ýþ¤�¢ ù�Ú÷� ,F

0

= f ü�ãþ ,Àª�� f �

b

�óø� â��� F Âð�

Z

b

a

f(x)dx = F (b)� F (a):

,ø ¤ßþ�¥� .´¨� ßØÞõ�÷ üû�ð üµ� �þ ¤��ª¢ ý¤�î ù��¿ó¢ â��� ×þ �

b

�óø� â��� �

b

±¨�½õ °Üè� ,üóø

ßþ� ¥� ü¡Â� ,ÛÊê ßþ� ¤¢ .¢�ªüõ ù¢�Ôµ¨� ý¢Àä ý�û©ø¤ ¥� ñ�ÂÚµ÷� ßþ� ¤�ÀÖõ �

b

±¨�½õ ý�Â�

.Ý��îüõ �ãó�Îõ �¤ �û©ø¤

Å��î -ß���÷ ý�ûñ�õÂê 2.4

Âð� ,âì�ø ¤¢ .Àþ�üõ ´¨¢�� ö� ���÷ø ¤¢ ý��ÜÞ�À�� ×þ �� f â��� ý¤�Áðý�� �� �ûñ�õÂê ßþ�

×þ ö���ä��

Z

b

a

P (x)dx ù�Ú÷� ,Àª�� [a; b℄ ù

b

¥�� ¤¢ f â��� ý�Â� ���÷ø ¤¢ ý��ÜÞ�À�� ×þ P (x)

ø h = (b� a)=n À��î ­Âê .¢�ªüõ �µêÂð ÂÑ÷ ¤¢

Z

b

a

f(x)dx ý�Â� °þÂÖ�

x

i

= a+ ih; i = 0;1; : : : ; n:

129
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i = 0;1; : : : ; n ,(x

i

; f(x

i

)) ¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ý��ÜÞ�À�� P

n

À��î ­Âê ,ß��»Þû

ü�ãþ ,´¨�

P

n

(x

i

) = f(x

i

); i = 0;1; : : : ; n:

´¨� Âþ¥ �¤�¬�� Ä÷�Âð� ���÷ø ¤¢ ý��ÜÞ�À�� ,ÝþÀþ¢ ü���÷ø ¤¢ ÛÊê ¤¢ �î �÷�ðö�Þû

P

n

(x) =

n

X

i=0

f(x

i

)L

i

(x);

ö� ¤¢ �î

L

i

(x) =

n

Y

k=0

k 6=i

x� x

k

x

i

� x

k

:

ø x = a+ th Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .t = (x� a)=h Ý�û¢üõ ¤�Âì ,x 2 [a; b℄ Âû ý�Â�

L

i

(x) =

n

Y

k=0

k 6=i

t� k

i� k

=: '

i

(t):

Ýþ¤�¢ ,dx = hdt �Ø�þ� �� ���� �� ,ö��î�

Z

b

a

P

n

(x)dx =

n

X

i=0

f

i

Z

b

a

L

i

(x)dx

= h

n

X

i=0

f

i

Z

n

0

'

i

(t)dt

= h

n

X

i=0

f

i

�

i

:

¤�ÀÖõ �¹�þ� ¤¢ �î À��î ����

�

i

=

Z

n

0

'

i

(t)dt;

Ýþ¤�¢ ,ßþ�Â���� .´¨� b ø a ü�ãþ ,ù¥�� ý�ûö�Âî ø f ¥� ÛÖµÆõ ø ´¨� �µÆ��ø n �� �ú��

Z

b

a

f(x)dx � h

n

X

i=0

f

i

�

i

:

�¤�¬�� �Î��¤ ßþ� ,w

i

= h�

i

­Âê �� .´¨� éøÂãõÅ��î -ß���÷ ñ�õÂê �� ñ�õÂê ßþ�

Z

b

a

f(x)dx �

n

X

i=0

w

i

f(x

i

); (1.4)

.À÷¤�¢ ��÷Å��î -ß���÷ ñ�õÂê ý�ûö¥ø �ûw

i

,ñ�õÂê ßþ� ¤¢ .¢�� Àû��¡
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ñ�õÂê ¤¢ w

i

ý�ûö¥ø ,x

n

,: : : ,x

1

,x

0

ýÂ�ðñ�ÂÚµ÷� �þ�Þµõ ù

b

Âð n + 1 ý�¥��� 1.4 �

b

�Ìì

¥� ý��ÜÞ�À�� Âû ý�Â� ñ�õÂê ßþ� Âð� �ú�� ø Âð� À÷�ªüõ ß��ã� �µØþ ¤�Ï�� (1.4) ýÂ�ðñ�ÂÚµ÷�

.Àª�� Õ�ì¢ n Â·î�À� �

b

�¤¢

,x

0

¯�Ö÷ ¤¢ ,P ü�ãþ ,f ���÷ø ¤¢ ý��ÜÞ�À�� ,�¤�¬ ßþ� ¤¢ .f 2 �

n

À��î ­Âê :ö�ûÂ�

�¹�µ÷¤¢ .f � P ,ÂÚþ¢ �¤�±ä �� .¢�� Àû��¡ f �� Â��Â� ,x

n

,: : : ,x

1

Z

b

a

f(x)dx =

n

X

i=0

w

i

f(x

i

); f 2 �

n

:

ßþ� ,�¹�µ÷¤¢ .Àª�� Õ�ì¢ P 2 �

n

Âû ý�¥��� (1.4) ýÂ�ðñ�ÂÚµ÷� ñ�õÂê �î À��î ­Âê ,ÅØäÂ�

,(1.4) �

b

Î��¤ ¤¢ �ú÷� ý¤�Áðý�� �� �î ´¨� Õ�ì¢ x

n

,: : : ,x ,1 ý�ûý��ÜÞ�À�� ý�Â� ñ�õÂê

üÎ¡ ��¢�ãõ ù�Úµ¨¢

0

B

B

B

B

B

B

B

B

�

1 1 � � � 1

x

0

x

1

� � � x

n

.

.

.

.

.

.

.

.

.

.

.

.

x

n

0

x

n

1

� � � x

n

n

1

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

�

w

0

w

1

.

.

.

w

n

1

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

�

Z

b

a

1dx

Z

b

a

xdx

.

.

.

Z

b

a

x

n

dx

1

C

C

C

C

C

C

C

C

A

;

×þ ö� °þ�Â® ÅþÂ��õ ø À�µÆû �þ�Þµõ �ûx

i

�Âþ¥ ;¢¤�¢ �µØþ ���� ù�Úµ¨¢ ßþ� .Àþ�üõ ´¨¢��

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� °��Â� ßþ� �� ø (À���±� �¤ (3.1) �

b

Î��¤) ´¨� À÷�õ¤À÷�ø ÅþÂ��õ

ù�Ú÷� ,n = 1 Âð� .Ýþ¥�¢Â�üõ «�¡ ´ó�� ¤¢ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê À�� �

b

±¨�½õ �� ,ö��î�

�

0

=

Z

1

0

t� 1

0� 1

dt =

1

2

;

�

1

=

Z

1

0

t� 0

1� 0

dt =

1

2

;

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢ ø

Z

b

a

f(x)dx �

Z

b

a

P

1

(x)dx = h(

1

2

f

0

+

1

2

f

1

) =

h

2

(f

0

+ f

1

);

.´¨� éøÂãõ ý��Ö÷¥ø£ ù

b

Àä�ì �� �î

ù�Ú÷� ,n = 2 Âð�

�

0

=

Z

2

0

t� 1

0� 1

t� 2

0� 2

dt =

1

3

;
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�

1

=

Z

2

0

t� 0

1� 0

t� 2

1� 2

dt =

4

3

;

�

2

=

Z

2

0

t� 0

2� 0

t� 1

2� 1

dt =

1

3

;

´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢ ø

Z

b

a

f(x)dx �

Z

b

a

P

2

(x)dx = h(

1

3

f

0

+

4

3

f

1

+

1

3

f

2

) =

h

3

(f

0

+ 4f

1

+ f

2

);

.´¨� éøÂãõ ö�Æ³Þ�¨ ù

b

Àä�ì �� �î

�Âþ¥ ;´¨� Å��î -ß���÷ ñ�õÂê ¤¢ �ûùÂð ¢�Àã� �� Â��Â� �û�

i

âÞ�Û¬�� 1.4 ´ª�¢¢�þ

n

X

i=0

�

i

=

n

X

i=0

Z

n

0

'

i

(t)dt =

Z

n

0

 

n

X

i=0

'

i

(t)

!

dt =

Z

n

0

1dt = n:

x

1

= b ø x

0

= a ¯�Ö÷ ¤¢ f â��� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� P (x) À��î ­Âê ,ö��î�

ü�ãþ ,Àª��

P (a) = f(a); P

0

(a) = f

0

(a);

P (b) = f(b); P

0

(b) = f

0

(b):

ù

b

¤��¤¢ �µªÁð ÛÊê ¤¢ ùÀª���¤� °ó�Îõ �� ���� �� .b = 1 ø a = 0 Ý��îüõ ­Âê ,üð¢�¨ ý�Â�

ø L

1

(x) = x ,L

0

(x) = �x+ 1 Ýþ¤�¢ ,´�õÂû ü���÷ø ¤¢

H

0

0

(x) = (1� 2(x � x

0

)L

0

0

(x

0

))[L

0

(x)℄

2

= (1+ 2x)(x � 1)

2

;

H

0

1

(x) = (1� 2(x � x

1

)L

0

1

(x

1

))[L

1

(x)℄

2

= (1� 2(x� 1))x

2

= (3� 2x)x

2

;

H

1

0

(x) = (x � x

0

)[L

0

(x)℄

2

= (x� 0)(�x + 1)

2

= x(x � 1)

2

;

H

1

1

(x) = (x � x

1

)[L

1

(x)℄

2

= (x� 1)x

2

:

�¹�µ÷¤¢

P (x) = f(0)H

0

0

(x) + f(1)H

0

1

(x) + f

0

(0)H

1

0

(x) + f

0

(1)H

1

1

(x);

ßþ�Â���� ø

Z

1

0

f(x)dx �

Z

1

0

P (x)dx = f(0)

Z

1

0

H

0

0

(x)dx + f(1)

Z

1

0

H

0

1

(x)dx
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+f

0

(0)

Z

1

0

H

1

0

(x)dx + f

0

(1)

Z

1

0

H

0

1

(x)dx

=

1

2

(f(0) + f(1)) +

1

12

(f

0

(0) � f

0

(1)):

¤�Âì ,¤�î ßþ� ý�Â� .ÝþÂ�üõ ¤�î�� [a; b℄ ù

b

¥�� ý�Â� �¤ ùÀõ�´¨¢�� ýÂ�ðñ�ÂÚµ÷� �

b

Î��¤ ,ö��î�

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .t = (x� a)=(b� a) Ý�û¢üõ

dt =

1

b� a

dx; x = (b� a)t+ a:

�¹�µ÷¤¢

Z

b

a

f(x)dx =

Z

1

0

f((b� a)t+ a)(b� a)dt

= (b� a)

Z

1

0

g(t)dt (g(t) = f((b� a)t+ a))

�

b� a

2

(g(0) + g(1)) +

b� a

12

(g

0

(0)� g

0

(1))

=

b� a

2

(f(a) + f(b)) +

(b� a)

2

12

(f

0

(a)� f

0

(b)):

Ýþ¤�¢ ,ßþ�Â����

Z

b

a

f(x)dx �

b� a

2

(f(a) + f(b)) +

(b� a)

2

12

(f

0

(a)� f

0

(b));

.´¨� éøÂãõ ùÀª��¬� ý��Ö÷¥ø£ ù

b

Àä�ì �� �î

ý��ÜÞ�À�� P Âð� ,üÜî ´ó�� ¤¢ .Ýþ¥�¢Â�üõ ýÂ�ðñ�ÂÚµ÷� ý�Î¡ ù

b

¤��¤¢ ¶½� �� ,×�þ�

�¤�¬�� ýÂ�ðñ�ÂÚµ÷� ý�Î¡ ù�Ú÷� ,Àª�� ü���÷ø ¤¢ ý�Î¡ E(x) = f(x)�P (x) ø f â��� ���÷ø ¤¢

E

I

=

Z

b

a

E(x)dx;

.Ý��îüõ �±¨�½õ �¤ ùÀª���¤� ©ø¤ �¨ ý�Î¡ �¤�±ä ,�µØ÷ ßþ� �� ���� �� .¢�� Àû��¡

�¤ f â��� ´ó�� ßþ� ¤¢ ,ÝþÀþ¢ �î �÷�ðö�Þû .f 2 C

2

[a; b℄ À��î ­Âê :ý��Ö÷¥ø£ ù

b

Àä�ì ¤¢ �Î¡

Ýþ¤�¢ ,ßþ�Â���� .Ýþ¢Âî ü���÷ø ¤¢ x

1

= b ø x

0

= a ¯�Ö÷ ¤¢

E(x) =

f

00

(�

x

)

2!

(x� a)(x� b);

Ýþ¤�¢ [a; b℄ ù

b

¥�� ¤¢ �Ø�þ� �� ���� �� ,�¹�µ÷¤¢ .´¨� [a; b℄ ù

b

¥�� ¤¢ ý¢Àä �

x

ö� ¤¢ �î

�î ÝþÂ�ðüõ �¹�µ÷ 3.1 �

b

�Ìì ¥� ,(x� a)(x� b) � 0

E

I

=

Z

b

a

f

00

(�

x

)

2!

(x� a)(x� b)dx
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=

f

00

(�)

2!

Z

b

a

(x� a)(x� b)dx

= �

(b� a)

3

12

f

00

(�);

.� 2 [a; b℄ ö� ¤¢ �î

Ýþ¤�¢ ,ý��Ö÷¥ø£ ©ø¤ À�÷�Þû .f 2 C

4

[a; b℄ À��î ­Âê :ö�Æ³Þ�¨ ©ø¤ ¤¢ �Î¡

E

I

=

Z

b

a

f

(3)

(�

x

)

3!

(x� x

0

)(x � x

1

)(x� x

2

)dx;

ö� ¤¢ �î

x

0

= a; x

1

=

a+ b

2

; x

2

= b:

Ý�÷���üÞ÷ ,Àû¢üõ ´õ�ä Â��ç� [a; b℄ ù

b

¥�� ¤¢ (x�x

0

)(x�x

1

)(x�x

2

) �¤�±ä �Ø�þ� �� ���� ��

.Ý��îüõ ÛÞä Âþ¥ �Âª�� ,ÛØÈõ ßþ� âê¤ ý�Â� .Ý��î ù¢�Ôµ¨� ö� ý¥�¨ù¢�¨ ý�Â� 3.1 �

b

�Ìì ¥�

ø x

2

= b ,x

1

= (a + b)=2 ,x

0

= a ¯�Ö÷ ¤¢ f â��� ���÷ø ¤¢ ý��ÜÞ�À�� Q À��î ­Âê

Ýþ¤�¢ ,ß���÷ ���÷ø ¤¢ ý��ÜÞ�À�� ´¡�¨ ù

b

��ª �� ���� �� .´¨� x

3

= (a+ b)=2

Q(x) = P (x) + f [x

0

; x

1

; x

2

; x

1

℄(x� x

0

)(x � x

1

)(x� x

2

);

(?�Â�) �î Àþ¢ ö���üõ üð¢�¨��

E

I

=

Z

b

a

(f(x) � P (x))dx =

Z

b

a

(f(x)�Q(x))dx:

ßþ�Â����

E

I

=

Z

b

a

(f(x)�Q(x))dx

=

Z

b

a

f [x

0

; x

1

; x

2

; x

1

; x℄(x� x

0

)(x � x

1

)

2

(x� x

2

)dx

=

Z

b

a

f

(4)

(�

x

)

4!

(x� x

0

)(x � x

1

)

2

(x� x

2

)dx:

ÝþÂ�ðüõ �¹�µ÷ ,(x� x

0

)(x� x

1

)

2

(x� x

2

) � 0 Ýþ¤�¢ [a; b℄ ù

b

¥�� ¤¢ �Ø�þ� ¥� ,ö��î�

E

I

=

f

(4)

(�)

4!

Z

b

a

(x � x

0

)(x � x

1

)

2

(x� x

2

)dx

= �

(b� a)

5

2880

f

(4)

(�);
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.� 2 [a; b℄ ö� ¤¢ �î

ü���÷ø ¤¢ ÛÊê ¤¢ �î ¤�Ïö�Þû .f 2 C

4

[a; b℄ À��î ­Âê :ùÀª��¬� ý��Ö÷¥ø£ ù

b

Àä�ì ¤¢ �Î¡

�¤�¬�� ´�õÂû ü���÷ø ¤¢ ý�Î¡ ,ÝþÀþ¢

E(x) =

f

(4)

(�

x

)

4!

(x� a)

2

(x� b)

2

;

Ýþ¤�¢ [a; b℄ ù

b

¥�� ¤¢ �Ø�þ� �� ���� �� ,ßþ�Â���� .´¨�

(x� a)

2

(x� b)

2

� 0;

ÝþÂ�ðüõ �¹�µ÷

E

I

=

Z

b

a

f

(4)

(�

x

)

4!

(x� a)

2

(x � b)

2

dx

=

f

(4)

(�)

4!

Z

b

a

(x� a)

2

(x� b)

2

dx

=

(b� a)

5

720

f

(4)

(�);

.� 2 [a; b℄ ö� ¤¢ �î

ýÂ�ðñ�ÂÚµ÷� °îÂõ ý�û¤�µ¨¢ 3.4

ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê �î ÝþÀþ¢ .Àª ���¤� ý¢Àä ýÂ�ðñ�ÂÚµ÷� ý�û©ø¤ ù

b

Àþ� ,Û±ì Ç¿� ¤¢

ý¢�Àã� ¤¢ (ñ�ÂÚµ÷� Âþ¥ â���)ùÀó�ÂÚµ÷� ���÷ø ¤¢ ý��ÜÞ�À�� ¥� ýÂ�ðñ�ÂÚµ÷� �

b

Ü�¨ø�� Å��î-ß���÷

Çþ��ê� �¤ ýÂ�ðñ�ÂÚµ÷� ¯�Ö÷ ¢�Àã� ö���üõ ñ�ÂÚµ÷� ´ì¢ ö¢Â���� ý�Â� .Àþ�üõ ´¨¢�� ù¥�� ¯�Ö÷ ¥�

�ø¢ ø ¢�� Àû��¡ ¢�þ¥ ¤��Æ� ��±¨�½õ Ý¹� ,´Æ¿÷ .´Æ�÷ °¨��õ ¤�î ßþ� Ýúõ Û�ó¢ ø¢ �� .¢�¢

ñ�·õ) ´ê¤ Àû��¿÷ ��� ���÷ø ¤¢ ý��ÜÞ�À�� ´ì¢ �

f

õø�ó ü���÷ø ¤¢ ¯�Ö÷ ¢�Àã� Çþ��ê� �� ,�Ø�þ�

ù¢�Ôµ¨� ýÂ�ðñ�ÂÚµ÷� °îÂõ ý�ûñ�õÂê ¥� ,ÛØÈõ ßþ� âê¤ ý�Â� .(Àþ¤ø��� ÂÏ�¡ �� �¤ �Ú÷ø ¤

¤¢ â��� ñ�ÂÚµ÷� ø Ý��î Ý�ÆÖ� ù¥��Âþ¥ À�� �� �¤ ýÂ�ðñ�ÂÚµ÷� ù

b

¥�� �î ´¨� ßþ� üÜ¬� ù

b

Àþ� .¢�ªüõ

ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ¥� ù¥��Âþ¥ Âû ý�Â� ø Ý�Æþ��� �ûù¥��Âþ¥ ¤¢ �ûñ�ÂÚµ÷� á�Þ¹õ �¤�¬�� �¤ ù¥�� Ûî

¤¢ ùÀªüêÂãõ ýÂ�ðñ�ÂÚµ÷� ©ø¤ �¨ ý�Â� °îÂõ ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ,�õ�¢� ¤¢ .Ý��î ù¢�Ôµ¨�

.Ýþ¤ø�üõ ´¨¢�� �¤ Û±ì Ç¿�
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ý��Ö÷¥ø£ °îÂõ ñ�õÂê

,x

i

= a + ih üûÂð ¯�Ö÷ ø h = (b � a)=n ��ð ñ�Ï �� ýø�Æõ ´ÞÆì n �� �¤ [a; b℄ ù

b

¥��

Ýþ¤�¢ .Ý��îüõ Ý�ÆÖ� i = 0;1; : : : ; n

Z

b

a

f(x)dx =

n�1

X

i=0

Z

x

i+1

x

i

f(x)dx

=

n�1

X

i=0

 

x

i+1

� x

i

2

(f(x

i

) + f(x

i+1

))�

(x

i+1

� x

i

)

3

12

f

00

(�

i

)

!

=

h

2

 

f(a) + 2

n�1

X

i=1

f(x

i

) + f(b)

!

�

n�1

X

i=0

h

3

12

f

00

(�

i

):

�¤�¬�� °îÂõ ý��Ö÷¥ø£ ñ�õÂê ,ßþ�Â����

Z

b

a

f(x)dx �

h

2

 

f(a) + 2

n�1

X

i=1

f(x

i

) + f(b)

!

;

�� Â��Â� ö� ý�Î¡ ø ´¨�

E

CI

= �

n�1

X

i=0

h

3

12

f

00

(�

i

) = �

h

3

12

n�1

X

i=0

f

00

(�

i

);

Ýþ¤�¢ ,üêÂÏ¥� .� 2 (a; b) ö� ¤¢ �î ,¢�� Àû��¡

min

i

f

00

(�

i

) �

1

n

n�1

X

i=0

f

00

(�

i

) � max

i

f

00

(�

i

):

�î ý¤�Ï�� ¢¤�¢ ¢��ø [a; b℄ ¤¢ �×þ ,2.1 ü÷��õ ¤�ÀÖõ �

b

�Ìì ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢

1

n

n�1

X

i=0

f

00

(�

i

) = f

00

(�):

ßþ�Â����

E

CI

= �

h

3

12

n�1

X

i=0

f

00

(�

i

) = �

h

3

12

nf

00

(�) = �

b� a

12

h

2

f

00

(�):

ùÀª��¬� ý��Ö÷¥ø£ °îÂõ ñ�õÂê

�¤�¬�� ùÀª��¬� ý��Ö÷¥ø£ °îÂõ ñ�õÂê �î Àþ¢ ö���üõ ,ý��Ö÷¥ø£ ù

b

Àä�ì À�÷�Þû

Z

b

a

f(x)dx �

h

2

 

f(a) + 2

n�1

X

i=1

f(x

i

) + f(b)

!

+

h

2

12

(f

0

(a)� f

0

(b));
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´¨� Âþ¥ �¤�¬�� ö� ý�Î¡ ø

E

CI

=

b� a

720

h

4

f

(4)

(�); � 2 (a; b):

ö�Æ³Þ�¨ °îÂõ ñ�õÂê

ù

b

¥�� .Ý��îüõ ÛÞä ß�È�� ©ø¤ ø¢ �� �ø�Ôµõ üÞî ,ö�Æ³Þ�¨ °îÂõ ñ�õÂê ö¢¤ø�´¨¢�� ý�Â�

i = 0;1; : : : ;2n ,x

i

üûÂð ¯�Ö÷ ø h = (b�a)=(2n) ��ð ñ�Ï �� ýø�Æõ ù

b

¥��Âþ¥ 2n �� �¤ [a; b℄

Ýþ¤�¢ ,ö��î� .Ý��îüõ Ý�ÆÖ�

Z

b

a

f(x)dx =

n�1

X

i=0

Z

x

2i+2

x

2i

f(x)dx

=

n�1

X

i=0

�

x

2i+2

� x

2i

6

(f(x

2i

) + 4f(x

2i+1

) + f(x

2i+2

))

�

(x

2i+2

� x

2i

)

5

2880

f

(4)

(�

i

)

!

=

h

3

 

f(a) + 2

n�1

X

i=1

f(x

2i

) + 4

n�1

X

i=0

f(x

2i+1

) + f(b)

!

�

(2h)

5

2880

n�1

X

i=0

f

(4)

(�

i

):

�¤�¬�� °îÂõ ö�Æ³Þ�¨ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ,�¤�¬ ßþ� ¤¢

Z

b

a

f(x)dx �

h

3

 

f(a) + 2

n�1

X

i=1

f(x

2i

) + 4

n�1

X

i=0

f(x

2i+1

) + f(b)

!

;

�¤�¬�� �Ï��Âõ ý�Î¡ ø

E

CI

= �

(2h)

5

2880

n�1

X

i=0

f

(4)

(�

i

) = �

b� a

180

h

4

f

(4)

(�); (2.4)

.� 2 (a; b) ö� ¤¢ �î ,´¨�

ö�Æ³Þ�¨ ©ø¤ ¥� ,I =

Z

1

0

e

�x

sinxdx ñ�ÂÚµ÷� ¥� ü±þÂÖ� ¤�ÀÖõ ×þ �

b

±¨�½õ ý�Â� 1.4 ñ�·õ

ø b = 1 ,a = 0 Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .Ý��îüõ ù¢�Ôµ¨� n = 4 ��

h =

b� a

2n

=

1� 0

8

= 0:125:
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�¤�¬�� k = 0;1; : : : ;8 ,x

k

= kh = 0:125k üûÂð ¯�Ö÷ ¤¢ f(x) = e

�x

sinx â��� Âþ¢�Öõ

´¨� Âþ¥

f(x

0

) = f(0) = 0; f(x

1

) = f(0:125) = 0:110025066;

f(x

2

) = f(0:25) = 0:192678397; f(x

3

) = f(0:375) = 0:251735182;

f(x

4

) = f(0:5) = 0:290786288; f(x

5

) = f(0:625) = 0:313180002;

f(x

6

) = f(0:75) = 0:321983351; f(x

7

) = f(0:875) = 0:319959735;

f(x

8

) = f(1) = 0:309559876:

Ýþ¤�¢ ,ßþ�Â����

I �

h

3

(f(x

0

) + 4(f(x

1

) + f(x

3

) + f(x

5

) + f(x

7

))

+2(f(x

2

) + f(x

4

) + f(x

6

)) + f(x

8

))

= 0:24583566:

�� ¢�ªüõ ùÀû�Èõ �î ö��� .´¨� I = 0:245837007 �� Â��Â� ��ãõ�� Ýì¤ �÷ �� I Õ�ì¢ ¤�ÀÖõ

.¢¤�¢ ´¨¤¢ ý��ãõ�� Ýì¤ ¸�� ùÀõ�´¨¢�� ü±þÂÖ� ¤�ÀÖõ ,´¨� üØ��î ¢Àä n ¤�ÀÖõ �Ø�þ�

ßþÂ�×��î ,Ýþ¤ø� ´¨¢�� 10

�8

´ì¢ �� �¤ I ü±þÂÖ� ¤�ÀÖõ Ý�û��¿� Âð� �î Ý���±� ,ö��î�

�î Ý����üõ (2.4) �

b

Î��¤ �� ���� �� .¢�� Àû��¡ �� n ¤�ÀÖõ

jE

CI

j =

�

�

�

�

b� a

180

h

4

f

(4)

(�)

�

�

�

�

�

h

4

180

max

0�x�1

�

�

�

f

(4)

(x)

�

�

�

: (3.4)

Ýþ¤�¢ ,g â��� ÕµÈõ �

b

±¨�½õ �� .g(x) := f

(4)

(x) = �4e

�x

sinx Ýþ¤�¢

g

0

(x) = 4e

�x

(sinx� 
osx):

Ýþ¤�¢ ,�¹�µ÷¤¢ .g(

�

4

) = �1:29 ø ´¨� x =

�

4

¢Àä ,[0;1℄ ù

b

¥�� ¤¢ g

0

�

b

Èþ¤ �ú��

M = max

0�x�1

jg(x)j = max

n

jg(0)j; jg(

�

4

)j; jg(1)j

o

= max f0;1:29;1:24g = 1:29:

´ª�¢ Ý�û��¡ ,(3.4) �

b

Î��¤ �� ���� �� ,ø ¤ßþ�¥�

jE

CI

j �

1:29

180

h

4

:

Ý�ª�� �µª�¢ ´¨� üê�î ,ßþ�Â����

1:29

180

h

4

� 10

�8

;
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�� ���� �� ,ö��î� .h � 0:034 �þ

h =

b� a

2n

=

1

2n

;

.n = 15 Ý��î ­Âê ´¨� üê�î ,�¹�µ÷¤¢ .n � 14:71 ´ª�¢ Ý�û��¡

�÷�ÿ� ý�Î¡ Çþ�Þ÷ 4.4

ýÂ�ðñ�ÂÚµ÷� ù

b

Àä�ì

I(f) =

m

0

X

k=0

a

k0

f(x

k0

) +

m

1

X

k=0

a

k1

f

0

(x

k1

) + � � �+

m

n

X

k=0

a

kn

f

(n)

(x

kn

);

Ý�û¢üõ ¤�Âì .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

R(f) = I(f)�

Z

b

a

f(x)dx:

ø¢ Âû ý�Â� ü�ãþ ,´¨� üÎ¡ ,â��� ßþ� .Ý�û¢üõ ö�È÷ R(f) �� �¤ ýÂ�ðñ�ÂÚµ÷� ý�Î¡ ,´Ö�Ö�¤¢

Ýþ¤�¢ ,g ø f â���

R(�f + �g) = �R(f) + �R(g); �; � 2 R:

.(À���±� �¤ ℄9, 12, 13, 15[) ´¨� ùÀª ���¤� �÷�ÿ� Í¨�� �î Ý��îüõ üêÂãõ �¤ ýÀã� �

b

�Ìì ,×�þ�

ßþ� ¤¢ .R(P ) = 0 Ý�ª�� �µª�¢ P 2 �

n

ý�ûý��ÜÞ�À�� ��Þ� ý�Â� À��î ­Âê 2.4 �

b

�Ìì

Ýþ¤�¢ ,f 2 C

n+1

[a; b℄ Âû ý�Â� ,�¤�¬

R(f) =

Z

b

a

f

(n+1)

(t)K(t)dt;

ö� ¤¢ �î

K(t) =

1

n!

R

x

[(x� t)

n

+

℄; (x� t)

n

+

=

(

(x� t)

n

; x � t;

0; x < t;

.´¨� x Â�çµõ �� ´±Æ÷ ,(x � t)

n

+

â��� ýÂ�ðñ�ÂÚµ÷� ý�Î¡ �î ´¨� ��ãõ ßþ� �� R

x

[(x � t)

n

+

℄ ø

.À�þ�ðüõ �÷�ÿ� �

b

µÆû �¤ K(t) â���
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ÀþÂ�Ú� ÂÑ÷ ¤¢ x = a �

b

ÎÖ÷ ¤¢ �¤ f â��� ÂÜ�� ÍÆ� :ö�ûÂ�

f(x) = p

n

(x) + r

n

(x); (4.4)

ö� ¤¢ �î

p

n

(x) = f(a) + f

0

(a)(x� a) + � � �+

f

(n)

(a)

n!

(x � a)

n

;

�¤�¬�� °þÂÖ� ù

b

À÷�õ ø

r

n

(x) =

1

n!

Z

x

a

f

(n+1)

(t)(x � t)

n

dt =

1

n!

Z

b

a

f

(n+1)

(t)(x � t)

n

+

dt;

Ýþ¤�¢ ,´¨� n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À��×þ p

n

�Ø�þ� �� ���� �� .(À���±� �¤ 6.1 �

b

�Ìì) ´¨�

´ª�¢ Ý�û��¡ ,Ý�û¢ Â�� (4.4) �

b

Î��¤ ýø¤ �¤ R üÎ¡ ÂÚÜÞä Âð� ,ö��î� .R(p

n

) = 0

R(f) = R(r

n

) =

1

n!

R

x

 

Z

b

a

f

(n+1)

(t)(x� t)

n

+

dt

!

:

,¤�î ßþ� ý�Â� .Ý��î ������ ÂÚþÀØþ �� Ý�÷���üõ �¤ ñ�ÂÚµ÷� ø R

x

ÂÚÜÞä �î Ý�û¢ ö�È÷ ´¨� üê�î

Ýþ¤�¢ ,1 � k � n Âû ý�¥��� �î Ý�û¢üõ ö�È÷ �Àµ��

d

k

dx

k

"

Z

b

a

f

(n+1)

(t)(x � t)

n

+

dt

#

=

Z

b

a

f

(n+1)

(t)

�

d

k

dx

k

(x� t)

n

+

�

dt: (5.4)

(5.4) �

b

Î��¤ ,ø ¤ßþ�¥� .´¨� ÂþÁ�ÕµÈõ -�µ¨��� ¤�� (n � 1) ,(x � t)

n

+

â��� ,k � n � 1 ý�¥���

ý�¥��� .Ý��î ´��� k = n ý�¥��� �¤ �Î��¤ ´¨� üê�î ,ßþ�Â���� .´¨� ¤�ÂìÂ� k � n�1 Âû ý�¥���

Ýþ¤�¢ ,k = n� 1

d

n�1

dx

n�1

"

Z

b

a

f

(n+1)

(t)(x� t)

n

+

dt

#

=

Z

b

a

f

(n+1)

(t)

d

n�1

dx

n�1

�

(x� t)

n

+

�

dt

´ª�¢ Ý�û��¡ ,ßþ�Â����

d

n�1

dx

n�1

"

Z

b

a

f

(n+1)

(t)(x � t)

n

+

dt

#

= n!

Z

b

a

f

(n+1)

(t)(x � t)

+

dt

= n!

Z

x

a

f

(n+1)

(t)(x � t)dt:

ø¢ Âû �� ´±Æ÷ ùÀó�ÂÚµ÷� �Âþ¥ ;´¨� ÂþÁ�ÕµÈõ ,x Â�çµõ �� ´±Æ÷ â��� ×þ ö���ä�� Â¡� ñ�ÂÚµ÷�

�¹�µ÷¤¢ .´¨� �µ¨��� t ø x Â�çµõ

d

n

dx

n

"

Z

b

a

f

(n+1)

(t)(x � t)

n

+

dt

#

=

d

dx

"

d

n�1

dx

n�1

Z

b

a

f

(n+1)

(t)(x� t)

n

+

dt

#
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=

d

dx

�

n!

Z

x

a

f

(n+1)

(t)(x � t)dt

�

= n!f

(n+1)

(x)(x � x) + n!

Z

x

a

f

(n+1)

(t)dt

=

Z

b

a

f

(n+1)

(t)

�

d

n

dx

n

(x� t)

n

+

�

dt:

.´¨� ¤�ÂìÂ� k = n ý�¥��� (5.4) �

b

Î��¤ ,ßþ�Â����

ÕµÈõ ý�ûÂÚÜÞä �î Àû¢üõ ö�È÷ (5.4) �

b

Î��¤

d

k

dx

k

; k = 1; : : : ; n;

ý�ûÂÚÜÞä ¥� üÎ¡°�îÂ� ×þ I(f) = I

x

(f) �Ø�þ� �� ���� �� ,ßþ�Â���� .À÷�ªüõ ������ ñ�ÂÚµ÷� ��

.¢�ªüõ ������ ñ�ÂÚµ÷� �� ,´¨� ÕµÈõ

������ Ýû �� Âþ¥ ý�ûñ�ÂÚµ÷� �î Àû¢üõ �¹�µ÷ f

(n+1)

(t)(x�t)

n

+

ù

b

Àó�ÂÚµ÷� üÚµ¨��� ,��¹÷�Â¨

À÷�ªüõ

Z

b

a

"

Z

b

a

f

(n+1)

(t)(x� t)

n

+

dt

#

dx =

Z

b

a

f

(n+1)

(t)

"

Z

b

a

(x� t)

n

+

dx

#

dt:

�

b

Î��¤ �î ÝþÂ�ðüõ �¹�µ÷ ø ¢�ªüõ ������ ñ�ÂÚµ÷� �� R

x

ÂÚÜÞä ,�¹�µ÷¤¢

R(f) =

1

n!

Z

b

a

f

(n+1)

(t)R

x

((x � t)

n

+

)dt

2 .´¨� ¤�ÂìÂ�

�÷�ÿ� �

b

µÆû ´õ�ä (ö�Æ³Þ�¨ ù

b

Àä�ì �ÜÞ�¥�) ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ¥� ý¢�þ¥ ¢�Àã� ý�Â�

ñ�ÂÚµ÷� ý�Â� ß�Ú÷��õ ¤�ÀÖõ �

b

�Ìì ¥� ù¢�Ôµ¨� �� ,´ó�� ßþ� ¤¢ .´¨� ´��� [a; b℄ ù

b

¥�� ¤¢ K(t)

Ýþ¤�¢ ,� 2 (a; b) ×þ ý�¥��� ,3.1

R(f) = f

(n+1)

(�)

Z

b

a

K(t)dt:

�� �¤ ö� ö���üõ ø ´Æ�÷ �µÆ��ø f â��� �� [a; b℄ ù

b

¥�� ¤¢ K(t) ñ�ÂÚµ÷� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

,ÂÚþ¢ �¤�±ä �� .¢¤ø� ´¨¢�� f(x) = x

n+1

Û·õ «�¡ â��� ×þ ýø¤ R ÂÚÜÞä ö¢Â�¤�î��

Ýþ¤�¢ ,� 2 (a; b) ×þ ý�¥���

R(f) =

R(x

n+1

)

(n+ 1)!

f

(n+1)

(�):
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¥� ý��ÜÞ�À�� Âû ý�Â� Å��î-ß���÷ ý�ûñ�õÂê ,´¨� ¢Âê n �î ü÷�õ¥ Àþ¢ ö���üõ ,üÜî ¤�Ï��

�¤ ℄15[) À�µÆû Õ�ì¢ n + 1 �

b

�¤¢ ¥� ý��ÜÞ�À�� Âû ý�Â� ,´¨� �ø¥ n �î ü÷�õ¥ ø n �

b

�¤¢

Ýþ¤�¢ ,� 2 (a; b)×þ ý�¥��� ,ßþ�Â���� .(À���±�

R

n

(f) =

8

>

>

>

<

>

>

>

:

R(x

n+1

)

(n+ 1)!

f

(n+1)

(�); Àª�� ¢Âê nÂð�;

R(x

n+2

)

(n+ 2)!

f

(n+2)

(�); Àª�� �ø¥ nÂð�:

.Àþ¤ø� ´¨¢�� ö�Æ³Þ�¨ ©ø¤ ý�Â� �¤ �Î¡ �¤�±ä ,2.4 �

b

�Ìì ¥� ù¢�Ôµ¨� �� 2.4 ñ�·õ

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .x

2

= 1 ø x

1

= 0 ,x

0

= �1 Ý��îüõ­Âê �Àµ�� üð¢�¨ ý�Â� :Û�

R(f) =

1

3

f(�1) +

4

3

f(0) +

1

3

f(1)�

Z

1

�1

f(x)dx:

Ýþ¤�¢ ,ß��»Þû .i = 0;1;2;3 ,R(x

i

) = 0 �î Àþ¢ ö���üõ üð¢�¨��

R(x

4

) =

1

3

�

(�1)

4

+ 4� (0)

4

+ 1

4

�

�

Z

1

�1

x

4

dx =

4

15

6= 0:

,Å� .R(P ) = 0 Ýþ¤�¢ ,P 2 �

3

Âû ý�Â� �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� üÎ¡ R �Ø�þ� �� ���� ��

�¹�µ÷ ¤¢ ø n = 3

K(t) =

1

3!

R

x

[(x � t)

3

+

℄

=

1

6

 

1

3

(�1� t)

3

+

+

4

3

(0� t)

3

+

+

1

3

(1� t)

3

+

�

Z

1

�1

(x� t)

3

+

dx

!

:

Ýþ¤�¢ ,�1 � t � 1 Âû ý�Â� ,ö��î�

Z

1

�1

(x� t)

3

+

dx =

Z

1

t

(x� t)

3

dx =

1

4

(1� t)

4

;

(�1� t)

3

+

= 0;

(1� t)

3

+

= (1� t)

3

;

(0� t)

3

+

=

(

0; t � 0;

�t

3

; t < 0:

ù�Ú÷� ,�1 � t � 0 Âð� ,�¹�µ÷¤¢

K(t) =

1

6

�

�

4

3

t

3

+

1

3

(1� t)

3

�

1

4

(1� t)

4

�

=

1

72

(1+ t)

3

(1� 3t);
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ù�Ú÷� ,0 � t � 1 Âð� ø

K(t) =

1

6

 

1

3

(1� t)

3

�

(1� t)

4

4

!

=

1

72

(1� t)

3

(1+ 3t):

Ýþ¤�¢ ,�¹�µ÷¤¢

K(t) =

(

1

72

(1+ t)

3

(1� 3t); �1 � t � 0;

1

72

(1� t)

3

(1+ 3t); 0 � t � 1:

Ýþ¤�¢ ,Àû¢üÞ÷ ´õ�ä Â��ç� [�1;1℄ ù

b

¥�� ¤¢ K(t) �Ø�þ� ¥�

R(f) =

Z

1

�1

f

(4)

(t)K(t)dt = f

(4)

(�)

Z

1

�1

K(t)dt;

ö� �

b

±¨�½õ ý�Â� ,´¨� f â��� ¥� ÛÖµÆõ

Z

1

�1

K(t)dt �Ø�þ� �� ���� �� .� 2 [�1;1℄ ö� ¤¢ �î

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .f(x) = x

4

¢Âî ­Âê ö���üõ

R(x

4

) = 4!

Z

1

�1

K(t)dt:

ßþ�Â���� .R(x

4

) =

4

15

,ÝþÀþ¢ �î �÷�ðö�Þû

Z

1

�1

K(t)dt =

R(x

4

)

4!

=

1

90

;

Ýþ¤�¢ ,ø ¤ßþ�¥� ø

R(f) =

1

90

f

(4)

(�):

Â�çµõ Â��ç� ×Þî �� ,ö��î�

x =

b+ a

2

+

b� a

2

t;

x 2 Âð� �ú�� ø Âð� t 2 [�1;1℄ �î ´¨� ßªø¤ .Ý��îüõ �±¨�½õ [a; b℄ ù

b

¥�� ý�Â� �¤ �Î¡ ñ�õÂê

Ýþ¤�¢ .[a; b℄

dx =

b� a

2

dt:

ßþ�Â����

Z

b

a

f(x)dx =

b� a

2

Z

1

�1

f

�

b+ a

2

+

b� a

2

t

�

dt =

b� a

2

Z

1

�1

g(t)dt;
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Ýþ¤�¢ ,ø ¤ßþ�¥� .g(t) = f(

b+ a

2

+

b� a

2

t) ö� ¤¢ �î

Z

b

a

f(x)dx =

b� a

2

 

1

3

g(�1) +

4

3

g(0) +

1

3

g(1)�

1

90

d

4

dt

4

g(t)

�

�

�

t=�

!

=

b� a

6

�

f(a) + 4f(

a+ b

2

) + f(b)

�

�

1

90

b� a

2

d

4

dt

4

g(t)

�

�

�

t=�

:

Àþ�üõ ´¨¢�� Âþ¥ �¤�¬�� ö�Æ³Þ�¨ °îÂõ ñ�õÂê ý�Î¡ ,�¹�µ÷¤¢

E

CI

= �

1

90

b� a

2

d

4

dt

4

g(t)

�

�

�

t=�

= �

1

90

b� a

2

d

4

dt

4

f

�

b+ a

2

+

b� a

2

t

�

�

�

�

t=�

= �

b� a

180

(

b� a

2

)

4

f

(4)

�

b+ a

2

+

b� a

2

�

�

= �

b� a

180

h

4

f

(4)

(�);

.� =

b+ a

2

+

b� a

2

� ö� ¤¢ �î

ïÂ±õ�¤ ©ø¤ 5.4

¤¢ .À�µÆû üÔ�õ�÷ ¼�½¬ ¢Àä ø¢ � ø � ø (ÂþÁ�ÕµÈõ ¤�� ´þ�ú���) üÜ�Ü½� ,f â��� À��î ­Âê

�¤�¬��

�

X

i=�

f(i) á�Þ¹õ �

b

±¨�½õ ý�Â� ℄5, 6[ ö�¤�ó×õ -Âóø� á�Þ¹õ ñ�õÂê ,�¤�¬ ßþ�

�

X

i=�

f(i) =

Z

�

�

f(x)dx+

f(�) + f(�)

2

+

1

X

j=1

B

2j

(2j)!

�

f

(2j�1)

(�)� f

(2j�1)

(�)

�

; (6.4)

�¤�¬�� ,

x

e

x

� 1

â��� ÍÆ� ¤¢ ¢�Àä� ßþ� .À�µÆû üó�÷Â� ¢�Àä� �ûB

k

,ö� ¤¢ �î ´¨�

x

e

x

� 1

=

1

X

k=0

B

k

k!

x

k

;

À�µÆû Âþ¥ �¤�¬�� �ûB

k

üþ�Àµ�� ¤�ÀÖõ À�� .À÷�ªüõ ö�þ�Þ÷

B

0

= 1; B

1

= �

1

2

; B

2

=

1

6

; B

3

= 0; B

4

= �

1

30

; B

5

= 0:
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.B

2k+1

= 0 ,k � 1 Âû ý�¥��� �î Àþ¢ ö���üõ

�

b

±¨�½õ ý�Â� ,×�þ�

I =

Z

b

a

f(x)dx;

ÓþÂã� ,ß��»Þû .h = (b�a)=n Ý�û¢üõ ¤�Âì ø Ý��îüõ Ý�ÆÖ� ýø�Æõ ´ÞÆì n �� �¤ [a; b℄ ù

b

¥��

Ý��îüõ

x

i

= a+ ih; i = 0;1;2; : : : ; n:

Â�çµõ Â��ç�

t =

1

h

(x� a);

�Ø�þ� �� ���� �� ,ö��î� .t 2 [0; n℄ Âð� �ú�� ø Âð� ,x 2 [a; b℄ �î ´¨� ßªø¤ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

Ýþ¤�¢ ,dx = hdt

Z

b

a

f(x)dx = h

Z

n

0

f(a+ ht)dt = h

Z

n

0

g(t)dt; (7.4)

Ýþ¤�¢ ,üêÂÏ¥� .g(t) = f(a+ ht) ö� ¤¢ �î

d

k

dx

k

g(t) = h

k

f

(k)

(a+ ht); k = 0;1;2; : : : ;

�¹�µ÷¤¢ ø

d

k

dx

k

g(t)

�

�

�

�

t=i

= h

k

f

(k)

(a+ ih) = h

k

f

(k)

(x

i

); k = 0;1;2; : : : :

´ª�¢ Ý�û��¡ ,(7.4) �

b

Î��¤ ¥� ,ßþ�Â����

I =

Z

b

a

f(x)dx = h

Z

n

0

g(t)dt

= h

2

4

n

X

i=0

g(i)�

g(0) + g(n)

2

�

1

X

j=1

B

2j

(2j)!

�

g

(2j�1)

(n)� g

(2j�1)

(0)

�

3

5

= h

2

4

n

X

i=0

f(x

i

)�

f(a) + f(b)

2

�

1

X

j=1

B

2j

(2j)!

h

2j�1

�

f

(2j�1)

(b)� f

(2j�1)

(a)

�

3

5

=

h

2

 

f(a) + 2

n�1

X

i=1

f(x

i

) + f(b)

!

�

1

X

j=1

B

2j

(2j)!

h

2j

�

f

(2j�1)

(b)� f

(2j�1)

(a)

�

= T (h)�

1

X

j=1

B

2j

(2j)!

h

2j

�

f

(2j�1)

(b)� f

(2j�1)

(a)

�

; (8.4)
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ö� ¤¢ �î

T (h) =

h

2

 

f(a) + 2

n�1

X

i=1

f(x

i

) + f(b)

!

;

­Âê �� .´¨� h ��ð ñ�Ï �� °îÂõ ý��Ö÷¥ø£ ñ�ÂÚµ÷� ñ�õÂê




2j

= �

B

2j

(2j)!

�

f

(2j�1)

(b)� f

(2j�1)

(a)

�

; j = 1;2; : : : ;

�¤�¬�� ö���üõ �¤ (8.4) �

b

Î��¤

Z

b

a

f(x)dx = T (h) + 


2

h

2

+ 


4

h

4

+ 


6

h

6

+ � � � ; (9.4)

ý¥�� ïÂ±õ�¤ ©ø¤ ¤¢ ü¨�¨� ÇÖ÷ (9.4) �

b

Î��¤ .À�µÆû h ¥� ÛÖµÆõ �û


j

ö� ¤¢ �î ,´ª�÷

.À�îüõ

Ý�û¢üõ ¤�Âì �¤ h=2 ¤�ÀÖõ ,h ý���� (9.4) �

b

Î��¤ ¤¢

Z

b

a

f(x)dx = T (

h

2

) + 


2

(

h

2

)

2

+ 


4

(

h

2

)

4

+ 


6

(

h

2

)

6

+ � � � ;

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .Ý��îüõ Ýî Â�¡� �

b

Î��¤ ß�êÂÏ Â��Â� 4 ¥� �¤ (9.4) �

b

Î��¤ ß�êÂÏ

Z

b

a

f(x)dx =

4T (

h

2

)� T (h)

4� 1

+ 


0

4

h

4

+ 


0

6

h

6

+ � � � ; (10.4)

ö� ¤¢ �î




0

2j

= �

1� 2

2(j�1)

2

2(j�1)

; j = 2;3; : : : :

Àû¢üõ ö�È÷ (10.4) �

b

Î��¤

Z

b

a

f(x)dx �

4T (

h

2

)� T (h)

4� 1

; (11.4)

°þÂÖ� ×þ ö���üõ ,(10.4) �

b

Î��¤ ýø¤ ��� À÷ø ¤ ¤�ÂØ� �� .´¨� O(h

4

) �

b

±�Âõ ¥� °þÂÖ� ý�Î¡ ø

üþ�û°þÂÖ� ö���üõ ,À÷ø ¤ ßþ� �

b

õ�¢� �� .¢¤ø� ´¨¢�� ñ�ÂÚµ÷� ¤�ÀÖõ �

b

±¨�½õ ý�Â� O(h

6

) �

b

±�Âõ ¥�

.¢¤ø� ´¨¢�� ��÷ Â���� °��Âõ ´ì¢ ��

×þ ö¢¤ø�´¨¢�� ý�Â� �¤ ïÂ±õ�¤ ©ø¤ ¥� ù¢�Ôµ¨� üÚ÷�Ú� ,ùÀª���¤� ¸þ�µ÷ �� ���� �� ,ö��î�

ý�¥��� �¤ ñ�ÂÚµ÷� ¤�ÀÖõ ´Æ¿÷ .Ý��îüõ ���¤� ñ�ÂÚµ÷� ¤�ÀÖõ ý�Â� °¨��õ °þÂÖ�

h

i

=

b� a

2

i

; i = 0;1;2; : : : ;
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Ý�û¢üõ ¤�Âì ø Ý��îüõ �±¨�½õ

T

i;0

= T (h

i

); i = 0;1;2; : : : :

(11.4) �

b

Î��¤ ¥� ,À÷�ùÀõ� ´¨¢�� h

i

=2 ø h

i

ý�¥��� °��Â��� ,T

i+1;0

ø T

i;0

�Ø�þ� �� ���� ��

Ýþ¤�¢

Z

b

a

f(x)dx �

4T

i+1;0

� T

i;0

4� 1

=: T

i;1

; i = 0;1; : : : ;

Ý��îüõ ÓþÂã� ,üÜî ´ó�� ¤¢ .´¨� O(h

4

i

) �

b

±�Âõ ¥� °þÂÖ� ý�Î¡ ø

T

i;p

=

4

p

T

i+1;p�1

� T

i;p�1

4

p

� 1

:

.´¨� O(h

2p+2

i

) �

b

±�Âõ ¥� °þÂÖ� ý�Î¡ ø

Z

b

a

f(x)dx � T

i;p

�î Àþ¢ ö���üõ ,�¤�¬ ßþ� ¤¢

.Ý�û¢üõ Û�ØÈ� �¤ (ïÂ±õ�¤ ñøÀ�)Âþ¥ ñøÀ� ,��� °ó�Îõ �� ���� �� ,ö��î�

O(h

2

i

) O(h

4

i

) O(h

6

i

) O(h

8

i

)

T

0;0

! T

0;1

! T

0;2

! T

0;3

T

1;0

%

!

T

1;1

%

!

T

1;2

%

T

2;0

%

!

T

2;1

%

T

3;0

%

.Ý��îüõ ���¤� �¤ Âþ¥ ñ�·õ ,°ÜÎõ öÀªßªø¤ ý�Â�

ý�¥��� °îÂõ ý��Ö÷¥ø£ ù

b

Àä�ì ¥� ù¢�Ôµ¨� �� ,

Z

2

0

x

5

dx ¤�ÀÖõ �

b

±¨�½õ ý�Â� 3.4 ñ�·õ

h

i

=

b� a

2

i

=

2

2

i

; i = 0;1;2;

Ýþ¤�¢ ,i = 0;1;2 Âþ¢�Öõ ý�¥��� .Ý��îüõ �±¨�½õ �¤ ñ�ÂÚµ÷� ü±þÂÖ� Âþ¢�Öõ

i = 0; h

0

=

b� a

2

i

=

2� 0

2

0

= 2;

T

0;0

= T (h

0

) =

h

0

2

(f(a) + f(b)) =

2

2

(f(0) + f(2)) = 0

5

+ 2

5

= 32;

i = 1; h

1

=

b� a

2

1

=

2� 0

2

1

= 1;

T

1;0

= T (h

1

) =

h

1

2

(f(a) + 2f(x

1

) + f(b)) =

1

2

(f(0) + 2f(1) + f(2))

=

1

2

�

0

5

+ 2� 1

5

+ 2

5

�

= 17;
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i = 2; h

2

=

b� a

2

2

=

2� 0

2

2

=

1

2

;

T

2;0

= T (h

2

) =

h

2

2

(f(a) + 2(f(x

1

) + f(x

2

) + f(x

3

)) + f(b))

=

1

4

�

f(0) + 2

�

f(

1

2

) + f(1) + f(

3

2

)

�

+ f(2)

�

=

1

4

�

0

5

+ 2�

�

(

1

2

)

5

+ 1

5

+ (

3

2

)

5

�

+ 2

5

�

=

197

16

:

.¢�� Àû��¡ Âþ¥ �¤�¬�� ïÂ±õ�¤ ñøÀ� ,×�þ�

O(h

2

i

) O(h

4

i

) O(h

6

i

)

T

0;0

= 32 ! T

0;1

=

4� 17� 32

4� 1

= 12 ! T

0;2

=

4

2

�

43

4

� 12

4

2

� 1

=

32

3

T

1;0

= 17

%

!

T

1;1

=

4�

197

16

� 17

4� 1

=

43

4

%

T

2;0

=

197

16

%

Â��Â� °þÂÖ� ßþÂµú� ø Àû¢üõ ´¨¢�� ñ�ÂÚµ÷� ¤�ÀÖõ ý�Â� °þÂÖ� ×þ ,ñøÀ� ßþ� ¢�Àä� ¥� ×þÂû

.´¨� (ñ�ÂÚµ÷� Õ�ì¢ ¤�ÀÖõ �¹�þ� ¤¢ �µ±ó�) T

0;2

=

32

3

��

§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê 6.4

i = 0;1; : : : ; n ,x

i

ù

b

Âð n + 1 ,Å��î-ß���÷ ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ¤¢ ,1.4 �

b

�Ìì �� ���� ��

ýÂ�ðñ�ÂÚµ÷� ñ�õÂê �î À÷�ªüõ �±¨�½õ ý��÷�ð�� i = 0;1; : : : ; n ,w

i

ý�ûö¥ø ø ´¨� ùÀª ù¢�¢

Z

b

a

f(x)dx �

n

X

i=0

w

i

f(x

i

);

üûÂð ¯�Ö÷ ßµê�þ á�®�õ Ý�û��¡üõ ,Ç¿� ßþ� ¤¢ .Àª�� Õ�ì¢ n �

b

�¤¢ ¥� ý��ÜÞ�À�� Âû ý�Â�

ý�Â� ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ßþ� �î ý��÷�ð�� Ý��î ü¨¤Â� �¤ i = 0;1; : : : ; n ,w

i

ý�ûö¥ø ø x

i

Ý�ª�� �µª�¢ ,ÂÚþ¢ �¤�±ä �� ;Àª�� Õ�ì¢ 2n+ 1 �

b

�¤¢ ¥� Â·î�À� ý�ûý��ÜÞ�À�� ��Þ�

n

X

i=0

w

i

f(x

i

) =

Z

b

a

x

i

dx; i = 0;1; : : : ;2n+ 1:

,�õ�¢� ¤¢ .À�µÆû �þ�Þµõ i = 0;1; : : : ; n ,x

i

¯�Ö÷ ø ¢¤�¢ �µØþ ���� ù�Úµ¨¢ ßþ� �î Àþ¢ Ý�û��¡

Û·õ �ûñ�ÂÚµ÷� ¥� ýÂ�üÜî ÛØª ý�Â� �¤ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê

I(f) =

Z

b

a

w(x)f(x)dx;
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â��� Ý��îüõ ­Âê .¢�ªüõ ùÀ�õ�÷ ö¥ø â��� w(x) ö� ¤¢ �î ,Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ

,ö¥ø â��� ×þ .´¨� ¢���õ

Z

b

a

w(x)dx �î ý��÷�ð�� ,Àª�� ´±·õ ø �µ¨��� ,w : (a; b) ! R

¢�ªüõ �µêÂð ÂÑ÷ ¤¢ Âþ¥ â���� ¥� üØþ �¤�¬�� �

f

�Þãõ

w(x) = 1; w(x) =

p

1� x

2

; w(x) =

1

p

1� x

2

:

.(a; b) = (�1;1) ��¨ â��� ý�Â� ø [a; b℄ = [�1;1℄ Ýþ¤�¢ ,�ø¢ â��� ý�Â� �î À��î ����

ýÂ�ðñ�ÂÚµ÷� ñ�õÂê 1.4 ÓþÂã�

Z

b

a

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

);

Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ §ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×þ ,À�µµÆû �þ�Þµõ �ûx

k

ö� ¤¢ �î

ü�ãþ ,Àª�� Õ�ì¢ p 2 �

2n+1

Z

b

a

w(x)p(x)dx =

n

X

k=0

w

k

p(x

k

):

.À�õ�÷üõ§ø�ð ¤���¤¢��î ý�ûö¥ø �¤ �ûw

k

ø§ø�ð ¤���¤¢��î ¯�Ö÷ �¤ �ûx

k

.Ý��îüõ ý¤ø�¢�þ �¤ Ý�û�Ôõ ¥� ü¡Â� ´Æ¿÷ §ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ö¢¤ø�´¨¢�� ý�Â�

À��î ­Âê

V = L

2

w

(a; b) = ff 2 L

2

(a; b) :

Z

b

a

w(x)f

2

(x)dx <1g:

�¤�¬�� �¤ â��� ø¢ ßþ� üÜ¡�¢ �Â® ,f; g 2 L

2

w

(a; b) â��� ø¢ Âû ý�Â� ,ö��î�

hf; gi =

Z

b

a

w(x)f(x)g(x)dx; (12.4)

�¤�¬�� ,V ýø¤ üÜ¡�¢ �Â® ßþ� Í¨�� ùÀªÀ�ó�� �Â÷ .Ý��îüõ ÓþÂã�

kfk

w

=

 

Z

b

a

w(x)f

2

(x)dx

!

1

2

;

.hf; gi = 0 ù�ðÂû ,Ý�þ�ðüõ Àõ�ãµõ �¤ f; g 2 V â��� ø¢ ,ß��»Þû .¢�� Àû��¡

,Ý�þ�ðüõ Àõ�ãµõ w ö¥ø â��� �� ´±Æ÷ �¤ f'

1

; '

2

; : : : ; '

n

g � V â���� �

b

ä�Þ¹õ 2.4 ÓþÂã�

ù�ðÂû

h'

i

; '

j

i =

Z

b

a

w(x)'

i

(x)'

j

(x)dx = 0; i 6= j:
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Û·õ ÂÔ¬�÷ â���� ¥� (12.4) üÜ¡�¢ �Â® �� ´±Æ÷ Àõ�ãµõ �

b

ä�Þ¹õ Âû 3.4 �

b

�Ìì

.Àû¢üõ Û�ØÈ� üÎ¡ ÛÖµÆõ �

b

ä�Þ¹õ ×þ ,f'

1

; '

2

; : : : ; '

n

g � V

À��î ­Âê :ö�ûÂ�

n

X

i=1

�

i

'

i

= 0:

Ýþ¤�¢ ,1 � k � n Âû ý�Â� ,�¤�¬ ßþ� ¤¢

0 = h'

k

;

n

X

i=1

�

i

'

i

i =

n

X

i=1

�

i

h'

k

; '

i

i = �

k

h'

k

; '

k

i = �

k

k'

k

k

2

w

:

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î �

k

= 0 ,�¹�µ÷¤¢

�î ý¤�Ï�� ,V = fp

j

2 �

n

: j = 0;1; : : : ; ng À��î ­Âê 4.4 �

b

�Ìì

hp

i

; p

j

i

(

= 0; i 6= j;

6= 0 i = j:

.Àû¢üõ Û�ØÈ� �

n

ý�Â� �þ�� ×þ V ,�¤�¬ ßþ� ¤¢

�� ���� �� ,ßþ�Â���� .´¨� üÎ¡ ÛÖµÆõ �

b

ä�Þ¹õ ×þ ,V �

b

ä�Þ¹õ ,4.4 �

b

�Ìì �� ���� �� :ö�ûÂ�

2 .Àû¢üõ Û�ØÈ� �

n

ý�Â� �þ�� ×þ V �

b

ä�Þ¹õ ,dim(�

n

) = n+ 1 �Ø�þ�

ßþ� ¤¢ .´¨� n Â·î�À� �

b

�¤¢ ¥� ß�Ø� ý�ûý��ÜÞ�À�� ��Þ� �

b

ä�Þ¹õ

�

�

n

À��î­Âê 5.4 �

b

�Ìì

�î ý¤�Ï�� À÷¢���õ j = 0;1;2; : : : ,p

j

2

�

�

j

ý�ûý��ÜÞ�À�� ,�¤�¬

hp

j

; p

k

i = 0; j 6= k:

üµÈð¥�� �

b

Î��¤ ×Þî �� �µØþ ¤�Ï�� �ûý��ÜÞ�À�� ßþ�

p

0

(x) = 1;

p

i+1

(x) = (x� Æ

i+1

)p

i

(x) � 


2

i+1

p

i�1

(x);

ø p

�1

(x) = 0 ö� ¤¢ �î ,À÷�ªüõ �±¨�½õ

Æ

i+1

=

hxp

i

; p

i

i

hp

i

; p

i

i

; i � 0




2

i+1

=

8

>

<

>

:

0; i = 0;

hp

i

; p

i

i

hp

i�1

; p

i�1

i

i � 1:
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ù�Ú÷� ,i = 0 Âð� .¢�ªüõ ��¹÷� i ýø¤ �ÂÖµ¨� �� ��±�� :ö�ûÂ�

p

1

(x) = (x� Æ

1

)p

0

(x);

Ýþ¤�¢ ,üêÂÏ¥� .p

1

2

�

�

1

�î ´¨� ¼®�ø

hp

1

; p

0

i = h(x� Æ

1

)p

0

; p

0

i

= hxp

0

; p

0

i � Æ

1

hp

0

; p

0

i

= hxp

0

; p

0

i �

hxp

0

; p

0

i

hp

0

; p

0

i

hp

0

; p

0

i = 0:

�î p

i+1

�î Ý�û¢üõ ö�È÷ .À�ª�� Àõ�ãµõ ø¢��ø¢ k = 0;1; : : : ; i ,p

k

2

�

�

k

À��î ­Âê ,ö��î�

,¤�î ßþ� ý�Â� .´¨� ¢�Þä k = 0;1; : : : ; i ,p

k

2

�

�

k

Â� ,Àþ�üõ ´¨¢�� üµÈð¥�� À÷ø ¤ Í¨��

Ýþ¤�¢

(p

i+1

; p

i

) = h(x� Æ

i+1

)p

i

� 


2

i+1

p

i�1

; p

i

i

= h(x� Æ

i+1

)p

i

; p

i

i

= hxp

i

; p

i

i � Æ

i+1

hp

i

; p

i

i

= hxp

i

; p

i

i �

hxp

i

; p

i

i

hp

i

; p

i

i

hp

i

; p

i

i = 0:

Ýþ¤�¢ ,ß��»Þû

hp

i+1

; p

i�1

i = h(x � Æ

i+1

)p

i

� 


2

i+1

p

i�1

; p

i�1

i

= hxp

i

; p

i�1

i � 


2

i+1

hp

i�1

; p

i�1

i

= hp

i

; xp

i�1

i � 


2

i+1

hp

i�1

; p

i�1

i: (13.4)

ø �

i

= 1 �î ý��÷�ð�� À÷¤�¢ ¢��ø j = 0;1; : : : ; i ,�

j

2 R Û·õ ý¢�Àä� �î ´¨� ßªø¤

xp

i�1

=

i

X

j=0

�

j

p

j

:

´ª�¢ Ý�û��¡ ,(13.4) ¤¢ �Î��¤ ßþ� ý¤�Áðý�� ��

hp

i+1

; p

i�1

i = hp

i

;

i

X

j=0

�

j

p

j

i � 


2

i+1

hp

i�1

; p

i�1

i

= hp

i

; p

i

i � 


2

i+1

hp

i�1

; p

i�1

i = 0:
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Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .j � i� 2 À��î ­Âê ,��¹÷�Â¨

hp

i+1

; p

j

i = h(x� Æ

i+1

)p

i

� 


2

i+1

p

i�1

; p

j

i

= hxp

i

; p

j

i � Æ

i+1

hp

i

; p

j

i � 


2

i+1

hp

i�1

; p

j

i

= hxp

i

; p

j

i = hp

i

; xp

j

i: (14.4)

À÷¤�¢ ¢��ø k = 0;1; : : : ; i�1 ,�

k

2 R Û·õ ý¢�Àä� ,ßþ�Â���� ø xp

j

2

�

�

i�1

�î ´¨�À�� �

f

õ�î

�î ý¤�Ï��

xp

j

=

i�1

X

k=0

�

k

p

k

;

Ýþ¤�¢ ,(14.4) ¤¢ �Î��¤ ßþ� ý¤�Áðý�� ��

hp

i+1

; p

j

i = hp

i

; xp

j

i = hp

i

;

i�1

X

k=0

�

k

p

k

i

=

i�1

X

k=0

�

k

hp

i

; p

k

i = 0:

ý�ûý��ÜÞ�À�� ¥� ýÂÚþ¢ �

b

ä�Þ¹õ ,j = 0;1;2; : : : ,q

j

2

�

�

j

À��î ­Âê ,üþ�µØþ ��±�� ý�Â�

�

j

= 1 �î ý¤�Ï�� À÷¤�¢ ¢��ø k = 0;1; : : : ; j ,�

k

2 R Û·õ ý¢�Àä� ,ü�ªø¤ �� .´¨� Àõ�ãµõ

ø

q

j

=

j

X

k=0

�

k

p

k

: (15.4)

ø �

kk

= 1 �î ý¤�Ï�� À÷¤�¢ ¢��ø r = 0;1; : : : ; k ,�

rk

2 R Û·õ ý¢�Àä� ,°��Â� ß�Þû ��

p

k

=

k

X

r=0

�

rk

q

r

:

Ýþ¤�¢ ,(15.4) �

b

Î��¤ ¤¢ p

k

ý¤�Áðý�� ��

q

j

=

j

X

k=0

 

k

X

r=0

�

k

�

rk

q

r

!

=

j

X

r=0

 

j

X

k=r

�

k

�

rk

!

q

r

:

´ª�¢ Ý�û��¡ ,À�µÆû üÎ¡ ÛÖµÆõ �ûq

r

�Ø�þ� �� ���� ��

8

>

>

>

>

<

>

>

>

>

:

j

X

k=r

�

k

�

rk

= 0; r = 0;1; : : : ; j � 1;

j

X

k=r

�

k

�

rk

= 1; r = j:
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ÛØª�� üÆþÂ��õ �¤�¬�� �û�Î��¤ ßþ�

0

B

B

B

B

�

�

00

�

01

� � � �

0j

0 �

11

� � � �

1j

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 �

jj

1

C

C

C

C

A

0

B

B

B

B

�

�

0

�

1

.

.

.

�

j

1

C

C

C

C

A

=

0

B

B

B

�

0

.

.

.

0

1

1

C

C

C

A

;

ù�Úµ¨¢ ßþ� ,À�µÆû×þ Â��Â� °þ�Â®ÅþÂ��õ ÂÎì ýø¤ ý�û�þ�¤¢ �Ø�þ� �� ���� �� .À÷�ªüõ �µª�÷

�

b

Î��¤ ¤¢ Âþ¢�Öõ ßþ� ý¤�Áðý�� �� .¢¤�¢ r = 0;1; : : : ; j � 1 ,�

r

= 0 ø �

j

= 1 ý�µØþ ����

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� °��Â� ßþ� �� ø p

j

= q

j

´ª�¢ Ý�û��¡ ,(15.4)

.hp; p

n

i = 0 Ýþ¤�¢ ,p 2 �

n�1

Âû ý�Â� 1.4 �

b

¹�µ÷

(a; b) ù

b

¥�� ¤¢ üÚÞû ø À�µÆû ù¢�¨ ø üÖ�Ö� i = 1; : : : ; n ,x

i

ü�ãþ ,p

n

ý�û�Èþ¤ 6.4 �

b

�Ìì

.À÷¤�¢ ¤�Âì

.´¨� ¢Âê �ú÷� ¤�ÂØ� �

b

±�Âõ ø À÷¤�¢ ¤�Âì (a; b) ù

b

¥�� ¤¢ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ p

n

¥� üþ�û�Èþ¤ :ö�ûÂ�

�¤�¬�� �û�Èþ¤ ßþ� À��î ­Âê

a < x

1

< x

2

< � � � < x

l

< b;

Ý�û¢üõ ¤�Âì .À�µÆû

q(x) =

l

Y

j=1

(x� x

j

) 2

�

�

l

:

Ýþ¤�¢ ,ßþ�Â���� .Àû¢üÞ÷ ´õ�ä Â��ç� ,(a; b) ù

b

¥�� ¤¢ p

n

(x)q(x) ý��ÜÞ�À�� �î ´¨� ßªø¤

hq; p

n

i =

Z

b

a

w(x)p

n

(x)q(x)dx 6= 0;

2 .deg(q) = l = n´ª�¢ Ý�û��¡ ,�¹�µ÷¤¢ .´¨� Ëì��� ¤¢ 1.4 �

b

¹�µ÷ �� �î

,À�ª�� §ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê×þ ¤���¤¢��î ¯�Ö÷ i = 0;1; : : : ; n ,x

i

À��î­Âê 7.4 �

b

�Ìì

ü�ãþ

Z

b

a

w(x)p(x)dx =

n

X

k=0

w

k

p(x

k

); 8p 2 �

2n+1

:

Ýþ¤�¢ ,q 2 �

n

Âû ý�Â� ,�¤�¬ ßþ� ¤¢

Z

b

a

w(x)q

n+1

(x)q(x)dx = 0;



§ø�ð ýÂ�ð ñ�ÂÚµ÷� ý�ûñ�õÂê .6.4 154

.q

n+1

(x) =

n

Y

j=0

(x� x

j

) ö� ¤¢ �î

Ýþ¤�¢ ,´¨� 2n+ 1 Â·î�À� q

n+1

q ý��ÜÞ�À�� �

b

�¤¢ �Ø�þ� �� ���� �� :ö�ûÂ�

Z

b

a

w(x)q

n+1

(x)q(x)dx =

n

X

k=0

w

k

q

n+1

(x

k

)q(x

k

) = 0:

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� ,°��Â� ßþ� ��

ø À�ª�� �þ�Þµõ �

b

ÎÖ÷ n+ 1 ,i = 0;1; : : : ; n ,x

i

À��î ­Âê 8.4 �

b

�Ìì

q

n+1

(x) =

n

Y

j=0

(x � x

j

);

�î ý¤�Ï��

Z

b

a

w(x)q

n+1

(x)q(x)dx = 0; 8q 2 �

n

:

À��î ­Âê ,ß��»Þû

w

k

=

Z

b

a

w(x)L

k

(x)dx; k = 0;1; : : : ; n;

ö� ¤¢ �î

L

k

(x) =

n

Y

j=0

j 6=k

x� x

j

x

k

� x

j

:

�¤�¬ ßþ� ¤¢

Z

b

a

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

);

.´¨� §ø�ð ¤���¤¢��î ñ�õÂê ×þ

i = 0;1; : : : ; n ,x

i

¯�Ö÷ ¤¢ p â��� ���÷ø ¤¢ ý��ÜÞ�À�� p

n

(x) ø p 2 �

2n+1

À��î­Âê :ö�ûÂ�

�¹�µ÷¤¢ .Àª��

p(x

i

)� p

n

(x

i

) = 0; i = 0;1; : : : ; n:

×þ ,ßþ�Â���� .À�µÆû p � p

n

ý�û�Èþ¤ i = 0;1; : : : ; n ,x

i

�î Àû¢üõ ö�È÷ �Î��¤ ßþ�

Ýþ¤�¢ ,�¹�µ÷¤¢ .p� p

n

= q

n+1

q �î ý¤�Ï�� ¢¤�¢ ¢��ø q 2 �

n

Û·õ ý��ÜÞ�À��

Z

b

a

w(x)p(x)dx =

Z

b

a

w(x)p

n

(x)dx +

Z

b

a

w(x)q

n+1

(x)q(x)dx
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=

Z

b

a

w(x)p

n

(x)dx

=

Z

b

a

w(x)

 

n

X

k=0

p(x

k

)L

k

(x)

!

dx

=

n

X

k=0

w

k

p(x

k

);

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î

.¢¤�¢ ¢��ø �µØþ §ø�ð ¤���¤¢��î ñ�õÂê ×þ ,n = 0;1;2; : : : Âû ý�¥��� 9.4 �

b

�Ìì

ÂÑ÷ ¤¢ �¤ [a; b℄ ù

b

¥�� Â� w ö¥ø �� ´±Æ÷ ß�Ø� Àõ�ãµõ ý�ûý��ÜÞ�À�� ¥� q

n+1

ý��ÜÞ�À�� :ö�ûÂ�

Ýþ¤�¢ ,ø ¤ßþ�¥� .À÷¤�¢ ¤�Âì [a; b℄ ù

b

¥�� ¤¢ ø ù¢�¨ üÚÞû q

n+1

ý�û�Èþ¤ .ÀþÂ�Ú�

q

n+1

(x) =

n

Y

j=0

(x � x

j

);

,q

j

ý�ûý��ÜÞ�À�� �Ø�þ� �� ���� �� .À�µÆû q

n+1

ý�û�Èþ¤ ,j = 0;1; : : : ; n ,x

j

ö� ¤¢ �î

Ýþ¤�¢ ,À�µÆû Àõ�ãµõ ,j = 0;1; : : : ; n; n+ 1

Z

b

a

w(x)q

n+1

(x)q(x)dx = 0; 8q 2 �

n

:

.À�µÆû §ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×þ §ø�ð ¤���¤¢��î ¯�Ö÷ �ûx

k

,Û±ì �

b

�Ìì �� ���� �� ,�¹�µ÷¤¢

2

.À�µÆû ´±·õ üÚÞû §ø�ð ¤���¤¢��î ý�ûö¥ø 10.4 �

b

�Ìì

Ý�û¢üõ ¤�Âì ,0 � k � n Âû ý�¥��� :ö�ûÂ�

f

k

(x) =

�

q

n+1

(x)

x� x

k

�

2

; k = 0;1; : : : ; n;

Ýþ¤�¢ ,f

k

2 �

2n+1

�Ø�þ� �� ���� �� ,�¤�¬ ßþ� ¤¢ .q

n+1

(x) =

n

Y

j=0

(x� x

j

) ö� ¤¢ �î

Z

b

a

w(x)f

k

(x)dx =

n

X

j=0

w

j

f

k

(x

j

) = w

k

f

k

(x

k

): (16.4)
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Ýþ¤�¢ ,üêÂÏ¥�

f

k

(x

k

) = lim

x!x

k

f

k

(x) = lim

x!x

k

�

q

n+1

(x)� q

n+1

(x

k

)

x� x

k

�

2

=

�

lim

x!x

k

q

n+1

(x)� q

n+1

(x

k

)

x� x

k

�

2

=

�

q

0

n+1

(x

k

)

�

2

:

´ª�¢ Ý�û��¡ ,(16.4) �

b

Î��¤ ¤¢ f

k

(x

k

) ý¤�Áðý�� ��

0 <

Z

b

a

w(x)f

k

(x)dx = w

k

�

q

0

n+1

(x

k

)

�

2

:

2 .w

k

> 0 �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

¥� §ø�ð ¤���¤¢��î ñ�õÂê ý�Î¡ ,�¤�¬ ßþ� ¤¢ .f 2 C

(2n+2)

[a; b℄ À��î ­Âê 11.4 �

b

�Ìì

�¤�¬�� n �

b

�¤¢

Z

b

a

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

) =

f

(2n+2)

(�)

(2n+ 2)!

Z

b

a

w(x) (q

n+1

(x))

2

dx;

.� 2 (a; b) ö� ¤¢ �î ,´¨�

Íþ�Âª �� ´�õÂû ���÷ø ¤¢ ý��ÜÞ�À�� H

n

À��î ­Âê :ö�ûÂ�

(

H

n

(x

k

) = f(x

k

);

H

0

n

(x

k

) = f

0

(x

k

);

k = 0;1; : : : ; n;

ßþ�Â���� ø H

n

2 �

2n+1

,�¤�¬ ßþ� ¤¢ .´¨�

Z

b

a

w(x)H

n

(x)dx =

n

X

k=0

w

k

H

n

(x

k

) =

n

X

k=0

w

k

f(x

k

): (17.4)

Ýþ¤�¢ ,(17.4) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,�¤�¬ ßþ� ¤¢ .f 2 C

2n+2

[a; b℄ À��î ­Âê ,ö��î�

E

n

(f) =

Z

b

a

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

)

=

Z

b

a

w(x)f(x)dx �

Z

b

a

w(x)H

n

(x)dx

=

Z

b

a

w(x)(f(x) �H

n

(x))dx:
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´ª�¢ Ý�û��¡ ,´�õÂû ü���÷ø ¤¢ ý�Î¡ ñ�õÂê ¥� ù¢�Ôµ¨� �� ,ßþ�Â����

E

n

(f) =

Z

b

a

w(x)(f(x) �H

n

(x))dx

=

Z

b

a

w(x)

f

(2n+2)

(�

x

)

(2n+ 2)!

(q

n+1

(x))

2

dx

=

f

(2n+2)

(�)

(2n+ 2)!

Z

b

a

w(x) (q

n+1

(x))

2

dx:

2 .´¨� ùÀõ� ´¨¢�� ß�Ú÷��õ ¤�ÀÖõ �

b

�Ìì ù¢�Ôµ¨� �� Â¡� �

b

Î��¤ �î À��î ����

.Ý��îüõ ü¨¤Â� �¤ §ø�ð ¤���¤¢��î ý�ûö¥ø �

b

±¨�½õ á�®�õ ,�õ�¢� ¤¢

,t

j

ø À�ª�� Àõ�ãµõ ø¢��ø¢ j = 0;1; : : : ; n ,p

j

2 �

j

ý�ûý��ÜÞ�À�� À��î­Âê 12.4 �

b

�Ìì

ÅþÂ��õ ,�¤�¬ ßþ� ¤¢ .À�µÆû �þ�Þµõ üÖ�Ö� ¢Àä n+ 1 ,j = 0;1; : : : ; n

A =

0

B

B

B

B

�

p

0

(t

0

) p

0

(t

1

) � � � p

0

(t

n

)

p

1

(t

0

) p

1

(t

1

) � � � p

1

(t

n

)

.

.

.

.

.

.

.

.

.

.

.

.

p

n

(t

0

) p

n

(t

1

) � � � p

n

(t

n

)

1

C

C

C

C

A

;

.´¨� ¢ÂÔ�õ�÷

ø ´¨� ¢ÂÔ�õ ��÷ A

T

,�¤�¬ ßþ� ¤¢ .´¨� ¢ÂÔ�õ A ÅþÂ��õ À��î ­Âê ,ÓÜ¡ ö�ûÂ� �� :ö�ûÂ�

,A

T

v = 0 �î ý¤�Ï�� ¢¤�¢ ¢��ø 0 6= v = (v

0

; v

1

; : : : ; v

n

)

T

2 R

n+1

Û·õ ý¤�¢Â� ,ßþ�Â����

�� ¢�¡ ßþ� �î

n

X

j=0

v

j

p

j

(t

i

) = 0; i = 0;1; : : : ; n;

�

b

Èþ¤ n + 1 ý�¤�¢ q �î Àû¢üõ ö�È÷ Â�¡� �

b

Î��¤ ,q(x) =

n

X

j=0

v

j

p

j

(t) ö¢�¢¤�Âì �� .´¨� ñ¢�ãõ

2 .´¨� Ëì��� ¤¢ ,deg(q) � n �Ø�þ� �� �¹�µ÷ ßþ� .´¨� �þ�Þµõ

üÎ¡ ��¢�ãõ ù�Úµ¨¢ ���� ,j = 0;1; : : : ; n ,w

j

§ø�ð ¤���¤¢��î ý�ûö¥ø 13.4 �

b

�Ìì

n

X

j=0

p

k

(x

j

)w

j

=

(

hp

0

; p

0

i; k = 0;

0; k = 1;2; : : : ; n;

.À�µÆû p

n+1

ý��ÜÞ�À�� ý�û�Èþ¤ j = 0;1; : : : ; n ,x

j

ö� ¤¢ �î ,À�µÆû



¤À÷�Äó -§ø�ð ø ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê .6.4 158

§ø�ð ¤���¤¢��î ñ�õÂê ,ÝþÀþ¢ �î �÷�ðö�Þû :ö�ûÂ�

Z

b

a

w(x)f(x)dx �

n

X

j=0

w

j

f(x

j

);

,p = p

k

­Âê �� ,�¤�¬ ßþ� ¤¢ .´¨� Õ�ì¢ p 2 �

2n+1

ý�ûý��ÜÞ�À�� ��Þ� ý�Â�

Ýþ¤�¢ ,k = 0;1; : : : ; n

n

X

j=0

p

k

(x

j

)w

j

=

Z

b

a

w(x)p

k

(x)dx = hp

k

; p

0

i =

(

hp

0

; p

0

i; k = 0;

0; k = 1;2; : : : ; n:

¢¤�¢ �µØþ ���� ù�Úµ¨¢ ,ßþ�Â���� ø ´¨� ¢ÂÔ�õ�÷ ù�Úµ¨¢ ßþ� °þ�Â® ÅþÂ��õ ,Û±ì �

b

�Ìì �� ���� ��

2 .À�µÆû §ø�ð ¤���¤¢��î ý�ûö¥ø ö�Þû �î

¤À÷�Äó -§ø�ð ø ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê 7.4

ý�ûý��ÜÞ�À�� ¥� �ä�Þ¹õ ×þ ö���üõ ,°¨��õ ö¥ø â��� ×þ ��¿µ÷� ø 5.4 �

b

�Ìì ×Þî ��

¤���¤¢��î ý�ûñ�õÂê ,ß�È�� Ç¿� ¤¢ ùÀª���¤� ¸þ�µ÷ ø �ú÷� ×Þî �� Å³¨ ø ¢¤ø� ´¨¢�� Àõ�ãµõ

¤À÷�Äó -§ø�ð ø ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ,Ç¿� ßþ� ¤¢ .¢Âî À�ó�� �¤ ÂÒ��µõ §ø�ð

´Æ¿÷ .À÷�ªüõ À�ó�� ¤À÷�Äó ø ÓÈ�±� ý�ûý��ÜÞ�À��×Þî �� ,°��Â��� �î Ý��îüõ üêÂãõ �¤

.Ý��îüõ üêÂãõ �¤ ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê

ÓÈ�±� -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê

ø (a; b) = (�1;1) À��î ­Âê

w(x) =

1

p

1� x

2

:

�¤�¬�� ÓÈ�±� ý�ûý��ÜÞ�À�� ,ÝþÀþ¢ 4.3 Ç¿� ¤¢ �î �÷�ðö�Þû

T

n

(x) = 
os(n 
os

�1

x); �1 � x � 1;

Ýþ¤�¢ ,x = 
os t Â�çµõ Â��ç� �� .À÷�ªüõ ÓþÂã�

hT

n

; T

m

i =

Z

1

�1

w(x)T

n

(x)T

m

(x)dx
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=

Z

1

�1

1

p

1� x

2

T

n

(x)T

m

(x)dx

=

Z

�

0


osnt 
osmtdt

=

1

2

Z

�

0

�


os(n�m)t+ 
os(m+ n)t

�

dt

=

8

>

>

>

<

>

>

>

:

�; n = m = 0;

�

2

; n = m > 0;

0; n 6= m:

(18.4)

,q

n

= 2

1�n

T

n

ø q

0

= T

0

ö¢�¢¤�Âì �� .À�µÆû Àõ�ãµõ ø¢��ø¢ �ûT

n

�î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.À��îüõ ëÀ¬ Û±ì Ç¿� ý�þ�Ìì Íþ�Âª ¤¢ ø À�µÆû ß�Ø� �ûq

n

�î Ý����üõ n = 1;2; : : :

.À�îüõ À�ó�� §ø�ð ¤���¤¢��î ñ�õÂê ×þ q

n

ý��ÜÞ�À�� ,n = 0;1;2; : : : Âû ý�¥��� ,ßþ�Â����

.À�µÆû éøÂãõÓÈ�±� -§ø�ð ¤���¤¢��î ý�ûñ�õÂê �� ,�ûñ�õÂê ßþ�

ü�ãþ ,(T

n+1

ý�û�Èþ¤) q

n+1

ý�û�Èþ¤

x

k

= 
os

�

2k + 1

2(n+ 1)

�

�

; k = 0;1; : : : ; n;

üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� ¥� ¤���¤¢��î ý�ûö¥ø ø À�µÆû ÓÈ�±� -§ø�ð ¤���¤¢��î ¯�Ö÷

n

X

k=0

q

m

(x

k

)w

k

=

8

<

:

hq

0

; q

0

i; m = 0;

0; m = 1;2; : : : ; n:

(19.4)

Ýþ¤�¢ ,(18.4) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� .À�þ�üõ ´¨¢��

hq

0

; q

0

i =

Z

1

�1

1

p

1� x

2

q

0

(x)

2

dx =

Z

1

�1

1

p

1� x

2

T

0

(x)

2

dx = �:

�¤�¬�� ö���üõ �¤ (19.4) ù�Úµ¨¢ ,�¹�µ÷¤¢

n

X

k=0

T

m

(x

k

)w

k

=

8

<

:

�; m = 0;

0; m = 1;2; : : : ; n;

�Ø�þ� �� ���� �� ,ßþ�Â���� .´ª�÷

T

m

(x

k

) = 
os

�

(2k + 1)m�

2(n+ 1)

�

;

�¤�¬�� Â�¡� ù�Úµ¨¢

n

X

k=0

w

k


os

�

(2k + 1)m�

2(n+ 1)

�

=

8

<

:

�; m = 0;

0; m = 1;2; : : : ; n;

(20.4)
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(À���±� �¤ 8.4 ßþÂÞ�) �î Ý����üõ ´Æ¿÷ ,ù�Úµ¨¢ ßþ� Û� ý�Â� .Àþ�üõ¤¢

n

X

k=0


os

�

(2k + 1)m�

2(n+ 1)

�

=

8

<

:

n+ 1; m = 0;

0; m = 1;2; : : : ; n;

(21.4)

ßþ�Â���� ø

n

X

k=0

�

n+ 1


os

�

(2k + 1)m�

2(n+ 1)

�

=

8

<

:

�; m = 0;

0; m = 1;2; : : : ; n:

�î ÝþÂ�ðüõ �¹�µ÷ ,(20.4) �

b

Î��¤ ø �Î��¤ ßþ� �

b

Æþ�Öõ ��

w

k

=

�

n+ 1

; k = 0;1; : : : ; n;

.´¨� (20.4) ù�Úµ¨¢ ����

¢�� À�û��¡ Âþ¥ �¤�¬�� ÓÈ�±� -§ø�ð ¤���¤¢��î ý�ûñ�õÂê ,ùÀª���¤� °ó�Îõ ýÀ��âÞ� ��

Z

1

�1

f(x)

p

1� x

2

dx �

�

n+ 1

n

X

k=0

f(
os

(2k + 1)�

2(n+ 1)

);

´¨� Âþ¥ �¤�¬�� ö� ýÂ�ðñ�ÂÚµ÷� ý�Î¡ ø

E(f) =

Z

1

�1

f(x)

p

1� x

2

dx �

�

n+ 1

n

X

k=0

f(
os

(2k + 1)�

2(n+ 1)

)

=

f

(2n+2)

(�)

(2n+ 2)!

Z

1

�1

w(x)(q

n+1

(x))

2

dx

=

f

(2n+2)

(�)

(2n+ 2)!

(2

�n

)

2

Z

1

�1

w(x)(T

n+1

(x))

2

dx

=

f

(2n+2)

(�)

(2n+ 2)!

(2

�n

)

2

�

2

=

�

2

2n+1

(2n+ 2)!

f

(2n+2)

(�):

ßþ� ¤¢ .Àþ�üõ ´¨¢�� ÓÈ�±� -§ø�ð ý��ÎÖ÷×þ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ,n = 0 ý�¥���

�ú�� ,ß��»Þû .´¨� x

0

= 0 �� Â��Â� q

1

(x) = T

1

(x) = x ý��ÜÞ�À�� �

b

Èþ¤ �ú�� ,�¤�¬

�¤�¬�� ÓÈ�±� -§ø�ð ý��ÎÖ÷×þ ñ�õÂê ,�¹�µ÷¤¢ .´¨� � �� Â��Â� w

0

ö¥ø

Z

1

�1

1

p

1� x

2

f(x)dx � �f(0);
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�� Â��Â� ©ø¤ ý�Î¡ ø

E(f) =

�

4

f

00

(�);

ý�û�Èþ¤ .Ý���þüõ �¤ T

2

ý�û�Èþ¤ ,�¤�¬ ßþ� ¤¢ .n = 1 Ý��îüõ ­Âê ,ö��î� .¢�� Àû��¡

¥� À��¤�±ä T

2

x

0

= 
os

�

4

=

p

2

2

; x

1

= 
os

3�

4

= �

p

2

2

:

Ýþ¤�¢ ,ß��»Þû

w

0

= w

1

=

�

2

:

¢�� Àû��¡ Âþ¥ �¤�¬�� ÓÈ�±� -§ø�ð ý��ÎÖ÷ø¢ ñ�õÂê ,ßþ�Â����

Z

1

�1

1

p

1� x

2

f(x)dx �

�

2

 

f

 

�

p

2

2

!

+ f

 

p

2

2

!!

:

�� ´¨� Â��Â� ©ø¤ ßþ� ý�Î¡

E(f) =

�

192

f

(4)

(�):

¥� À��¤�±ä T

3

ý��ÜÞ�À�� ý�û�Èþ¤ ,�¤�¬ ßþ� ¤¢ .n = 2 À��î ­Âê ,×�þ�

x

0

= 
os

�

6

=

p

3

2

; x

1

= 0; x

2

= 
os

5�

6

= �

p

3

2

:

Ýþ¤�¢ ,ß��»Þû

w

0

= w

1

= w

2

=

�

3

:

¢�� Àû��¡ Âþ¥ �¤�¬�� ÓÈ�±� -§ø�ð ý��ÎÖ÷�¨ ñ�õÂê ,ø ¤ßþ�¥�

Z

1

�1

1

p

1� x

2

f(x)dx �

�

3

 

f

 

�

p

3

2

!

+ f(0) + f

 

p

3

2

!!

:

�� ´¨� Â��Â� ©ø¤ ßþ� ý�Î¡

E(f) =

�

23040

f

(6)

(�):

ü±þÂÖ� ¤�ÀÖõ 4.4 ñ�·õ

I =

Z

1

�1


osx

p

1� x

2

dx;
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.Ýþ¤ø�üõ ´¨¢�� ÓÈ�±� -§ø�ð ý��ÎÖ÷�¨ ø ý��ÎÖ÷ø¢ ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ¥� ù¢�Ôµ¨� �� �¤

Ýþ¤�¢ ,ÓÈ�±� -§ø�ð ý��ÎÖ÷ø¢ ñ�õÂê ø f(x) = 
osx­Âê ��

Z

1

�1

f(x)dx �

�

2

 

f

 

�

p

2

2

!

+ f

 

p

2

2

!!

=

�

2

 


os

 

�

p

2

2

!

+ 
os

 

p

2

2

!!

= 2:388379:

´ª�¢ Ý�û��¡ ,Ý��î ù¢�Ôµ¨� ÓÈ�±� -§ø�ð ý��ÎÖ÷�¨ ñ�õÂê ¥� Âð�

Z

1

�1

f(x)dx �

�

3

 

f

 

�

p

3

2

!

+ f(0) + f

 

p

3

2

!!

=

�

3

 


os

 

�

p

3

2

!

+ 
os0+ 
os

 

p

3

2

!!

= 2:404071:

.´¨� 2:403939 �� Â��Â� ,´¨¤¢ ¤�Èä� Ýì¤ 6 �� I Õ�ì¢ ¤�ÀÖõ �î ´¨� Âî£ ö�þ�ª

¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê

§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ßþÂ�Ýúõ ø ßþÂ�éøÂãõ ,¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê

�¤�¬�� ýÂ�ðñ�ÂÚµ÷� ù

b

¥�� À��î­Âê .´¨� w(x) = 1 �� Â��Â� �ûñ�õÂê ßþ� ö¥ø â��� �Âþ¥ ;À�µÆû

�î À�þ�üõ ´¨¢�� ¤À÷�Äó Àõ�ãµõ ý�ûý��ÜÞ�À��×Þî �� �ûñ�õÂê ßþ� .Àª�� [a; b℄ = [�1;1℄

�¤�¬��

P

n

(x) =

n!

(2n)!

d

n

dx

n

(x

2

� 1)

n

;

¤�ÀÖõ À�� ý�¥��� .deg(P

n

) = n ø À�µÆû ß�Ø� �ûP

n

�î Àþ¢ ö���üõ üð¢�¨�� .À÷�ªüõ ÓþÂã�

Ýþ¤�¢ ,n ¥�

P

0

(x) = 1; P

1

(x) = x;

P

2

(x) = x

2

�

1

3

; P

3

(x) = x

3

�

3

5

x;

P

4

(x) = x

4

�

6

7

x

2

+

3

35

; P

5

(x) = x

5

�

10

9

x

3

+

5

21

x:
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�¤�±ä �� ;À�µÆû Àõ�ãµõ [�1;1℄ ù

b

¥�� ýø¤ w(x) = 1 ö¥ø �� ´±Æ÷ �ûP

n

�î Ý�û¢üõ ö�È÷

ÂÚþ¢

hP

m

; P

n

i =

Z

1

�1

P

m

(x)P

n

(x)dx

8

<

:

= 0; n 6= m;

6= 0; n = m:

,m < n ý�¥��� �î Ý�û¢ ö�È÷ ´¨� üê�î ,¤�î ßþ� ý�Â�

I

mn

:=

Z

1

�1

d

m

dx

m

(x

2

� 1)

m

d

n

dx

n

(x

2

� 1)

n

dx = 0:

Ýþ¤�¢ ,Ǳ����Ǳ�� ýÂ�ðñ�ÂÚµ÷� ù

b

Àä�ì ø dv =

d

n

dx

n

(x

2

�1)

n

dx ø u =

d

m

dx

m

(x

2

�1)

m

­Âê ��

I

mn

= uv

�

�

�

1

�1

�

Z

1

�1

vdu

=

"

d

m

dx

m

(x

2

� 1)

m

d

n�1

dx

n�1

(x

2

� 1)

n

#

�

�

�

�

�

1

�1

| {z }

A

�

Z

1

�1

d

m+1

dx

m+1

(x

2

� 1)

m+1

d

n�1

dx

n�1

(x

2

� 1)

n

dx:

Â�¡� �¤�±ä ¤¢ A ¤�ÀÖõ ,ßþ�Â���� .´¨� ÂþÁ�Ç¿� x

2

� 1 Â�

d

n�1

dx

n�1

(x

2

� 1)

n

�î ´¨� ßªø¤

ø¤ßþ�¥� .¢�� Àû��¡ ÂÔ¬ �� Â��Â�

I

mn

= �

Z

1

�1

d

m+1

dx

m+1

(x

2

� 1)

m+1

d

n�1

dx

n�1

(x

2

� 1)

n

dx:

�

b

Î��¤ �� À÷ø ¤ ßþ� �

b

õ�¢� ��

I

mn

= (�1)

m+1

Z

1

�1

d

2m+1

dx

2m+1

(x

2

� 1)

m

d

n�m�1

dx

n�m�1

(x

2

� 1)

n

dx:

ÕµÈõ ,´¨� 2m �

b

�¤¢ ¥� ý��ÜÞ�À��×þ ,(x

2

�1)

m

�¤�±ä �Ø�þ� �� ���� �� ,ö��î� .Ý�¨¤üõ

.I

mn

= 0 ,�¹�µ÷¤¢ .¢�� Àû��¡ ÂÔ¬ �� Â��Â� ö� ��(2m+ 1)

.À�µÆû ß�Ø� ø Àõ�ãµõ �

b

ä�Þ¹õ ×þ ,¤À÷�Äó ý�ûý��ÜÞ�À�� �

b

ä�Þ¹õ ,ÝþÀþ¢ �î �÷�ðö�Þû

¢Âî À�ó�� §ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×þ ö���üõ ,�ûý��ÜÞ�À�� ßþ� ¥� ×þÂû ×Þî �� ,ßþ�Â����

¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ,n = 0;1;2 ý�¥��� .(¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê)

.Ýþ¤ø�üõ ´¨¢�� �¤ ×þÂû ý�Î¡ �¤�±ä ø
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�

b

ÎÖ÷ �ú�� (x

0

= 0 ,ü�ãþ) P

1

(x) = x = 0 �

b

Èþ¤ ,�¤�¬ ßþ� ¤¢ .n = 0 À��î ­Âê

�

b

Î��¤ ¤¢ §ø�ð ¤���¤¢��î ö¥ø �ú�� ,13.4 �

b

�Ìì ×Þî �� ,ßþ�Â���� .´¨� ¤À÷�Äó -§ø�ð ¤���¤¢��î

P

0

(x

0

)w

0

= hP

0

; P

0

i =

Z

1

�1

P

2

0

(x)dx =

Z

1

�1

dx = 2;

,�¤�¬ ßþ� ¤¢ .w

0

= 2 �î ÝþÂ�ðüõ �¹�µ÷ ,P

0

(x

0

) = 1 �Ø�þ� �� ���� �� ,ö��î� .À�îüõ ëÀ¬

�¤�¬�� ý��ÎÖ÷×þ ¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê

Z

1

�1

f(x)dx � 2f(0);

�Î¡ ñ�õÂê ,11.4 �

b

�Ìì �� ¢��µ¨� �� .´¨� éøÂãõ ü÷��õ �

b

ÎÖ÷ ù

b

Àä�ì �� ©ø¤ ßþ� .¢�� Àû��¡

�¤�¬�� ü÷��õ �

b

ÎÖ÷ ù

b

Àä�ì ý�Â�

E(f) =

f

00

(�)

2!

Z

1

�1

(P

1

(x))

2

dx

=

f

00

(�)

2!

Z

1

�1

x

2

dx

=

1

3

f

00

(�);

.´¨�

¤���¤¢��î ¯�Ö÷ ü�¤�±ä �� �þ ,P

2

(x) = x

2

�

1

3

ý�û�Èþ¤ ,�¤�¬ ßþ� ¤¢ .n = 1 À��î ­Âê

ù�Úµ¨¢ ´¨� üê�î �ûö¥ø �

b

±¨�½õ ý�Â� .x

1

=

p

3

3

ø x

0

= �

p

3

3

¥� À��¤�±ä ÂÒ��µõ §�ð

(

P

0

(x

0

)w

0

+ P

0

(x

1

)w

1

= hP

0

; P

0

i;

P

1

(x

0

)w

0

+ P

1

(x

1

)w

1

= 0;

�þ

(

w

0

+ w

1

= 2;

�

p

3

3

w

0

+

p

3

3

w

1

= 0;

ý��ÎÖ÷ø¢ ñ�õÂê ,ßþ�Â���� .w

0

= w

1

= 1 ´ª�¢ Ý�û��¡ ,ù�Úµ¨¢ ßþ� Û� �� .Ý��î Û� �¤

�¤�¬�� ¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷�

Z

1

�1

f(x)dx � f

 

�

p

3

3

!

+ f

 

p

3

3

!

;

�¤�¬�� ñ�õÂê ßþ� ý�Î¡ ,ùø�ä�� .¢�� Àû��¡

E(f) =

f

(4)

(�)

4!

Z

1

�1

(P

2

(x))

2

dx
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=

f

(4)

(�)

4!

Z

1

�1

�

x

2

�

1

3

�

2

dx

=

1

135

f

(4)

(�);

.´¨�

¥� À��¤�±ä P

3

(x) = x

3

�

3

5

x ý��ÜÞ�À�� ý�û�Èþ¤ ,�¤�¬ ßþ� ¤¢ .n = 2 À��î ­Âê

ù�Úµ¨¢ ´¨� üê�î ,�ûö¥ø �

b

±¨�½õ ý�Â� .x

2

=

q

3

5

ø x

1

= 0 ,x

0

= �

q

3

5

8

>

>

<

>

>

:

P

0

(x

0

)w

0

+ P

0

(x

1

)w

1

+ P

0

(x

2

)w

2

= hP

0

; P

0

i;

P

1

(x

0

)w

0

+ P

1

(x

1

)w

1

+ P

1

(x

2

)w

2

= 0;

P

2

(x

0

)w

0

+ P

2

(x

1

)w

1

+ P

2

(x

2

)w

2

= 0;

�þ

8

>

>

<

>

>

:

w

0

+ w

1

+ w

1

= 2;

�

q

3

5

w

0

+

q

3

5

w

2

= 0;

4

15

w

0

�

1

3

w

1

+

4

15

w

2

= 0;

ñ�õÂê ,ßþ�Â���� .w

1

=

8

9

ø w

0

= w

2

=

5

9

´ª�¢ Ý�û��¡ ,ù�Úµ¨¢ ßþ� Û� �� .Ý��î Û� �¤

�¤�¬�� ¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý��ÎÖ÷�¨

Z

1

�1

f(x)dx �

1

9

 

5f

 

�

r

3

5

!

+ 8f(0) + 5f

 

�

r

3

5

!!

;

�¤�¬�� ñ�õÂê ßþ� ý�Î¡ ,ß��»Þû .¢�� Àû��¡

E(f) =

f

(6)

(�)

6!

Z

1

�1

(P

3

(x))

2

dx

=

f

(4)

(�)

4!

Z

1

�1

�

x

3

�

3

5

x

�

2

dx

=

8

175

f

(6)

(�);

.´¨�

,¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý��ÎÖ÷�¨ ø ý��ÎÖ÷ø¢ ý�ûñ�õÂê ×Þî �� Ý�û��¡üõ 5.4 ñ�·õ

ñ�ÂÚµ÷� ü±þÂÖ� ¤�ÀÖõ

I =

Z

1

�1

e

�

x

2

2

dx;
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.´¨� 1:711249 �� Â��Â� ,´¨¤¢ ¤�Èä� Ýì¤ 6 �� ñ�ÂÚµ÷� ßþ� Õ�ì¢ ¤�ÀÖõ .Ý��î �±¨�½õ �¤

¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×Þî �� ñ�ÂÚµ÷� ßþ� ü±þÂÖ� ¤�ÀÖõ ,f(x) = e

�

x

2

2

­Âê ��

�� Â��Â� ,ý��ÎÖ÷ø¢

I � f

 

�

p

3

3

!

+ f

 

p

3

3

!

= 1:692963;

�� Â��Â� ,ý��ÎÖ÷�¨ ¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×Þî �� ø

I �

1

9

 

5f

 

�

r

3

5

!

+ 8f(0) + 5f

 

r

3

5

!!

= 1:712020;

,°��Â� �� ,Ý��î �±¨�½õ ù¢�¨ ö�Æ³Þ�¨ ø ý��Ö÷¥ø£ ý�û©ø¤ ¥� ù¢�Ôµ¨� �� �¤ I ¤�ÀÖõ Âð� .´¨�

ü±þÂÖ� Âþ¢�Öõ ,Ý����üõ �î �÷�ðö�Þû .À�þ�üõ ´¨¢�� 1:737687 ø 1:213061 ü±þÂÖ� Âþ¢�Öõ

ö�Æ³Þ�¨ ø ý��Ö÷¥ø£ ý�ûùÀä�ì �� ´±Æ÷ °��Âõ �� ,¤À÷�Äó -§ø�ð ý�ûñ�õÂê Í¨�� ùÀõ�´¨¢��

.À�µÆû ¤�¢¤�¡Â� ýÂµÈ�� ´ì¢ ¥�

ßþ� ö���üõ üµ��¤�� üóø ,¢�ªüõ �µª�÷ [�1;1℄ ù

b

¥�� ý�Â� §ø�ð ¤���¤¢��î ý�ûñ�õÂê ,°Üè�

ø x 2 [a; b℄ Âð� �î ÝþÀþ¢ ,4.3 Ç¿� ¤¢ .¢�¢ Ý�Þã� ù��¿ó¢ ù

b

¥�� Âû ý�Â� �¤ �ûñ�õÂê

x =

b+ a

2

+

b� a

2

t;

ßþ�Â���� .t 2 [�1;1℄ ù�Ú÷�

dx =

b� a

2

dt;

ø

Z

b

a

f(x)dx =

b� a

2

Z

1

�1

g(t)dt;

ö� ¤¢ �î

g(t) = f

�

b+ a

2

+

b� a

2

t

�

:

´ª�¢ Ý�û��¡ ,ø¤ßþ�¥�

Z

b

a

f(x)dx �

b� a

2

n

X

k=0

w

i

g(x

i

) =

b� a

2

n

X

k=0

w

i

f

�

b+ a

2

+

b� a

2

x

i

�

:
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Ýþ¤�¢ 6.4 ñ�·õ

I =

Z

2

0

x

3

p

8� x

3

dx =

16�

9

p

3

= 3:224532 � � � :

ßþ� ý�Â� .Ý�÷¥üõ °þÂÖ� ¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý��ÎÖ÷�¨ ñ�õÂê ¥� ù¢�Ôµ¨� �� �¤ ñ�ÂÚµ÷� ßþ�

Â�çµõ Â��ç� ¥� ù¢�Ôµ¨� �� ,ö��î� .b = 2 ø a = 0 Ý�û¢üõ ¤�Âì ,¤�î

x =

b+ a

2

+

b� a

2

t = 1+ t;

´ª�¢ Ý�û��¡

I =

Z

1

�1

f(1+ t)dt;

,¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ý��ÎÖ÷�¨ ñ�õÂê ×Þî �� ,ßþ�Â���� .f(x) = x

3

p

8� x

3

ö� ¤¢ �î

Ýþ¤�¢

I =

Z

1

�1

f(1+ t)dt �

1

9

 

5f

 

1�

r

3

5

!

+ 8f(1) + 5f

 

1+

r

3

5

!!

= 3:272779:

ü±þÂÖ� �

b

±¨�½õ ý�Â� .´Æ�÷ ¤�¢¤�¡Â� ý¢�þ¥ ´ì¢ ¥� ,ùÀõ�´¨¢�� ���� ,¢�ªüõ ùÀû�Èõ �îö���

ý�û©ø¤ ¥� ×þÂû ý�Â� °îÂõ ý�ûñ�õÂê ù

b

Àþ� ¥� ö���üõ ,°¨��õ ´ì¢ ×þ �� ñ�ÂÚµ÷�

.¢Âî ù¢�Ôµ¨� §ø�ð ýÂ�ðñ�ÂÚµ÷�

ßþÂÞ�

ýÂ�ðñ�ÂÚµ÷� ñ�õÂê �î À��î �±¨�½õ ý¤�Ï �¤ i = 1;2;3 ,�

i

Âþ¢�Öõ (1.4

Z

1

�1

w(x)f(x)dx � �

1

f(�1) + �

2

f(0) + �

3

f(1);

ö¥ø â���� ý�Â� �¤ �ÜÿÆõ .Àª�� Õ�ì¢ 3 Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À�� Âû ý�Â�

w(x) = 1; w(x) =

p

1� x

2

; w(x) =

1

1� x

2

;

.À��î Û�
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[a; b℄ ù

b

¥�� ¥� ´��� ø ù��¿ó¢ ¥�Âê� ×þ a � x

0

< x

1

< x

2

< � � � < x

n

� b À��î ­Âê (2.4

ý��ÜÞ�À�� Âû ý�¥��� �î ý¤�Ï�� À÷¤�¢ ¢��ø 


n

,: : : ,


1

,


0

ý�µØþ Âþ¢�Öõ À�û¢ ö�È÷ .Àª��

Ýþ¤�¢ ,p Û·õ ,n Â·î�À� �

b

�¤¢ ¥�

Z

b

a

p(x)dx =

n

X

i=0




i

p(x

i

):

�¤

n

X

k=1

k

2

¤�ÀÖõ ,°¨��õ â��� ×þ ��¿µ÷� ø (6.4) ö�¤�ó×õ -Âóø� á�Þ¹õ ñ�õÂê ×Þî �� (3.4

.À��î �±¨�½õ

.Àþ¤ø� ´¨¢�� �¤ ùÀª��¬� ý��Ö÷¥ø£ ¤�µ¨¢ ý�Î¡ ,�÷�ÿ� ý�Î¡ Çþ�Þ÷ ù¢�Ôµ¨� �� (4.4

¤¢ �Ü¬�Ôó�ýø�Æµõ �

b

ÎÖ÷ ¤�ú� ,i = 0;1;2;3 ,x

i

= a+ ih ø h = (b�a)=4 À��î­Âê (5.4

À��î ´��� �¤ Âþ¥ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ,�¤�¬ ßþ� ¤¢ .À�ª�� [a; b℄ ù

b

¥��

Z

b

a

f(x)dx =

3

8

h

�

f(x

0

) + 3f(x

1

) + 3f(x

2

) + f(x

3

)

�

�

3h

5

80

f

(4)

(�); � 2 [a; b℄:

ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê (6.4

Z

1

0

f(x)dx �

1

2

�

f(0) + f(1)

�

:

.Àþ¤ø� ´¨¢�� �¤ ñ�õÂê ßþ� ý�Î¡ �¤�±ä ,�÷�ÿ� ý�Î¡ Çþ�Þ÷ �

b

�Ìì ¥� ù¢�Ôµ¨� �� (Óó�)

�¤�±ä ø Àþ¤ø� ´¨¢��

Z

b

a

f(x)dx ý�Â� üó�õÂê ,ýÂ�ðñ�ÂÚµ÷� ù

b

Àä�ì ßþ� ¥� ù¢�Ôµ¨� �� (�)

.À��îÉ¿Èõ �¤ ö� ý�Î¡

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ x

2

= x

1

+ 2h ø x

1

= x

0

+ h ,x

0

¯�Ö÷ .h > 0 À��î ­Âê (Óó�) (7.4

À�û¢ ö�È÷ .À�õ��� p ø �µª�÷ x

2

ø x

1

¯�Ö÷ ¤¢ �¤ f â��� ���÷ø ¤¢ ý��ÜÞ�À��

Z

x

2

x

0

f(x)dx �

Z

x

2

x

0

p(x)dx =

1

4

�

9f(x

1

) + 3f(x

2

)

�

:

´¨¢�� �÷�ÿ� ý�Î¡ Çþ�Þ÷ �

b

�Ìì ¥� ù¢�Ôµ¨� �� �¤ ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ßþ� ý�Î¡ �¤�±ä (�)

.Àþ¤ø�

.Àþ¤ø� ´¨¢�� �¤ �Î¡ �¤�±ä ,�÷�ÿ� ý�Î¡ Çþ�Þ÷ �

b

�Ìì ¥� ù¢�Ôµ¨� öøÀ� (�)
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�¤ ùÀª�µ¨��¡ á�Þ¹õ ,t = e

i

m�

2(n+1)

­Âê �� :üþ�Þ�û�¤ .À��î ´��� �¤ (21.4) �

b

Î��¤ (8.4

.´¨� üõ�û�õ À��ø i ö� ¤¢ �î ,À�Æþ���

n

X

k=0

t

2k+1

�¤�¬��

À÷�ªüõ ÓþÂã� Âþ¥ �¤�¬�� Âð� ý�ûý��ÜÞ�À�� (9.4

L

n

(x) = e

x

d

n

dx

n

(x

n

e

�x

); n = 0;1;2; : : : :

;À�µÆû Àõ�ãµõ (0;1) ýø¤ w(x) = e

�x

ö¥ø â��� �� ´±Æ÷ �ûý��ÜÞ�À�� ßþ� �î Àþ¢ ö���üõ

,ÂÚþ¢ �¤�±ä ��

Z

1

0

w(x)L

n

(x)L

m

(x)dx =

(

0; m 6= n;

(n!)

2

; m = n:

ÅþÂ��õ �Â� �î À��î ö��� Û�ó¢ Âî£ �� .À�µÆû �þ�Þµõ üÖ�Ö� ¢Àä n+ 1 ,t

n

,: : : ,t

0

À��î ­Âê

A =

0

B

B

B

B

B

�

L

0

(t

0

) L

0

(t

1

) : : : L

0

(t

n

)

L

1

(t

0

) L

1

(t

1

) : : : L

1

(t

n

)

.

.

.

.

.

.

.

.

.

.

.

.

L

n

(t

0

) L

n

(t

1

) : : : L

n

(t

n

)

1

C

C

C

C

C

A

À��î ­Âê .´¨� (ÂþÁ�§�Øãõ)¢ÂÔ�õ�÷

Z

1

0

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

)

ñ�õÂê) À�µÆû L

n+1

Âð� ý��ÜÞ�À��ý�û�Èþ¤ �ûx

k

ö� ¤¢ �î ,Àª�� §ø�ð ¤���¤¢��î ñ�õÂê×þ

üÎ¡ ��¢�ãõ ù�Úµ¨¢ ���� �ûw

k

�î À�û¢ ö�È÷ .( Âð� -§ø�ð ¤���¤¢��î

n

X

i=0

L

k

(x

i

)w

i

=

(

1; k = 0;

0; k = 1; : : : ; n;

ý�Î¡ �¤�±ä ø Àþ¤ø� ´¨¢�� �¤ Âð� -§ø�ð ý��ÎÖ÷ø¢ ñ�õÂê ,��� °ó�Îõ ¥� ù¢�Ôµ¨� �� .À�µÆû

ñ�ÂÚµ÷� ü±þÂÖ� ¤�ÀÖõ ,ùÀõ�´¨¢�� ñ�õÂê ¥� ù¢�Ôµ¨� �� .À��îÉ¿Èõ �¤ ö�

Z

1

0

e

�2x

1+ 4x

dx

.Àþ¤ø� ´¨¢�� �¤
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�¤�¬�� ´�õÂû ý�ûý��ÜÞ�À�� (10.4

H

0

(x) = 1; H

1

(x) = 2x;

H

n+1

(x) = 2x H

n

(x)� 2n H

n�1

(x); n = 1;2; : : : ;

ýø¤ w(x) = e

�x

2

ö¥ø â��� �� ´±Æ÷ �ûý��ÜÞ�À�� ßþ� �î Àþ¢ ö���üõ .À÷�ªüõ ÓþÂã�

ÂÚþ¢ �¤�±ä �� ;À�µÆû Àõ�ãµõ (�1;1)

Z

1

�1

w(x)H

n

(x)H

m

(x)dx =

(

0; m 6= n;

2

n

n!

p

�; m = n:

À��î ­Âê

Z

1

�1

w(x)f(x)dx �

n

X

k=0

w

k

f(x

k

);

À�µÆû H

n+1

´�õÂû ý��ÜÞ�À�� ý�û�Èþ¤ �ûx

k

ö� ¤¢ �î ,Àª�� §ø�ð ¤���¤¢��î ñ�õÂê ×þ

üÎ¡ ��¢�ãõ ù�Úµ¨¢ ���� �ûw

k

�î À�û¢ ö�È÷ .(´�õÂû -§ø�ð ¤���¤¢��î ñ�õÂê)

n

X

i=0

H

k

(x

i

)w

i

=

(

p

�; k = 0;

0; k = 1; : : : ; n:

�¤�±ä ø ù¢¤ø� ´¨¢�� �¤ ´�õÂû -§ø�ð ý��ÎÖ÷ø¢ ñ�õÂê ,��� °ó�Îõ ¥� ù¢�Ôµ¨� �� .À�µÆû

.À��îÉ¿Èõ �¤ ö� ý�Î¡

ý�û�Èþ¤ k = 0;1;2; : : : ; n ,x

k

ø n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À�� ø¢ ,g ø f À��î­Âê (11.4

À�û¢ ö�È÷ .À�ª�� n+ 1 �

b

�¤¢ ¥� ¤À÷�Äó ý��ÜÞ�À��

Z

1

�1

f(x)g(x)dx =

n

X

k=0




k

f(x

k

)g(x

k

);

ö� ¤¢ �î




k

=

Z

1

�1

L

k

(x)dx =

Z

1

�1

n

Y

j=0

j 6=k

x� x

j

x

k

� x

j

dx; k = 0;1; : : : ; n:

À����� ø¢ Â·î�À� �

b

�¤¢ ¥� P Û·õ (´�õÂû) ý��ÜÞ�À�� ×þ .f 2 C

3

[0;1℄ À��î ­Âê (12.4

�î ý¤�Ï��

(

P (0) = f(0); P

0

(0) = f

0

(0);

P (1) = f(1):
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À����� Âþ¥ �¤�¬�� ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×þ ,[0;1℄ ù

b

¥�� ýø¤ P ý��ÜÞ�À�� ¥� ýÂ�ðñ�ÂÚµ÷� ��

Z

1

0

f(x)dx �

1

6

�

4f(0) + f

0

(0) + 2f(1)

�

:

´¨� Âþ¥ �¤�¬�� ñ�õÂê ßþ� ý�Î¡ À�û¢ ö�È÷ ,´�õÂû ü���÷ø ¤¢ ý�Î¡ �¤�±ä ¥� ù¢�Ôµ¨� ��

E(f) = �

1

72

f

(3)

(�) � 2 (0;1):

.Àþ¤ø� ´¨¢�� �¤ ��� ýÂ�ð ñ�ÂÚµ÷� ñ�õÂê ý�Î¡ �¤�±ä ,�÷�ÿ� ý�Î¡ Çþ�Þ÷ �

b

�Ìì ¥� ù¢�Ôµ¨� ��

Ý�Þã�

Z

b

a

f(x)dxý�Â� �¤ ö� ý�Î¡ ø ùÀõ�´¨¢�� ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ,°¨��õ Â�çµõ Â��ç� ×þ ��

.À�û¢

¤À÷�Äó -§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ¤¢ �ûùÂð ø �ûö¥ø ,°��Â��� �ûx

k

ø w

k

�î À��î ­Âê (13.4

Z

1

�1

f(x)dx �

n

X

k=0

w

k

f(x

k

);

.À�µÆû

.

n

X

k=0

w

k

= 2 À�û¢ ö�È÷ (Óó�)

À�û¢ ö�È÷ .Àª�� n Â·î�À� �

b

�¤¢ ¥� ý��ÜÞ�À�� ×þ p À��î ­Âê (�)

kpk

2

�

p

2 max

0�k�n

jp(x

k

)j;

.´¨� L

2

�Â÷ k:k

2

ö� ¤¢ �î

ñ�ÂÚµ÷� ý�Â� ü±þÂÖ� ¤�ÀÖõ ×þ ,ýÂ�ðñ�ÂÚµ÷� ý�ûñ�õÂê ¥� üØþ ×Þî �� (14.4

Z

1

�1

sinx

x

dx;

.À��î �Æþ�Öõ ,� ü�ãþ ,ñ�ÂÚµ÷� üãì�ø ¤�ÀÖõ �� �¤ ùÀõ�´¨¢�� ü±þÂÖ� ¤�ÀÖõ .Àþ¤ø� ´¨¢��

ü±þÂÖ� �

b

±¨�½õ ý�Â� �¤ ¤À÷�Äó -§ø�ð ý��ÎÖ÷ø¢ ñ�õÂê (15.4

Z

1

�1

Z

1

�1

f(x; y)dxdy;

.À�û¢ Ý�Þã�
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ý¤�Ï�� À����� �¤ fP

0

; P

1

; P

2

g ß�Ø� ý�ûý��ÜÞ�À�� �

b

ä�Þ¹õ ,5.4 �

b

�Ìì ¥� ù¢�Ôµ¨� �� (16.4

ø i = 0;1;2 ,deg(P

i

) = i �î

hP

i

; P

j

i =

Z

1

0

w(x)P

i

(x)P

j

(x)dx = 0; i 6= j;

À��î ­Âê .w(x) =

p

x ö� ¤¢ �î

I(f) =

Z

1

0

p

xf(x)dx;

§ø�ð ýÂ�ðñ�ÂÚµ÷� ñ�õÂê ×þ ,P

2

ý��ÜÞ�À�� ×Þî �� .´¨� ¤��Þû â��� ×þ f ö� ¤¢ �î

.Àþ¤ø� ´¨¢�� I(f) �

b

±¨�½õ ý�Â� ý��ÎÖ÷ø¢



5 ÛÊê

üÎ¡Â�è ��¢�ãõ ý¢Àä Û�

Ý�ÖµÆõ Û� �î ¢�ªüõ Â¹�õ üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� �� ,ü®�þ¤ ý�ûñÀõ ¥� ý¤��Æ� Û�

¤¢ .¢�ªüõ ù¢�Ôµ¨� ü±þÂÖ� ý�û©ø¤ ¥� �ú÷� Û� ý�Â� ,ßþ�Â���� .´¨� ßØÞõ�÷ �ú÷� °Üè� Õ�ì¢ ø

.Ýþ¥�¢Â�üõ �û©ø¤ ßþ� ¥� ü¡Â� üêÂãõ �� ,ÛÊê ßþ�

ö�Æê�¤ -ß���÷ ©ø¤ 1.5

üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢

f(x) = 0; (1.5)

�¤�¬�� üã��� f : R

n

! R

n

ö� ¤¢ �î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

f(x) =

0

B

B

B

B

�

f

1

(x

(1)

; : : : ; x

(n)

)

f

2

(x

(1)

; : : : ; x

(n)

)

.

.

.

f

n

(x

(1)

; : : : ; x

(n)

)

1

C

C

C

C

A

;

¢�Àã� ¤¢ �¤ (1.5) �

b

ó¢�ãõ ö���üÞ÷ ,üÜî ´ó�� ¤¢ .x

T

= (x

(1)

; : : : ; x

(n)

)

T

�î ý¤�Ï�� ,´¨�

©ø¤ ×þ .¢�ªüõ ù¢�Ôµ¨� ö� Û� ý�Â� ý¤�ÂØ� ý�û©ø¤ ¥� ßþ�Â���� ,¢Âî Û� ��ð üû��µõ

�¤�¬�� ,(1.5) Û� ý�Â� ý¤�ÂØ�

x

i+1

= �(x

i

); i = 0;1;2; : : : ;

173
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ý�Â� ��óø� §À� ×þ x

0

ø ¢�ªüõ ùÀ�õ�÷ ¤�ÂØ� â��� � : R

n

! R

n

ö� ¤¢ �î ,¢�ªüõ �µª�÷

�

b

ÎÖ÷ Âû Âð� .�(�) = � ù�ðÂû ,À�þ�ðüõ � â��� ´��� �

b

ÎÖ÷ ×þ �¤ � ¤�¢Â� .´¨� f â��� �

b

Èþ¤

�

b

ó�±÷¢ À� ù�Ú÷� ,Àª�� �µ¨��� � ´��� �

b

ÎÖ÷ Âû ¥� üÚþ�ÆÞû ×þ ¤¢ � â��� ø f �

b

Èþ¤ ×þ � ´���

Ç¨Â� �¨ ,¯�±�¤� ßþ� ¤¢ .¢�� Àû��¡ f �

b

Èþ¤ ,�¹�µ÷¤¢ ø �´��� �

b

ÎÖ÷ ×þ ¢��ø �¤�¬ ¤¢ fx

i

g

:¢�ªüõ �ÂÎõ ü¨�¨�

?´ê�þ � °¨��õ ¤�ÂØ� â��� ×þ ö���üõ �÷�Ú� (1

?¢�� Àû��¡ �ÂÚÞû fx

i

g �

b

ó�±÷¢ üÎþ�Âª �� ¤¢ (2

?´¨�ÂÚÞû fx

i

g �

b

ó�±÷¢ üµäÂ¨ �� �� (3

ßþ� ý�Â� üÔÜµ¿õ ý�û©ø¤ .´¡�¨ � Û·õ ¤�ÂØ� â��� ×þ ö���üõ �÷�Ú� Ý���±� ,¥�è� ¤¢

©ø¤ ö���üõ ù�Ú÷� ,Ý��î Û� �¤ x � 
osx = 0 �

b

ó¢�ãõ Ý�û��¿� Âð� ,ñ�·õ ý�Â� .¢¤�¢ ¢��ø ¤�î

ý¤�ÂØ�

x

i+1

= 
osx

i

; i = 0;1;2; : : : ;

.´¨� ¤�ÂØ� â��� �(x) = 
osx �¹�þ� ¤¢ .¢�¢ ¤�Âì Çþ�õ¥� ¢¤�õ �¤

â��� �

b

Èþ¤ ×þ � À��î­Âê .¢�ªüõ üêÂãõ � ¤�ÂØ� â��� ßµê�þ ý�Â� üÜî ù

b

Àä�ì ×þ ,�õ�¢� ¤¢

ÂþÁ�ÕµÈõ üê�î ù

b

¥�À÷��� N

�

(�) = fx 2 R : jx� �j < �g Û·õ � ¥� üÚþ�ÆÞû ×þ ¤¢ f â��� ø ,f

Ý�Æþ�÷üõ x

0

2 N

�

(�) �

b

ÎÖ÷ ñ�� �¤ f â��� ÂÜ�� ÍÆ� .Àª��

0 = f(�) = f(x

0

) + f

0

(x

0

)(� � x

0

) + f

00

(x

0

)

(� � x

0

)

2

2!

+ � � �+

(� � x

0

)

k

k!

f

(k)

(x

0

+ �(� � x

0

));

�ó¢�ãõ ×þ ,Ý��î üª��ÝÈ� ,´¨� (� � x

0

)

k

Ûõ�ª �î ý��ÜÞ� ¥� Âð� .0 < � < 1 ö� ¤¢ �î

ý�¥��� .Àõ� Àû��¡ ´¨¢�� � ü±þÂÖ� ¤�ÀÖõ ö� Û� �� �î ´ª�¢ Ý�û��¡ k�1 �

b

�¤¢ ¥� � °Æ�Â�

´ª�¢ Ý�û��¡ ,k = 2

0 � f(x

0

) + (� � x

0

)f

0

(x

0

);

(f

0

(x

0

) 6= 0 �î ü�¤�¬ ¤¢) Ýþ¤�¢ ö� Û� �� �î

� � x

0

�

f(x

0

)

f

0

(x

0

)

:

­Âê ��

x

1

= x

0

�

f(x

0

)

f

0

(x

0

)

;
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ù¢�Ôµ¨� �� �¤ ��� À�þ�Âê ö���üõ ,ßþ�Â���� .Àª�� �µª�À÷ �¤ üê�î ´ì¢ x

1

´¨� ßØÞõ .x

1

� � Ýþ¤�¢

üµÈð¥�� �

b

Î��¤ ¥�

x

i+1

= x

i

�

f(x

i

)

f

0

(x

i

)

;

éøÂãõ ö�Æê�¤ -ß���÷ ©ø¤ �� ý¤�ÂØ� À÷ø ¤ ßþ� .Àþ� ´¨¢�� üê�î ´ì¢ �� ü���� �� ¢Âî ¤�ÂØ�

�¤�¬�� ö���üõ �¤ �Î��¤ ßþ� .´¨�

x

i+1

= �(x

i

); �(x) = x�

f(x)

f

0

(x)

;

.´¨� ö�Æê�¤ -ß���÷ ©ø¤ ¤�ÂØ� â��� �(x) �¹�þ� ¤¢ ,âì�ø ¤¢ .´ª�÷

��¢�ãõ ù�Úµ¨¢ .¢�¢ Ý�Þã� üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� �¤ ö�Æê�¤ -ß���÷ ©ø¤ ö���üõ

ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ üÎ¡

f(x) =

0

B

B

B

B

�

f

1

(x

(1)

; : : : ; x

(n)

)

f

2

(x

(1)

; : : : ; x

(n)

)

.

.

.

f

n

(x

(1)

; : : : ; x

(n)

)

1

C

C

C

C

A

= 0:

°þÂÖ� ×þ x

0

= (x

(1)

0

; : : : ; x

(n)

0

)

T

Âð� ,�¤�¬ ßþ� ¤¢ .Àª�� f â��� �

b

Èþ¤ ×þ � À��î ­Âê

Ýþ¤�¢ Û±ì À�÷�Þû ,Àª�� � = (�

(1)

; : : : ; �

(n)

)

T

ý�Â�

0 = f(�) = f(x

0

) +Df(x

0

)(� � x

0

) +

1

2

(� � x

0

)

T

D

2

f(x

0

)(� � x

0

) + � � � ; (2.5)

�î ý¤�Ï�� ,Df(x

0

) = (g

ij

) 2 R

n�n

ö� ¤¢ �î

g

ij

=

�f

i

�x

(j)

(x

0

); i; j = 1;2; : : : ; n:

�î ý¤�Ï�� D

2

f(x

0

) = (h

ij

) 2 R

n�n

ø

h

ij

=

�

2

f

i

�x

(i)

�x

(j)

(x

0

); i; j = 1;2; : : : ; n:

Ýþ¤�¢ ,(2.5) �

b

Î��¤ ¤¢ Àã� �� ��¨ �

b

ÜÞ� ¥� üª��ÝÈ� ��

0 � f(x

0

) +Df(x

0

)(� � x

0

);

´ª�¢ Ý�û��¡ ,Àª�� ¢ÂÔ�õ�÷ Df(x

0

) ÅþÂ��õ �î ü�¤�¬ ¤¢ ø

� � x

0

� (Df(x

0

))

�1

f(x

0

):
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Ý�û¢ ¤�Âì Âð� ,ßþ�Â����

x

1

= x

0

� (Df(x

0

))

�1

f(x

0

);

�¤ ��� À÷ø ¤ Ý�÷���üõ ,ø ¤ßþ�¥� .Àª�±÷ üê�î ù

b

¥�À÷� �� x

1

´ì¢ ´¨� ßØÞõ üóø .x

1

� � ù�Ú÷�

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .Àþ� ´¨¢�� °¨��õ °þÂÖ� ×þ �� Ý��î ¤�ÂØ�

x

i+1

= x

i

� (Df(x

i

))

�1

f(x

i

); i = 0;1;2; : : : : (3.5)

Íþ�Âª ¥� ×þÂû ¥� ö���üõ ,� > 0 ù

b

Àªù¢�¢ ×��î ¤�ÀÖõ ý�¥���

kx

m+1

� x

m

k < �; (4.5)

kf(x

m+1

)k < �; (5.5)

kx

m+1

� x

m

k+ kf(x

m+1

)k < �; (6.5)

,�¹�þ� ¤¢ .´êÂð ÂÑ÷ ¤¢ ü±þÂÖ� ���� ×þ �¤ x

m+1

ø ¢Âî ù¢�Ôµ¨� Óì�� ¤��ãõ ×þ ö���ä��

´ì¢ �� ü���� ,(5.5) ø (4.5) Íþ�Âª ´¨� ßØÞõ .´¨� R

n

¤¢ ù��¿ó¢ ý¤�¢Â� �Â÷ ×þ k:k

ü±¨��õ ���� �È�Þû (6.5) ¯Âª üóø ,(Àû¢üõ  ¤ �¤À÷�� ë�Ô�� ßþ� �µ±ó�) À�ûÀ÷ ´¨¢�� üê�î

���� (5.5) ø (4.5) Íþ�Âª ´¨� ßØÞõ �Ø�þ� Û�ó¢ ü��¡�� 1.5 ÛØª .¢�¢ Àû��¡ ´¨¢��

ø x

m

ß�� �

b

Ü¬�ê �Ø�þ� �� Àû¢üõ ö�È÷ ²� ´Þ¨ ¤�¢�Þ÷ .Àû¢üõ ö�È÷ �¤ À�ûÀ÷ ´¨¢�� ü±¨��õ

´¨�¤ ´Þ¨ Âþ�Ê� ß��»Þû .´Æ�÷ ×þ¢�÷ � �� üê�î ù

b

¥�À÷� �� x

m+1

¤�ÀÖõ ,´¨� ����÷ x

m+1

´¨� Âî£ ö�þ�ª .´Æ�÷ ×þ¢�÷ � �� x

m+1

¤�ÀÖõ ,´¨� ×��î jf(x

m+1

)j �Ø�þ� �� Àû¢üõ ö�È÷

ýÂµÈ�� ý�û¤�ÂØ� ¢�Àã� ,À�î ëÀ¬ ��¨ ¯Âª ¤¢ �î ü±þÂÖ� ���� ×þ ö¢¤ø�´¨¢�� ý�Â� �î

.´¨� ¥��÷ ÂÚþ¢ ¯Âª ø¢ �� ´±Æ÷

üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ 1.5 ñ�·õ

(

f

1

(x

(1)

; x

(2)

) = (x

(1)

)

2

� (x

(2)

)

2

+ x

(1)

x

(2)

� 5 = 0;

f

2

(x

(1)

; x

(2)

) = 2(x

(1)

)

2

+ (x

(2)

)

2

� 9 = 0;

ö�Æê�¤ -ß���÷ ©ø¤ ¥� ù¢�Ôµ¨� �� �¤ ù�Úµ¨¢ ßþ� ý�û���� ¥� üØþ Ý�û��¡üõ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

. x = (r; s)

T

ø s = x

(2)

,r = x

(1)

À��î ­Âê ,üð¢�¨ ý�Â� .Ý��î �±¨�½õ ü±þÂÖ� �¤�¬��

�¤�¬�� ö���üõ �¤ ��� �

b

ó¢�ãõ ,�¤�¬ ßþ� ¤¢

(

f

1

(r; s) = 4r

2

� s

2

+ 2rs� 1 = 0;

f

2

(r; s) = 4r

2

+ s

2

+ s� 3 = 0;
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.À�Ø÷ Ýû�Âê ü±¨��õ ���� Óì�� ¤��ãõ ´¨� ßØÞõ �î üþ�û´ó�� :1.5 ÛØª

Ýþ¤�¢ .´ª�÷

Df(x) =

�

�f

1

�r

�f

1

�s

�f

2

�r

�f

2

�s

�

=

�

8r + 2s 2r � 2s

8r 2s+ 1

�

:

´ª�¢ Ý�û��¡ ñø� ¤�ÂØ� ¤¢ .Ý��îüõ áøÂª x

0

= (r

0

; s

0

)

T

= (1;2)

T

�

b

�óø� §À� ��

x

1

= x

0

� (Df(x

0

))

�1

f(x

0

)

=

�

r

0

s

0

�

�

�

8r

0

+ 2s

0

2r

0

� 2s

0

8r

0

2s

0

+ 1

�

�1

�

4r

2

0

� s

2

0

+ 2r

0

s

0

� 1

4r

2

0

+ s

2

0

+ s

0

� 3

�

=

�

1

2

�

�

�

12 �2

8 5

�

�1

�

3

7

�

=

�

0:6184

1:2105

�

:

´ª�¢ Ý�û��¡ �ø¢ ¤�ÂØ� ¤¢ ,Å³¨ .x

1

= (r

1

; s

1

)

T

= (0:6184;1:2105)

T

,ßþ�Â����

x

2

= x

1

� (Df(x

1

))

�1

f(x

1

)

=

�

r

1

s

1

�

�

�

8r

1

+ 2s

1

2r

1

� 2s

1

8r

1

2s

1

+ 1

�

�1

�

4r

2

1

� s

2

1

+ 2r

1

s

1

� 1

4r

2

1

+ s

2

1

+ s

1

� 3

�

=

�

0:6184

1:2105

�

�

�

7:3684 �1:1842

4:9474 3:4211

�

�1

�

0:5616

1:2057

�

=

�

0:5106

1:0140

�

:
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���� .x

3

= (r

3

; s

3

)

T

= (0:5001;1:0001)

T

´ª�¢ Ý�û��¡ ��¨ ¤�ÂØ� ¤¢ ,°��Â� ß�Þû ��

�î À��î













�

f

1

(r

3

; s

3

)

f

2

(r

3

; s

3

)

�













2

= 8:3487 � 10

�4

:

.´¨� ù¢Âî Ýû�Âê °¨��õ °þÂÖ� ×þ ,¤�ÂØ� �¨ ¤¢ ö�Æê�¤ -ß���÷ ý¤�ÂØ� ©ø¤ ,Ý����üõ �îö���

.´¨� ù�Úµ¨¢ üãì�ø ý�û���� ¥� üØþ ,x

�

= (0:5;1)

T

�î ´¨� Âî£ ö�þ�ª

üÎ¡Â�è Û�Æ÷�ÂÔþ¢ �

b

ó¢�ãõ 2.5 ñ�·õ

(

u

00

(x) + e

u(x)

= 0; 0 < x < 1;

u(0) = u(1) = 0;

Ý�û¢üõ ¤�Âì ø Ý��îüõ Ý�ÆÖ� ýø�Æõ ´ÞÆì (n + 1) �� �¤ [0;1℄ ù

b

¥�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

,i = 1;2; : : : ; n ,x

(i)

= ih üûÂð ¯�Ö÷ ¤¢ Û�Æ÷�ÂÔþ¢ �

b

ó¢�ãõ ßµª�÷ �� .h = 1=(n + 1)

´ª�¢ Ý�û��¡

u

00

(x

(i)

) + e

u(x

(i)

)

= 0; i = 1;2; : : : ; n:

Ýþ¤�¢ ,�ø¢ ÕµÈõ ý�Â� (6.1) ý�îÂõ Û®�Ô� ñ�õÂê ¥� ù¢�Ôµ¨� ��

u(x

(i�1)

)� 2u(x

(i)

) + u(x

(i+1)

)

h

2

+O(h

2

) + e

u(x

(i)

)

= 0; i = 1;2; : : : ; n:

ÂÑ÷ ¤¢ u(x

(j)

) ¤�ÀÖõ ý�Â� °þÂÖ� ×þ �¤ u

(j)

ø Ý��îüõ üª��ÝÈ� O(h

2

) ¥� Â�¡� �

b

Î��¤ ¤¢

üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ ,�¤�¬ ßþ� ¤¢ .

�

j = 1;2; : : : ; n ,u

(j)

� u(x

(j)

)

�

ÝþÂ�ðüõ

u

(i�1)

� 2u

(i)

+ u

(i+1)

h

2

+ e

u

(i)

= 0; i = 1;2; : : : ; n:

�Ø�þ� �� ���� �� .Àþ�üõ ´¨¢��

u

(0)

= u(x

(0)

) = u(0) = 0;

u

(n+1)

= u(x

(n+1)

) = u(1) = 0;

üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ �� ñ¢�ãõ ù�Úµ¨¢ ßþ� ,u = (u

(1)

; u

(2)

; : : : ; u

(n)

)

T

­Âê �� ø

f(u) =

0

B

B

B

B

�

f

1

(u)

f

2

(u)

.

.

.

f

n

(u)

1

C

C

C

C

A

= 0;
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0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

.2.5 ñ�·õ ¤�¢�Þ÷ :2.5 ÛØª

ö� ¤¢ �î ,´¨�

f

i

(u) =

1

h

2

�

u

(i�1)

� 2u

(i)

+ u

(i+1)

+ h

2

e

u

(i)

�

:

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢

Df(u) =

1

h

2

0

B

B

B

B

B

�

�2+ h

2

e

u

(1)

1

1 �2+ h

2

e

u

(2)

1

.

.

.

.

.

.

.

.

.

1 �2+ h

2

e

u

(n�1)

1

1 �2+ h

2

e

u

(n)

1

C

C

C

C

C

A

:

�¤�¬�� ö�Æê�¤ -ß���÷ ý¤�ÂØ� ©ø¤ ,ßþ�Â����

u

k+1

= u

k

� (Df(u

k

))

�1

f(u

k

); k = 0;1; : : : ;

.´¨� ù��¿ó¢ �

b

�óø� §À� ×þ u

0

ø u

j

= (u

(1)

j

; u

(2)

j

; : : : ; u

(n)

j

)

T

ö� ¤¢ �î ,¢�� Àû��¡

�¤�¬�� �¤ ��óø� §À� ý�û�Ôó�

b

õ

u

(i)

0

= �x

(i)

(1� x

(i)

) = �ih(1� ih); i = 1;2; : : : ; n;

ý�¥��� �ó¢�ãõ ���� ,²� ´Þ¨ ,2.5 ÛØª ¤¢ (h = 0:04) n = 24 ý�¥��� .ÝþÂ�ðüõ ÂÑ÷ ¤¢

Óì�� ¯Âª �� .´¨� ùÀª ù¢�¢ Çþ�Þ÷ � = 20 ý�¥��� �ó¢�ãõ ���� ,´¨�¤ ´Þ¨ ø ,� = 0:5

.À÷�ùÀõ� ´¨¢�� ¤�ÂØ� 6 ø 3 ¤¢ °��Â��� ü±þÂÖ� ý�û���� ,ku

k+1

� u

k

k

1

< 10

�8
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�¤�¬�� ¤�Èê ø ß�þ�� ý�õ¢ ¤¢ ¥�ð ×þ ý�Â� ñ�ùÀþ� ¥�ð ö�÷�ì (℄14[) 3.5 ñ�·õ

PV = nRT; (7.5)

°Æ�Â�) ¥�ð ý�õ¢ T ,(L °Æ�Â�) ¥�ð Ý¹� V ,(atm °Æ�Â�) ¥�ð ¤�Èê P ö� ¤¢ �î ,´¨�

Åó�ø ¤À÷�ø �

b

ó¢�ãõ .´¨� ¤��õ ¥�ð ´��� R = 0:0820578 ø ¥�ð ý�ûñ�õ ¢�Àã� n ,(K

(P +

n

2

a

V

2

)(V � nb) = nRT; (8.5)

�

b

ó¢�ãõ ×Þî �� Ý�û��¡üõ .À�µÆ�÷ ¤�ÂìÂ� ��®øÂÔõ ßþ� �î Àû¢üõ Çª�� �¤ ñ�ùÀþ��÷ ´ó��

ý�Â� .Ýþ¤ø� ´¨¢�� �¤ 15atm ¤�Èê ø 320K ý�õ¢ ¤¢ öÄ�Æî� ¥� ñ�õ ×þ Ý¹� ,Åó�ø ¤À÷�ø

b = 0:003183L=mole ø a = 1:36L

2

� atm=mole

2

�¤�¬�� b ø a Âþ¢�Öõ ,öÄ�Æî� ¥�ð

.À�µÆû

�¤�¬�� �¤ f â���

f(V ) = (P +

n

2

a

V

2

)(V � nb)� nRT

= (15+

1:36

V

2

)(V � 0:003183) � 26:258496;

�� ´±Æ÷ üÎ¡Â�è â��� ×þ f �Ø�þ� �� ���� �� .´¨� f â��� �

b

Èþ¤ ßµê�þ ,éÀû .Ý��îüõ ÓþÂã�

f â��� ÕµÈõ �

b

±¨�½õ �� .Ý��îüõ ù¢�Ôµ¨� â��� �

b

Èþ¤ �

b

±¨�½õ ý�Â� ö�Æê�¤ -ß���÷ ©ø¤ ¥� ,´¨� V

´ª�¢ Ý�û��¡ ,V �� ´±Æ÷

f

0

(V ) = 15�

1:36

V

2

+

0:008658

V

3

:

¢�� Àû��¡ Âþ¥ �¤�¬�� ö�Æê�¤ -ß���÷ ©ø¤ ¤�ÂØ� ,ßþ�Â����

V

m+1

= V

m

�

f(V

m

)

f

0

(V

m

)

; m = 0;1; : : : :

,âì�ø ¤¢ .Ý��îüõ �±¨�½õ �¤ V

0

�

b

�óø� §À� ,(7.5) ü�ãþ ,ñ�ùÀþ� ´ó�� ¤¢ Ýî�� �

b

ó¢�ãõ ×Þî ��

Ýþ¤�¢

V

0

=

nRT

P

=

1� 0:082058 � 320

15

= 1:750566:

Àþ�üõ ´¨¢�� Âþ¥ Âþ¢�Öõ ,jV

m+1

� V

m

j+ jf(V

m+1

)j < 10

�5

Óì�� ¤��ãõ ø V

0

¥� áøÂª ��

V

1

= 1:700577; V

2

= 1:700533; V

3

= 1:700533:

V

3

= 1:700533 �� Â��Â� �

f

±þÂÖ� ,5atm ¤�Èê ø 320Ký�õ¢ ¤¢ öÄ�Æî� ñ�õ ×þ Ý¹� ,ßþ�Â����

.¢�� Àû��¡
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üÜî ´ó�� ¤¢ üþ�ÂÚÞû ý�þ�Ìì 2.5

�¤�¬�� � ¤�ÂØ� â��� Í¨�� �î fx

i

g �

b

ó�±÷¢ üþ�ÂÚÞû ,Ç¿� ßþ� ¤¢

x

i+1

= �(x

i

); i = 0;1;2; : : : ;

×þ üþ�ÂÚÞû ÓþÂã� �Àµ�� .Ý��îüõ �ãó�Îõ � ´��� �

b

ÎÖ÷ ¥� üÚþ�ÆÞû ×þ ¤¢ �¤ ´¨� ùÀªÀ�ó��

.Ý��îüõ ý¤ø�¢�þ �¤ R

n

¤¢ �ó�±÷¢

üã�±Ï ¢Àä×þ ,� > 0 Âû ý�¥��� ù�ðÂû ,À�þ�ðüõ �ÂÚÞû x �� �¤ R

n

¤¢ fx

i

g �

b

ó�±÷¢ 1.5 ÓþÂã�

�î ý¤�Ï�� Àª�� �µª�¢ ¢��ø N(�) Û·õ

8l � N(�) : kx

l

� xk < �;

.´¨� R

n

¤¢ �Â÷ ×þ k:k ö� ¤¢ �î

üª�î �

b

ó�±÷¢ Âû �Ø�þ� ü�ãþ ,´¨� Ûõ�î R

n

ý�Ìê �î ´¨� ßþ� �¹�þ� ¤¢ ���� Û��ì �

b

µØ÷ ×þ

.¢�ªüõ ö��� ýÀã� �

b

�Ìì Í¨�� Â�Õ�ì¢ ¤�Ï�� á�®�õ ßþ� .´¨� �ÂÚÞû R

n

¤¢

Û·õ üã�±Ï ¢Àä ×þ ,� > 0 Âû ý�¥��� Âð� �ú�� ø Âð� ´¨�ÂÚÞû R

n

¤¢ fx

i

g �

b

ó�±÷¢ 1.5 �

b

�Ìì

.kx

l

� x

m

k < � Ýþ¤�¢ ,l;m � N(�) Âû ý�Â� �î ý¤�Ï�� Àª�� �µª�¢ ¢��ø N(�)

×þ N (�) ø � ´��� �

b

ÎÖ÷ ×þ � ,¤�ÂØ� â��� ×þ � : R

n

! R

n

À��î ­Âê 2.5 ÓþÂã�

i = 0;1;2; : : : ,x

i+1

= �(x

i

) ù

b

ÀªÀ�ó�� �

b

ó�±÷¢ ,x

0

2 N (�) Âû ý�¥��� Âð� .Àª�� � üÚþ�ÆÞû

�

b

Î��¤ ¤¢ i � 0 Âû ý�¥���

kx

i+1

� �k � Ckx

i

� �k

p

;

,� Í¨�� ùÀªÀ�ó�� ý¤�ÂØ� ©ø¤ �î ¢�ªüõ �µÔð ù�Ú÷� (C < 1 Àþ�� ,p = 1 ý�¥���) À�î ëÀ¬

.´¨� � ß��ã� ý�Â� p �

b

±�Âõ ¥� Ûì�À� üªø¤

�� ;´¨�ÂÚÞû üã®�õ ¤�Ï�� ,� ´��� �

b

ÎÖ÷ �

b

±¨�½õ ý�Â� p �

b

±�Âõ ¥� Ûì�À� ©ø¤ Âû 2.5 �

b

�Ìì

Âû ý�¥��� �î ý¤�Ï�� ¢¤�¢ ¢��ø ´�¬�¡ ßþ� �� N

0

(�) Û·õ üÚþ�ÆÞû ×þ �î ��ãõ ßþ�

.´¨� �ÂÚÞû � �� � Í¨�� ùÀªÀ�ó�� �

b

ó�±÷¢ ,x

0

2 N

0

(�)

×þ N

r

(�) = fx : kx� �k < rg À��î ­Âê .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ p 6= 1 ´ó�� ,´Æ¿÷ :ö�ûÂ�

Ý�û¢üõ ¤�Âì .´¨� ùÀõ� (2.5) ÓþÂã� ¤¢ �î Àª�� � ¥� üÚþ�ÆÞû

r

0

= minfr;

1

2

C

1

1�p

g:
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Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .x

0

2 N

r

0

(�) � N

r

(�) À��î ­Âê ,ö��î�

kx

n

� �k � Ckx

n�1

� �k

p

� C

1+p

kx

n�2

� �k

p

2

� � � � � C

1+p+p

2

+���+p

n�1

kx

0

� �k

p

n

= C

1�p

n

1�p

kx

0

� �k

p

n

= C

1

1�p

�

p

n

1�p

kx

0

� �k

p

n

� C

1

1�p

�

p

n

1�p

(

1

2

C

1

1�p

)

p

n

= C

1

1�p

1

2

p

n

:

.x

n

! � �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

Ýþ¤�¢ ,x

0

2 N

r

0

(�) Âû ý�Â� ,p 6= 1´ó�� À�÷�Þû .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ p = 1´ó�� ,×�þ�

kx

n

� �k � C

n

kx

0

� �k:

2 .¢�ªüõ �¹�µ÷ �ó�±÷¢ üþ�ÂÚÞû ,C < 1 �� ���� �� ,ßþ�Â����

ýÂ¨�Â¨ ,�ó�±÷¢ üþ�ÂÚÞû ù�Ú÷� ,´êÂð ÂÑ÷ ¤¢ R

n

�

b

ä�Þ¹õ �¤ N (�) ö��µ� Âð� ,2.5 �

b

�Ìì ¤¢

.¢�ªüõ ùÀ�õ�÷

¤�ÂØ� â��� 4.5 ñ�·õ

�(x) =

1

2

(x+

2

x

);

,x

i+1

= �(x

i

) Âð� �î Àþ¢ ö���üõ üð¢�¨�� .´¨� �´��� �

b

ÎÖ÷ ×þ � =

p

2 .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

ù�Ú÷�

jx

i+1

�

p

2j �

1

2x

i

jx

i

�

p

2j

2

: (9.5)

Ýþ¤�¢ ,x > 0 Âû ý�¥���

�(x) =

1

2

(x+

2

x

) �

p

2:

�¹�µ÷¤¢ .x

i

� 2 ,i � 1 Âû ý�¥��� ù�Ú÷� ,x

0

> 0 Âð� ,ßþ�Â����

1

j2x

i

j

�

1

2

p

2

:

´ª�¢ Ý�û��¡ ,(9.5) �

b

Î��¤ �� ���� �� ,ø ¤ßþ�¥�

jx

i+1

�

p

2j �

1

2

p

2

jx

i

�

p

2j

2

;
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��� ø ´¨� 2 �

b

±�Âõ ¥� ,� =

p

2 ´��� �

b

ÎÖ÷ ß��ã� ý�Â� x

i+1

= 	(x

i

) ý¤�ÂØ� ©ø¤ ,ßþ�Â���� ø

.´¨�ÂÚÞû üã®�õ ¤�Ï�� 2.5 �

b

�Ìì ��

ù�Ú÷� ,Àª�� ¤��Þû üê�î ù

b

¥�À÷� �� � ¤�ÂØ� â��� Âð� ,n = 1 �î üµìø ü�ãþ ,ýÀã�×þ ´ó�� ¤¢

,¢�ªüõÉ¿Èõ 2.5 �

b

�Ìì ¤¢ �î N (�) üÚþ�ÆÞû ×þ ¤¢ �¤ ©ø¤ ¤�ÂØ� �

b

±�Âõ ö���üõ üð¢�¨��

,x

i

2 N (�) À��î ­Âê .¢Âî �±¨�½õ

�

(k)

(�) = 0; k = 0;1; : : : ; p� 1;

Ýþ¤�¢ ,ÂÜ�� ÍÆ� ×Þî �� ,�¤�¬ ßþ� ¤¢ .�

(p)

(�) 6= 0 ø

x

i+1

= �(x

i

) = �(�) +

(x

i

� �)

p

p!

�

(p)

(� + �(x

i

� �));

ßþ�Â���� .0 < � < 1 ö� ¤¢ �î

lim

i!1

x

i+1

� �

(x

i

� �)

p

=

�

(p)

(�)

p!

:

,p = 1 ý�Â� ø (?�Â�) ´¨� p �

f

Ö�ì¢ ©ø¤ �

b

±�Âõ ,p � 2 Âû ý�Â� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

�¤ �ó�±÷¢ üþ�ÂÚÞû 4.5 ø 3.5 ý�ûÛØª .¢�� Àû��¡ ×þ üþ�ÂÚÞû �

b

±�Âõ ù�Ú÷� ,j�

0

(�)j < 1 Âð�

.Àû¢üõ ö�È÷ ,�1 < �

0

(�) < 1 ø p = 1 �î üµìø

�¤�¬�� f(x) = 0 Û� ý�Â� ö�Æê�¤ -ß���÷ ©ø¤ ¤�ÂØ� â��� ,ÝþÀþ¢ �î �÷�ðö�Þû 5.5 ñ�·õ

�(x) = x�

f(x)

f

0

(x)

;

×þ ¤¢ f

00

ø f

0

,f â���� ø ´¨� f ù

b

¢�¨ �

b

Èþ¤ ×þ � À��î ­Âê .f : R ! R ö� ¤¢ �î ,´¨�

Ýþ¤�¢ ø f

0

(�) 6= 0 �î À��î ���� ,�¤�¬ ßþ� ¤¢ .À�µÆû �µ¨��� � ¥� üÚþ�ÆÞû

�(�) = �; �

0

(�) =

f(x)f

00

(x)

(f

0

(x))

2

�

�

�

�

x=�

= 0; �

00

(�) =

f

00

(�)

f

0

(�)

:

Â�è ¤¢ ø 2 �

f

Ö�ì¢ ö�Æê�¤ -ß���÷ ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ø �

00

(�) 6= 0 ù�Ú÷� ,f

00

(�) 6= 0 Âð� ,ö��î�

Âð� ´Ôð ö���üõ üÜî ¤�Ï�� ,ßþ�Â���� .¢�� Àû��¡ 2 ¥� Â�ï¤�� ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ,�¤�¬ ßþ�

.¢�� Àû��¡ 2 �� Â��Â� Ûì�À� ö�Æê�¤ -ß���÷ ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ù�Ú÷� ,Àª�� f ù

b

¢�¨ �

b

Èþ¤ ×þ �

ù�ðÂû ,´¨� f : R ! R â��� ¥� m ¤�ÂØ� �

b

±�Âõ �� ý¤�ÂØ� �

b

Èþ¤ ×þ � ¢�ªüõ �µÔð 3.5 ÓþÂã�

.g(�) 6= 0 ø f(x) = (x� �)

m

g(x) �î ý��÷�ð �� Àª�� �µª�¢ ¢��ø g : R ! R Û·õ üã���



üÎ¡Â�è ��¢�ãõ ý¢Àä Û� .5 ÛÊê 184

:0 < �

0

(�) < 1 �î ü÷�õ¥ , p = 1 ý�¥��� ,�ó�±÷¢ üþ�ÂÚÞû Çþ�Þ÷ :3.5 ÛØª

:� 1 < �

0

(�) < 0 �î ü÷�õ¥ , p = 1 ý�¥��� ,�ó�±÷¢ üþ�ÂÚÞû Çþ�Þ÷ :4.5 ÛØª
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Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = x� sinx â��� 6.5 ñ�·õ

f(0) = f

0

(0) = f

00

(0) = 0; f

(3)

(0) 6= 0:

Ýþ¤�¢ �î À��î ���� .´¨� m = 3 ¤�ÂØ� �

b

±�Âõ �� f ý¤�ÂØ� �

b

Èþ¤ ×þ � = 0 ,ßþ�Â����

f(x) = x� sinx = x� (x �

x

3

3!

+

x

5

5!

�

x

7

7!

+ � � �) = x

3

g(x);

ö� ¤¢ �î

g(x) = (

1

3!

�

x

2

5!

+

x

4

4!

� � � �):

.g(0) =

1

3!

6= 0 �î ¢�ªüõ �Ñ��õ

f â��� �

b

Èþ¤ ×þ � ù�Ú÷� ,Àª�� ÂþÁ�ÕµÈõ üê�î ù

b

¥�À÷� �� f â��� Âð� �î Àþ¢ ö���üõ üð¢�¨��

.f

(m)

(�) 6= 0 ø k = 0;1; : : : ;m� 1 ,f

(k)

(�) = 0 Âð� �ú�� ø Âð� ´¨� m ¤�ÂØ� �

b

±�Âõ ��

ßþ� ¤¢ .´¨� m ¤�ÂØ� �

b

±�Âõ �� f â��� ý¤�ÂØ� �

b

Èþ¤ ×þ � À��î ­Âê ,5.5 ñ�·õ ¤¢ 7.5 ñ�·õ

Ýþ¤�¢ ,�¤�¬

f(x) = (x� �)

m

g(x); g(�) 6= 0;

f

0

(x) = m(x� �)

m�1

g(x) + (x� �)

m

g

0

(x);

Ýþ¤�¢ ,ø ¤ßþ�¥� .´¨� ÂþÁ�ÕµÈõ â��� ×þ g ö� ¤¢ �î

�(x) = x�

f(x)

f

0

(x)

= x�

(x� �)

m

g(x)

m(x� �)

m�1

g(x) + (x � �)

m

g

0

(x)

;

´ª�¢ Ý�û��¡ ,� ¤¢ � â��� ÕµÈõ �

b

±¨�½õ ��

�

0

(�) = 1�

1

m

:

ß���÷ ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ,ßþ�Â���� ø �

0

(�) 6= 0 ù�Ú÷� ,m > 1 Âð� �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

.´¨� 1 �

f

Ö�ì¢

,ß��»Þû .´¨� ö� ´��� �

b

ÎÖ÷ ×þ � ø ¤�ÂØ� â��� ×þ � : R

n

! R

n

À��î ­Âê 3.5 �

b

�Ìì

ü®�±Ö÷� ´ª�Ú÷ ×þ � Âð� .Àª�� � ¥� üÚþ�ÆÞû ×þ S

r

(�) = fx : kx � �k < rg À��î ­Âê

Ý�ª�� �µª�¢ ,x; y 2 S

r

(�) Âû ý�¥��� ü�ãþ ,Àª�� S

r

(�) ¤¢

k�(x)� �(y)k � Kkx� yk;
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,x

i+1

= �(x

i

) Í¨�� �î fx

i

g �

b

ó�±÷¢ ,x

0

2 S

r

(�) Âû ý�¥��� ù�Ú÷� ,0 < K < 1 ö� ¤¢ �î

´¨� Âþ¥ «��¡ ý�¤�¢ ,¢�ªüõ À�ó�� i = 0;1; : : :

;x

i

2 S

r

(�) Ýþ¤�¢ ,i � 0 Âû ý�¥��� (Óó�)

.´¨�ÂÚÞû � �� fx

i

g �

b

ó�±÷¢ ü�ãþ ,kx

i+1

� �k � Kkx

i

� �k � K

i+1

kx

0

� �k (�)

.x

0

2 S

r

(�) Ýþ¤�¢ ,­Âê Õ±Ï ,i = 0 ý�¥��� .Ý��îüõ ´��� �¤ (Óó�) ´ÞÆì ,�ÂÖµ¨� �� :ö�ûÂ�

Ýþ¤�¢ ù�Ú÷� ,x

i

2 S

r

(�) Âð�

kx

i+1

� �k = k�(x

i

)� �(�)k � Kkx

i

� �k < kx

i

� �k < r;

.x

i+1

2 S

r

(�) Àû¢üõ ö�È÷ �î

Ýþ¤�¢ ,(�) ��±�� ý�Â�

kx

i+1

� �k = k�(x

i

)� �(�)k � Kkx

i

� �k:

ßþ�Â����

kx

i+1

� �k � Kkx

i

� �k � K

2

kx

i�1

� �k � � � � � K

i+1

kx

0

� �k:

2 .´¨�ÂÚÞû � �� fx

i

g �î ÝþÂ�ðüõ �¹�µ÷ , lim

i!1

K

i+1

= 0 �Ø�þ� �� ���� �� ,ø ¤ßþ�¥�

ø áøÂª �

b

ÎÖ÷ ×þ x

0

2 R

n

,¤�ÂØ� â��� ×þ � : R

n

! R

n

À��î ­Âê 4.5 �

b

�Ìì

x

i+1

= �(x

i

); i = 0;1;2; : : : :

�� K ´��� ×þ ø S

r

(x

0

) = fx : kx� x

0

k < rg Û·õ x

0

¥� üÚþ�ÆÞû ×þ À��î­Âê ,ß��»Þû

�î ý¤�Ï�� Àª�� �µª�¢ ¢��ø 0 < K < 1 ¯Âª

(a) k�(x)� �(y)k � Kkx� yk; 8x; y 2 S

r

(x

0

) := fx : kx� x

0

k � rg

(b) kx

1

� x

0

k = k�(x

0

)� x

0

k � (1�K)r < r:

�¤�¬ ßþ� ¤¢

;x

i

2 S

r

(x

0

) Ýþ¤�¢ ,i = 0;1;2; : : : Âû ý�¥��� (Óó�)

ø ¢¤�¢ S

r

(x

0

) ¤¢ � ´��� �

b

ÎÖ÷ ×þ �

f

Ö�ì¢ � (�)

lim

i!1

x

i

= �; kx

i+1

� �k � Kkx

i

� �k;

ö� Â� ùø�ä ø

kx

i

� �k �

K

i

1�K

kx

1

� x

0

k:
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�î Ý����üõ ,(b) �� ���� �� ,i = 1 ý�¥��� .¢�ªüõ ��¹÷� i ýø¤ �ÂÖµ¨� �� (Óó�) ��±�� :ö�ûÂ�

�� ���� �� ,�¤�¬ ßþ� ¤¢ .j = 0;1; : : : ; i ,x

j

2 S

r

(x

0

) À��î ­Âê ,ö��î� .x

1

2 S

r

(x

0

)

Ýþ¤�¢ ,(a)

kx

i+1

� x

i

k = k�(x

i

)� �(x

i�1

)k � Kkx

i

� x

i�1

k � � � � � K

i

kx

1

� x

0

k:

Ýþ¤�¢ ,(b) ø �Î��¤ ßþ� ¥� ù¢�Ôµ¨� �� ,ø ¤ßþ�¥�

kx

i+1

� x

0

k � kx

i+1

� x

i

k+ kx

i

� x

i�1

k+ � � �+ kx

1

� x

0

k

� (K

i

+K

i�1

+ � � �+ 1)kx

1

� x

0

k

� (1+K + � � �+K

i

)(1�K)r

= (1�K

i+1

)r < r;

.x

i+1

2 S

r

(x

0

) Àû¢üõ ö�È÷ �î

m > À��î­Âê .´¨� üª�î �

b

ó�±÷¢×þ fx

i

g Ý�û¢üõ ö�È÷ ´Æ¿÷ ,(�) ´ÞÆì ��±�� ý�Â�

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .`

kx

m

� x

`

k � kx

m

� x

m�1

k+ kx

m�1

� x

m�2

k+ � � �+ kx

`+1

� x

`

k

� (K

m�1

+K

m�2

+ � � �+K

`

)kx

1

� x

0

k

� K

`

(1+K + � � �+K

m�`�1

)kx

1

� x

0

k

=

K

`

(1�K

m�`

)

1�K

kx

1

� x

0

k

< K

`

(1�K

m�`

)r � K

`

r:

¢¤�¢ ¢��ø (ï¤�� üê�î ù

b

¥�À÷� ��) N(�) ×þ � > 0 Âû ý�¥��� ,0 < K < 1 �Ø�þ� �� ���� ��

���� �� ø ´¨� üª�î �

b

ó�±÷¢ ×þ fx

i

g ,ßþ�Â���� .K

`

r < � Ýþ¤�¢ ,` > N(�) Âû ý�Â� �î ý¤�Ï��

À��î ­Âê .´¨� �ÂÚÞû �ó�±÷¢ ßþ� �î ÝþÂ�ðüõ �¹�µ÷ ,R

n

ö¢��Ûõ�î ��

lim

i!1

x

i

= �:

Ýþ¤�¢ ,ö��î� .� 2 S

r

(x

0

) �î ¢�ªüõ �¹�µ÷ ,x

i

2 S

r

(x

0

) ,i Âû ý�¥��� �Ø�þ� �� ���� ��

k�(�)� �k = k�(�)� �(x

i

) + �(x

i

)� �k

� k�(�)� �(x

i

)k+ k�(x

i

)� �k

� Kk� � x

i

k+ kx

i+1

� �k:
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�Ø�þ� �� ���� �� ,�¹�µ÷¤¢

lim

i!1

k� � x

i

k = lim

i!1

kx

i+1

� �k = 0;

.�(�) = � ßþ�Â���� ø k�(�)� �k = 0´ª�¢ Ý�û��¡

¤¢ � â��� ý�Â� ýÂÚþ¢ ´��� �

b

ÎÖ÷

^

� À��î ­Âê ,ÓÜ¡ ö�ûÂ� �� ,� üþ�µØþ ö¢�¢ö�È÷ ý�Â�

Ýþ¤�¢ ,�¹�µ÷¤¢ .Àª�� S

r

(x

0

)

k� �

^

�k = k�(�)� �(

^

�)k � Kk� �

^

�k < k� �

^

�k;

.´¨� �µØþ S

r

(x

0

) ¤¢ � ´��� �

b

ÎÖ÷ ,ßþ�Â���� ø ´¨� Ëì��� ×þ �î

ÝþÀþ¢ ,��¹÷�Â¨

kx

m

� x

`

k �

K

`

1�K

kx

1

� x

0

k;

ßþ�Â���� ø

lim

m!1

kx

m

� x

`

k �

K

`

1�K

kx

1

� x

0

k;

�þ

kx

`

� �k �

K

`

1�K

kx

1

� x

0

k:

Ýþ¤�¢ ,ß��»Þû

kx

i+1

� �k = k�(x

i

)� �(�)k � Kkx

i

� �k;

2 .¢�ªüõ Ûõ�î ��Ìì ��±�� °��Â� ßþ� �� ø

ö�Æê�¤ -ß���÷ ©ø¤ üþ�ÂÚÞû 3.5

.Ý��îüõ áøÂª Âþ¥ ÓþÂã� �� �¤ Ç¿� ßþ�

ÅþÂ��õ ×þ ù�ðÂû ,¢�ªüõ �µÔð ÂþÁ�ÕµÈõ x

0

2 R

n

�

b

ÎÖ÷ ¤¢ f : R

n

! R

n

â��� 4.5 ÓþÂã�

�î ý¤�Ï�� Àª�� ¢���õ A Û·õ n� n

lim

x!x

0

kf(x)� f(x

0

)�A(x� x

0

)k

kx� x

0

k

= 0:

.¢�ªüõ ù¢�¢ ö�È÷ Df(x

0

) �� ø ¢�� Àû��¡ A �� Â��Â� â��� ÕµÈõ ,�¤�¬ ßþ� ¤¢
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x ß�� Û¬�ø Í¡ ,x; y 2 C

0

Âû ý�¥��� ù�ðÂû ,À�þ�ðüõ �À½õ �¤ C

0

� R

n

�

b

���÷ 5.5 ÓþÂã�

fz = �x+ (1� �)y : 0 � � � 1g Ûõ�ª C

0

�

b

ä�Þ¹õ ,ÂÚþ¢ �¤�±ä �� .¢Â�ð ¤�Âì C

0

öø¤¢ y ø

.Àª��


 Û·õ ´��� ×þ ø ¢���õ Df(x) ,C

0

� R

n

�À½õ �

b

���÷ ¤¢ x Âû ý�¥��� À��î ­Âê 1.5 Ýó

�î ý¤�Ï�� Àª�� �µª�¢ ¢��ø

kDf(x)�Df(y)k � 
kx� yk; 8x; y 2 C

0

:

,x; y 2 C

0

Âû ý�¥��� ,�¤�¬ ßþ� ¤¢

kf(x)� f(y)�Df(y)(x� y)k �




2

kx� yk

2

:

ÓþÂã� '(t) = f(y+ t(x� y)) �¤�¬�� �¤ ' : [0;1℄! R

n

â��� ,x; y 2 C

0

Âû ý�¥��� :ö�ûÂ�

Ýþ¤�¢ ,ÕµÈõ ý�ùÂ�¹÷¥ ù

b

Àä�ì ¥� ù¢�Ôµ¨� �� .Ý��îüõ

'

0

(t) = Df(y + t(x � y))(x� y):

ßþ�Â����

k'

0

(t)� '

0

(0)k = k(Df(y + t(x� y))�Df(y))(x� y)k

� kDf(y + t(x� y))�Df(y)kkx� yk

� 
tkx� yk

2

:

üêÂÏ¥�

� := f(x)� f(y)�Df(y)(x� y)

= '(1) � '(0)� '

0

(0)

=

Z

1

0

('

0

(t)� '

0

(0))dt:

�¹�µ÷¤¢

k�k �

Z

1

0

k'

0

(t)� '

0

(0)kdt � 
kx� yk

2

Z

1

0

tdt =




2

kx� yk

2

;

2 .¢�ªüõ Ûõ�î Ýó ��±�� ,°��Â� ßþ� �� ø
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�

b

ä�Þ¹õ ×þ C

0

À��î ­Âê ,ß��»Þû .´¨� ¥�� �

b

ä�Þ¹õ ×þ C � R

n

À��î ­Âê 5.5 �

b

�Ìì

ý�Â� ø ÂþÁ�ÕµÈõ x 2 C

0

Âû ý�¥��� �î ´¨� üã��� f : C ! R

n

ø C

0

� C ´�¬�¡ �� �À½õ

¢��ø h ø 
 ,� ,� ,r ´±·õ ø ´��� ¢�Àä� À��î ­Âê x

0

2 C

0

Âû ý�Â� .´¨� �µ¨��� x 2 C Âû

�î ý¤�Ï�� À÷¤�¢

S

r

(x

0

) = fx : kx� x

0

k < rg � C

0

;

h =

��


2

< 1

r =

�

1� h

;

ý�ûüðÄþø ý�¤�¢ f â��� ø

;kDf(x)�Df(y)k � 
kx� yk ,x; y 2 C

0

Âû ý�¥��� (a)

;kDf(x)

�1

k � � ø Àª�� ¢���õ Df(x)

�1

,x 2 C

0

Âû ý�¥��� (b)

;kDf(x

0

)

�1

f(x

0

)k � � (
)

�¤�¬ ßþ� ¤¢ .´¨�

�

b

ÎÖ÷ Âû ,x

0

áøÂª �

b

ÎÖ÷ �� (Óó�)

x

k+1

= x

k

�Df(x

k

)

�1

f(x

k

); k = 0;1; : : : ; (10.5)

.x

k

2 S

r

(x

0

) ,k � 0 Âû ý�¥��� ø ´¨� ÓþÂã�©�¡

.f(�) = 0 ø � 2 S

r

(x

0

) ù�Ú÷� , lim

k!1

x

k

= � Âð� ø ¢¤�¢ ¢��ø fx

k

g �

b

ó�±÷¢ À� (�)

Ýþ¤�¢ ,k � 0 Âû ý�¥��� (�)

kx

k

� �k � �

h

2

k

�1

1� h

2

k

�1

:

.´¨� 2 Ûì�À� ö�Æê�¤ -ß���÷ ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ,0 < h < 1 �Ø�þ� ¥�

�� k = 1 ý�¥��� .x

0

2 S

r

(x

0

) Ýþ¤�¢ ,k = 0 ý�¥��� .Ý��îüõ ´��� �¤ (Óó�) �ÂÖµ¨� �� :ö�ûÂ�

�î Ý����üõ ,(
) ¥� ù¢�Ôµ¨�

kx

1

� x

0

k = k �Df(x

0

)

�1

f(x

0

)k � � = (1� h)r < r;

ö�È÷ .j = 0;1; : : : ; k ,x

j

2 S

r

(x

0

) À��î ­Âê ,ö��î� .x

1

2 S

r

(x

0

) Àû¢üõ ö�È÷ �î

Ýþ¤�¢ ,(10.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� �î À��î ���� �Àµ�� ,¤�î ßþ� ý�Â� .x

k+1

2 S

r

(x

0

) Ý�û¢üõ

�f(x

k�1

)�Df(x

k�1

)(x

k

� x

k�1

) = 0:
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�î ÝþÂ�ðüõ �¹�µ÷ ,(b) ø Û±ì Ýó ,�Î��¤ ßþ� ¥� ù¢�Ôµ¨� �� ,�¹�µ÷¤¢

kx

k+1

� x

k

k = k �Df(x

k

)

�1

f(x

k

)k � �kf(x

k

)k

= �kf(x

k

)� f(x

k�1

)�Df(x

k�1

)(x

k

� x

k�1

)k

�

�


2

kx

k

� x

k�1

k

2

:

Ýþ¤�¢ ,×�þ�

kx

2

� x

1

k �

�


2

kx

1

� x

0

k

2

=

�


2

k �Df(x

0

)

�1

f(x

0

)k

2

�

�


2

�

2

= �h;

kx

3

� x

2

k �

�


2

kx

2

� x

1

k

2

�

�


2

(�h)

2

= �h

3

;

kx

4

� x

3

k �

�


2

kx

3

� x

2

k

2

�

�


2

(�h

3

)

2

= �h

7

;

.

.

.

kx

k+1

� x

k

k � �h

2

k

�1

: (11.5)

Ýþ¤�¢ ,��¹÷�Â¨

kx

k+1

� x

0

k = kx

k+1

� x

k

k+ kx

k

� x

k�1

k+ � � �+ kx

1

� x

0

k

= �(1 + h+ h

2

+ � � �+ h

2

k

�1

) <

�

1� h

= r;

.x

k+1

2 S

r

(x

0

) Àû¢üõ ö�È÷ �î

ö¢�¢ö�È÷ ý�Â� .´¨� üª�î �

b

ó�±÷¢×þ ,fx

k

g �

b

ó�±÷¢ �î Ý�û¢üõ ö�È÷ ,(�) ´ÞÆì ��±�� ý�Â�

Ýþ¤�¢ ,m � n Âû ý�Â� (11.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,°ÜÎõ ßþ�

kx

m+1

� x

n

k � kx

m+1

� x

m

k+ kx

m

� x

m�1

k+ � � �+ kx

n+1

� x

n

k

� �h

2

n

�1

(1+ h

2

n

+ (h

2

n

)

2

+ � � �)

�

�h

2

n

�1

1� h

2

n

:

ï¤�� üê�î ù

b

¥�À÷� �� N(�) ×þ ,0 < h < 1 �Ø�þ� �� ���� �� ,ùÀªù¢�¢ � > 0 Âû ý�Â� ,ö��î�

Ýþ¤�¢ ,n � N(�) Âû ý�Â� �î ý¤�Ï�� ¢¤�¢ ¢��ø

kx

m+1

� x

n

k �

�h

2

n

�1

1� h

2

n

< �; (12.5)



üÎ¡Â�è ��¢�ãõ ý¢Àä Û� .5 ÛÊê 192

ö�È÷ � �� �¤ �ó�±÷¢ À� Âð� .´¨� ¢���õ ö� À� ,ßþ�Â���� ø ´¨� üª�î fx

k

g �

b

ó�±÷¢ ü�ãþ ßþ� ø

ù�Ú÷� ,Ý�û¢

lim

k!1

x

k

= � 2 S

r

(x

0

):

¤¢ �ó�±÷¢ ßþ� À� ,ßþ�Â���� ø À÷¤�¢ ¤�Âì S

r

(x

0

) ¤¢ �ó�±÷¢ ý�û�ÜÞ� ��Þ� �î À��î ���� ,�¹�þ� ¤¢

.¢¤�¢ ¤�Âì �ä�Þ¹õ ßþ� ¤�µÆ�

�� ,x

k

2 S

r

(x

0

) Ýþ¤�¢ ,k � 0 Âû ý�¥��� �Ø�þ� �� ���� �� .f(�) = 0 Ý�û¢üõ ö�È÷ ,ö��î�

�î Ý����üõ (a) ¥� ù¢�Ôµ¨�

kDf(x

k

)�Df(x

0

)k � 
kx

k

� x

0

k � 
r;

ßþ�Â���� ø

kDf(x

k

)k � kDf(x

0

)k+ 
r:

Ýþ¤�¢ ,K = kDf(x

0

)k+ 
r ­Âê �� ,×�þ�

kf(x

k

)k = k �Df(x

k

)(x

k+1

� x

k

)k � Kkx

k+1

� x

k

k:

´ª�¢ Ý�û��¡ ,�Î��¤ ßþ� ß�êÂÏ À� �

b

±¨�½õ �� ,�¹�µ÷¤¢

0 = lim

k!1

kf(x

k

)k = kf(�)k:

.f(�) = 0 �î Àû¢üõ ö�È÷ �Î��¤ ßþ�

Ýþ¤�¢ ,(12.5) �

b

Î��¤ ¥� ,(3) ��±�� ý�Â�

lim

m!1

kx

m+1

� x

n

k = k� � x

n

k �

�h

2

n

�1

1� h

2

n

;

2 .´¨� 2 ©ø¤ üþ�ÂÚÞû �

b

±�Âõ �î ÝþÂ�ðüõ �¹�µ÷ ,0 < h < 1 �Ø�þ� �� ���� �� ø

�µ¨Â�� ©ø¤ 4.5

i = 0;1; : : : ; n ,a

i

2 R ö� ¤¢ �î ,P (x) = a

0

x

n

+ a

1

x

n�1

+ � � �+ a

n�1

x+ a

n

À��î­Âê

Ý�÷�¢üõ .À�µÆû �±¨�½õ Û��ì üð¢�¨�� P ý�û�Èþ¤ n = 1;2 ý�¥��� �î À��î ���� .n � 3 ø

ù¢�Ôµ¨� �� üóø ,¢¤�À÷ ¢��ø P ý�û�Èþ¤ �

b

±¨�½õ ý�Â� ü½þÂ¬ ñ�õÂê º�û ,üÜî ´ó�� ¤¢ �î
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�î �÷�ðö�Þû .¢Âî �±¨�½õ ü±þÂÖ� ¤�Ï�� �¤ ý��ÜÞ�À�� ßþ� ý�û�Èþ¤ ö���üõ �µ¨Â�� ©ø¤ ¥�

�¤�¬�� ö���üõ �¤ P ,ßþ�Â���� .À�µÆû Ýû �ø¢�õ ø¢��ø¢ P ÍÜµ¿õ ý�û�Èþ¤ ,Ý�÷�¢üõ

¤¢ �î ´¨� ßþ� �µ¨Â�� ©ø¤ üÜ¬� ù

b

Àþ� .¢Âî �þ�¹� �ø¢ ø ñø� �

b

�¤¢ ý�ûÛõ�ä ¥� ü�Â®Û¬��

.¢�ªüõ ��Â¿µ¨� P ý��ÜÞ�À�� ¥� x

2

� rx � q Û·õ �ø¢ �

b

�¤¢ Ûõ�ä ×þ ,�Ü�Âõ Âû

n�2 �

b

�¤¢ ¥� ý��ÜÞ�À�� Âû ý�Â� ,�¤�¬ ßþ� ¤¢ .À�µÆû üÖ�Ö� ¢Àä ø¢ q ø r À��î­Âê

Ýþ¤�¢ ,Q Û·õ

P (x) = (x

2

� rx � q)Q(x) +Ax+B; (13.5)

ø A = A(r; q) Ýþ¤�¢ ,ü�ãþ ,À÷��µÆ��ø q ø r �� �î À�µÆû üÖ�Ö� ý¢�Àä� B ø A ö� ¤¢ �î

�î Ý����� ý�q ø r ´¨� üê�î ,ö��î� .B = B(r; q)

(

A(r; q) = 0;

B(r; q) = 0:

(14.5)

��Üãõ B(r; q) ø A(r; q) Âð� .Ý��î Û� �¤ (14.5) üÎ¡Â�è ��¢�ãõ ù�Úµ¨¢ ´¨� üê�î ,âì�ø ¤¢

ö�Æê�¤ -ß���÷ ©ø¤ ¥� Ý�÷���üõ q

0

ø r

0

�

b

�óø� Âþ¢�Öõ ��¿µ÷� �� ,À�ª��

�

r

k+1

q

k+1

�

=

�

r

k

q

k

�

�

�

�A

�r

(r

k

; q

k

)

�A

�q

(r

k

; q

k

)

�B

�r

(r

k

; q

k

)

�B

�q

(r

k

; q

k

)

�

�1

�

A(r

k

; q

k

)

B(r

k

; q

k

)

�

; (15.5)

�

b

Î��¤ ¥� ù¢�Ôµ¨� �� q ø r �

b

±¨�½õ ý�Â� ,ßþ�Â���� .Ý��î ù¢�Ôµ¨� q ø r ü±þÂÖ� Âþ¢�Öõ �

b

±¨�½õ ý�Â�

´±Æ÷ B ø A��ÖµÈõ ø ,B(r

k

; q

k

) ,A(r

k

; q

k

) �

b

±¨�½õ ý�Â� üªø¤ ´¨� üê�î ,(15.5) üµÈð¥��

À��î ­Âê ,¤�î ßþ� ý�Â� .Ý��î ���¤� ,ùÀªù¢�¢ (r

k

; q

k

) ý�¥��� s ø r ��

Q(x) = b

0

x

n�2

+ b

1

x

n�3

+ � � �+ b

n�2

;

ö¢�¢¤�ÂìÂ��Â� ø (13.5) �

b

Î��¤ ¤¢ Q ý¤�Áðý�� �� .À�µÆû �µÆ��ø q ø r �� b

n�2

,: : : ,b

1

,b

0

�î

´ª�¢ Ý�û��¡ ,�Î��¤ éÂÏ ø¢ ¤¢ xÓÜµ¿õ ý�ûö��� °þ�Â®

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

a

0

= b

0

;

a

1

= b

1

� rb

0

;

a

i

= b

i

� rb

i�1

� qb

i�2

; i = 2; : : : ; n� 2;

a

n�1

= A� rb

n�2

� qb

n�3

;

a

n

= B � qb

n�2

:
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Ýþ¤�¢ ,Â�¡� �

b

Î��¤ ¥� B ø A ,�ûb

i

�

b

±¨�½õ �� ,ö��î�

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

b

0

= a

0

;

b

1

= a

1

+ rb

0

;

b

i

= a

i

+ rb

i�1

+ qb

i�2

; i = 2; : : : ; n� 2;

A = a

n�1

+ rb

n�2

+ qb

n�3

;

B = a

n

+ qb

n�2

:

(16.5)

¥� ù¢�Ôµ¨� �� üµÈð¥�� �¤�¬�� ö���üõ �¤ B(r; q) ø A(r; q) Âþ¢�Öõ ,ùÀªù¢�¢ q ø r ý�Â� ,ßþ�Â����

ß�êÂÏ ¥� ´¨� üê�î ,q ø r �� ´±Æ÷ B ø A ��ÖµÈõ �

b

±¨�½õ ý�Â� .¢¤ø� ´¨¢�� (16.5) �

b

Î��¤

´ª�¢ Ý�û��¡ ,ÝþÂ�Ú� ÕµÈõ r ´±Æ÷ Âð� .ÝþÂ�Ú� ÕµÈõ s ø r ´±Æ÷ ,(16.5) �

b

Î��¤ ý�ûýø�Æ�

(´¨� r �� ´±Æ÷ ÕµÈõ ý��ãõ �� r ÅþÀ÷� �¹�þ� ¤¢)

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

(b

0

)

r

= 0;

(b

1

)

r

= b

0

;

(b

i

)

r

= b

i�1

+ r(b

i�1

)

r

+ q(b

i�2

)

r

; i = 2; : : : ; n� 2;

�A

�r

= b

n�2

+ r(b

n�2

)

r

+ q(b

n�3

)

r

;

�B

�r

= q(b

n�2

)

r

:

(17.5)

Ýþ¤�¢ ,°��Â� ß�Þû ��

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

(b

0

)

q

= 0;

(b

1

)

q

= 0;

(b

i

)

q

= r(b

i�1

)

q

+ q(b

i�2

)

q

+ b

i�2

; i = 2; : : : ; n� 2;

�A

�q

= r(b

n�2

)

q

+ q(b

n�3

)

q

+ b

n�3

;

�B

�q

= q(b

n�2

)

q

+ b

n�2

:

(18.5)

×þ ¤¢ �¤ B ø A ��ÖµÈõ ö���üõ ,(18.5) ø (17.5) üµÈð¥�� ý�û�Î��¤ ¥� ù¢�Ôµ¨� �� ,ßþ�Â����

Âþ¥ �¤�¬�� �¤ �µ¨Â�� Ýµþ¤�Úó� ,ùÀª���¤� °ó�Îõ ýÀ��âÞ� �� .¢Âî �±¨�½õ (r; q) ù��¿ó¢ �

b

ÎÖ÷

.Ý��îüõ ýÀ��âÞ�

�µ¨Â�� ©ø¤ :1.5 Ýµþ¤�Úó�

.À��î ��¿µ÷� �¤ q

0

ø r

0

�

b

�óø� ý�û§À� (1

.À��î �±¨�½õ q

0

ø r

0

ý�¥��� (16.5) �

b

Î��¤ ¥� �¤ B ø A (2

.Àþ¤ø� ´¨¢�� (18.5) ø (17.5) ý�û�Î��¤ ¥� �¤

�B

�q

ø

�B

�r

,

�A

�q

,

�A

�r

Âþ¢�Öõ (3

.À��î �±¨�½õ �¤ q

1

ø r

1

Âþ¢�Öõ ,(15.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� (4
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,ÀþøÂ� 6 ��ð �� ø q = q

0

ø r = r

0

À�û¢ ¤�Âì ù�Ú÷� ,jq

1

� q

0

j < � ø jr

1

� r

0

j < � Âð� (5

.ÀþøÂ� 2 ��ð �� ø q

0

:= q

1

ø r

0

:= r

1

À�û¢ ¤�Âì ,�¤�¬ ßþ� Â�è ¤¢

,Àª�� �ø¢ �þ ñø� �

b

�¤¢ ý��ÜÞ�À�� ×þ Q Âð� .À��î �±¨�½õ �¤ x

2

� rx � q ý�û�Èþ¤ (6

�¤ Ýµþ¤�Úó� ,�¤�¬ ßþ� Â�è ¤¢ ø ,À±û¢ �Þ��¡ �¤ Ýµþ¤�Úó� ø À��î �±¨�½õ �¤ ö� ý�û�Èþ¤

.À��î ¤�ÂØ� Q ý��ÜÞ�À�� ý�Â�

�� �¤ P (x) = 8x

4

� 20x

3

+ 29x

2

� 18x + 10 ý��ÜÞ�À�� ü±þÂÖ� ý�û�Èþ¤ 8.5 ñ�·õ

.ÀþÂ�Ú� 10

�2

�¤ � ¤�ÀÖõ .À��î �±¨�½õ �µ¨Â�� ©ø¤ ×Þî

��±¨�½õ �

b

Þû .ÝþÂ�ðüõ q

0

= �0:5 ø r

0

= 0:75 °��Â��� �¤ q ø r ý�Â� ��óø� §À� :Û�

¢Âð ¤�Èä� Ýì¤ ¤�ú� �� ¸þ�µ÷ ø ùÀª ��¹÷� Óä�Ìõ ´ì¢ �� ø °Üµõ ö��¥ �� ý��÷�þ�¤ �

b

õ�÷Â� ×þ ��

Ýþ¤�¢ ,ñø� ¤�ÂØ� ¤¢ .´¨� ùÀª

a

0

= 8; a

1

= �20; a

2

= 29; a

3

= �18; a

4

= 10;

b

0

= a

0

= 8,

b

1

= a

1

+ r

0

b

0

= �20+ 0:75� 8 = �14,

b

2

= a

2

+ r

0

b

1

+ q

0

b

0

= 29+ 0:75� (�14) + (�0:5)� 8 = 14:5,

A = a

3

+ r

0

b

2

+ q

0

b

1

= �18+ 0:75 � 14:5+ (�0:5)� (�14) = �0:125,

B = a

4

+ q

0

b

2

= 10+ (�0:5)� 14:5 = 2:75,

(b

0

)

r

= 0,

(b

1

)

r

= b

0

= 8,

(b

2

)

r

= b

1

+ r

0

(b

1

)

r

+ q

0

(b

0

)

r

= �14+ 0:75� 8+ (�0:5)� 0 = �8,

�A

�r

= b

2

+ r

0

(b

2

)

r

+ q

0

(b

1

)

r

= 14:5+ 0:75� (�8) + (�0:5)� 8 = 4:5,

�B

�r

= q

0

(b

2

)

r

= �0:5� (�8) = 4,

(b

0

)

q

= 0

(b

1

)

q

= 0,

(b

2

)

q

= r

0

(b

1

)

q

+ q

0

(b

0

)

q

+ b

0

= 0:75� 0+ (�0:5)� 0+ 8 = 8,

�A

�q

= r

0

(b

2

)

q

+ q

0

(b

1

)

q

+ b

1

= 0:75� 8+ (�0:5)� 0+ (�14) = �8,

�B

�q

= q

0

(b

2

)

q

+ b

2

= �0:5� 8+ 14:5 = 10:5.
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ßþ�Â����

d = �

�

�A

�r

(r

0

; q

0

)

�A

�q

(r

0

; q

0

)

�B

�r

(r

0

; q

0

)

�B

�q

(r

0

; q

0

)

�

�1

�

A(r

0

; q

0

)

B(r

0

; q

0

)

�

= �

�

4:5 �8

4 10:5

�

�1

�

�0:125

2:75

�

=

�

�0:2611

�0:1625

�

:

�¹�µ÷¤¢

�

r

1

q

1

�

=

�

r

0

q

0

�

+ d =

�

0:75

�0:5

�

+

�

�0:2611

�0:1625

�

=

�

0:489

�0:6625

�

:

�Ø�þ� �� ���� ��

kdk

1

= maxfjr

1

� r

0

j; jq

1

� q

0

jg = 0:2611 � 10

�2

;

À�÷�Þû .q

0

= �0:6625 ø r

0

= 0:4890 Ý�û¢üõ ¤�Âì ,�ø¢ ¤�ÂØ� ¤¢ .Ý�û¢üõ �õ�¢� �¤ ¤�ÂØ�

Ýþ¤�¢ ,ñø� ¤�ÂØ�

b

0

= 8; b

1

= �16:0883; b

2

= 15:8338,

A = 0:4; B = �0:4893,

(b

0

)

r

= 0; (b

1

)

r

= 8; (b

2

)

r

= �12:1767,

�A

�r

= 4:5802;

�B

�r

= 8:0666,

(b

0

)

q

= 0; (b

1

)

q

= 0; (b

2

)

q

= 8,

�A

�q

= �12:1767;

�B

�q

= 10:5341,

d =

�

0:0119

0:0373

�

;

�

r

1

q

1

�

=

�

r

0

q

0

�

+ d =

�

0:4890

�0:6625

�

+

�

0:0119

0:0373

�

=

�

0:5009

�0:6251

�

.

�Ø�þ� ¥� ,ö��î�

kdk

1

= maxfjr

1

� r

0

j; jq

1

� q

0

jg = 0:0373 � 10

�2

;

À�÷�Þû .q

0

= �0:6251 ø r

0

= 0:5009 Ý�û¢üõ ¤�Âì ,��¨ ¤�ÂØ� ¤¢ .Ý�û¢üõ �õ�¢� �¤ ¤�ÂØ�

Ýþ¤�¢ ,Û±ì ¤�ÂØ� ø¢

b

0

= 8; b

1

= �15:9931; b

2

= 15:9885,

A = 0:006; B = 0:005,
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(b

0

)

r

= 0; (b

1

)

r

= 8; (b

2

)

r

= �11:9861,

�A

�r

= 4:9840;

�B

�r

= 7:4929,

(b

0

)

q

= 0; (b

1

)

q

= 0; (b

2

)

q

= 8,

�A

�q

= �11:9861;

�B

�q

= 10:9874,

d = 10

�3

�

�0:869

0:1354

�

;

�

r

1

q

1

�

=

�

r

0

q

0

�

+ d =

�

0:5009

�0:6251

�

+ 10

�3

�

�0:869

0:1354

�

=

�

0:5

�0:625

�

.

�� ���� �� ,×�þ�

kdk

1

= maxfjr

1

� r

0

j; jq

1

� q

0

jg = 0:8690� 10

�3

< 10

�2

;

�

b

ó¢�ãõ Û� ¥� P �

b

Èþ¤ ø¢ ,ßþ�Â���� .q = �0:625 ø r = 0:5 Ý�û¢üõ ¤�Âì ø ù¢�¢ ö�þ�� �¤ ¤�ÂØ�

�ø¢ �

b

�¤¢

x

2

� rx � q = x

2

� 0:5x+ 0:625 = 0;

�� Â��Â� ü±þÂÖ� �¤�¬�� �Èþ¤ ø¢ ßþ� .Àþ�üõ ´¨¢��

x

1

= 0:25 + 0:75i;

x

2

= 0:25 � 0:75i;

�ø¢ �

b

�¤¢ �

b

ó¢�ãõ Û� ¥� ,P ÂÚþ¢ �

b

Èþ¤ ø¢ .À�µÆû

b

0

x

2

+ b

1

x+ b

2

= 8x

2

� 15:9931x + 15:9885 = 0;

�� Â��Â� �î Àþ�üõ ´¨¢��

x

3

= 0:9996 + 0:9997i;

x

4

= 0:9996 � 0:9997i;

¥� À��¤�±ä P Õ�ì¢ ý�û�Èþ¤ �î ´¨� Âî£ ö�þ�ª .À�µÆû

x

1

= 1+ i;

x

2

= 1� i;

x

2

= 0:25 + 0:75i;

x

2

= 0:25 � 0:75i:

.´¨� ù¢Âî Ýû�Âê �û�Èþ¤ ¥� ü±¨��õ ý�û°þÂÖ� �µ¨Â�� ©ø¤ ,Ý����üõ �î �÷�ðö�Þû
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üþ�¹��÷ ©ø¤ 5.5

¤¢ f â��� ,�¤�¬ ßþ� ¤¢ .f(x

0

)f(a

0

) < 0 ø ´¨� �µ¨��� [x

0

; a

0

℄ ù

b

¥�� ýø¤ f â��� À��î ­Âê

[x

0

; a

0

℄ ù

b

¥�� ¤¢ a

i

ø x

i

¤�ÀÖõ ø¢ ,üþ�¹��÷ ©ø¤ �




�i ¤�ÂØ� ¤¢ .¢¤�¢ �Èþ¤ ×þ Ûì�À� ù¥�� ßþ�

�î À÷�ªüõ �±¨�½õ ý��÷�ð��

f(x

i

)f(a

i

) < 0;

ý¤�Ï �¤ �ûx

i

Âþ¢�Öõ ,ùø�ä�� .´¨� f ¥� �Èþ¤ ×þ Ûì�À� Ûõ�ª ��÷ [x

i

; a

i

℄ ù

b

¥�� ,ßþ�Â���� ø

.f(�) = 0 ù�Ú÷� , lim

i!1

x

i

= � Âð� ø Àª�� �ÂÚÞû fx

i

g �

b

ó�±÷¢ �î Ý��îüõ �±¨�½õ

(x

i

; f(x

i

)) ¯�Ö÷ ¤¢ �¤ f â��� üÎ¡ ���÷ø ¤¢ ý��ÜÞ�À�� ,a

i+1

ø x

i+1

Âþ¢�Öõ ÓþÂã� ý�Â�

�¤�¬�� ý��ÜÞ�À�� ßþ� .Ý�Æþ�÷üõ (a

i

; f(a

i

)) ø

P (x) = f(x

i

) + (x� x

i

)

f(x

i

)� f(a

i

)

x

i

� a

i

;

Àû��¡ �Èþ¤ ×þ Ûì�À� [x

i

; a

i

℄ ù

b

¥�� ¤¢ P ý��ÜÞ�À�� ,f(x

i

)f(a

i

) < 0 �Ø�þ� �� ���� �� .´¨�

´ª�¢ Ý�û��¡ ù�Ú÷� ,Ý�õ��� �

i

�¤ �Èþ¤ ßþ� Âð� .´ª�¢

�

i

= x

i

� f(x

i

)

x

i

� a

i

f(x

i

)� f(a

i

)

=

a

i

f(x

i

)� x

i

f(a

i

)

f(x

i

)� f(a

i

)

: (19.5)

ÓþÂã�©�¡ �

i

,ßþ�Â���� ø f(x

i

)� f(a

i

) 6= 0 Ýþ¤�¢ ,f(x

i

)f(a

i

) < 0 ¥� �î À��î ���� �¹�þ� ¤¢

.x

i

< �

i

< a

i

,ùø�ä�� ø ´¨�

.f(�

i

) 6= 0 Ý��îüõ­Âê ,ßþ�Â���� .¢�� Àû��¡ f �

b

Èþ¤ ×þ �

i

ù�Ú÷� ,f(�

i

) = 0 Âð� ,ö��î�

Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ a

i+1

ø x

i+1

,�¤�¬ ßþ� ¤¢

x

i+1

= �

i

a

i+1

= a

i

)

if f(�

i

)f(x

i

) > 0;

x

i+1

= x

i

a

i+1

= �

i

)

if f(�

i

)f(x

i

) < 0:

,i×þ ý�¥��� ø Àª�� ¢���õ f

00

À��î ­Âê ,üþ�¹��÷ ©ø¤ üþ�ÂÚÞû ��±�� ý�Â�

8

>

>

<

>

>

:

x

i

< a

i

;

f(x

i

) < 0; f(a

i

) > 0;

f

00

(x) � 0 8x 2 [x

i

; a

i

℄:

(20.5)

.Àû¢üõ Çþ�Þ÷ �¤ (20.5) «��¡ �� üã��� ü��¡�� 5.5 ÛØª
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xi

µi =xi+ 1

ai x

y

.(20.5) «��¡ �� â��� ×þ Çþ�Þ÷ :5.5 ÛØª

Ý�û¢üõ ¤�Âì

t =

f(x

i

)

f(x

i

)� f(a

i

)

:

Àû¢üõ ö�È÷ Â�¡� �

b

Î��¤ .�

i

= tf(x

i

) + (1 � t)f(a

i

) ø 0 < t < 1 �î Àþ¢ ö���üõ üð¢�¨��

¤¢ f â��� �î Ý����üõ ,(20.5) ¤¢ ��¨ ¯Âª �� ���� �� �Ø�þ� �ø¢ ø ,x

i

< �

i

< a

i

´Æ¿÷ �î

Ýþ¤�¢ ,�¹�µ÷¤¢ ø ´¨� �À½õ [x

i

; a

i

℄ ù

b

¥��

f(�

i

) � tf(x

i

) + (1� t)f(a

i

) = 0:

¤¢ ø ¢�� Àû��¡ f â��� �

b

Èþ¤ ×þ �

i

,ñø� ´ó�� ¤¢ .f(�

i

)f(x

i

) > 0 �þ f(�

i

) = 0 ,ø ¤ßþ�¥�

Ýþ¤�¢ ,�ø¢ ´ó��

x

i

< x

i+1

= �

i

< a

i+1

= a

i

:

ý�¥��� ù�Ú÷� ,Àª�� ¤�ÂìÂ� (20.5) Íþ�Âª ,i

0

×þ ý�¥��� Âð� �î Ý����üõ ��� °ó�Îõ ýÀ��âÞ� ��

fx

i

g �

b

ó�±÷¢ ,ùø�ä�� .´¨� ´��� ¤�ÀÖõ ×þ a ö� ¤¢ �î ,a

i

= a ´ª�¢ Ý�û��¡ ,i � i

0

Âû

À��î ­Âê .´¨�ÂÚÞû �ó�±÷¢ ßþ� ,ßþ�Â���� .¢�� Àû��¡ ¤�À÷�Âî ��� ¥� ø ý¢�ã¬ �

f

À�î� �

b

ó�±÷¢ ×þ

.´¨� f �

b

Èþ¤ ×þ � Ý�û¢üõ ö�È÷ . lim

i!1

x

i

= �

Ýþ¤�¢ ,Â�¡� ù

b

Àª���¤� °ó�Îõ ø (19.5) �

b

Î��¤ �� ���� ��

x

i+1

=

af(x

i

)� x

i

f(a)

f(x

i

)� f(a)

; f(�) � 0; f(a) > 0:
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ßþ�Â����

� =

af(�)� �f(a)

f(�)� f(a)

;

.� 6= a Ýþ¤�¢ ,f(�) � 0 ø f(a) > 0 �Ø�þ� �� ���� �� ,üóø .(� � a)f(�) = 0 ,�¹�µ÷¤¢ ø

.f(�) = 0 ,ø ¤ßþ�¥�

©ø¤ ,ùÀª���¤� °ó�Îõ �� ���� �� .Ý��îüõ ß��ã� �¤ üþ�¹��÷ ©ø¤ üþ�ÂÚÞû �

b

±�Âõ ,�õ�¢� ¤¢

�¤�¬�� ö���üõ �¤ üþ�¹��÷ ¤�ÂØ�

x

i+1

= �(x

i

); �(x) =

af(x)� xf(a)

f(x)� f(a)

;

Ýþ¤�¢ ,ß�Ú÷��õ ¤�ÀÖõ �

b

�Ìì ýÂ�ð¤�î�� ø �

0

(�) �

b

±¨�½õ �� .´ª�÷

�

0

(�) = 1� f

0

(�)

� � a

f(�) � f(a)

= 1�

f

0

(�)

f

0

(�

1

)

; (21.5)

Ýþ¤�¢ ,üêÂÏ¥� .� < �

1

< a ö� ¤¢ �î

f(x

i

)� f(�)

x

i

� �

= f

0

(�

2

);

ÝþÂ�ðüõ �¹�µ÷ ,f

00

(x) � 0 Ýþ¤�¢ [x

i

; a℄ ù

b

¥�� ¤¢ �Ø�þ� �� ���� �� ,ö��î� .x

i

< �

2

< � ö� ¤¢ �î

Ýþ¤�¢ ,üêÂÏ¥� .´¨� ý¢�ã¬ [x

i

; a℄ ù

b

¥�� ¤¢ f

0

�î

f

0

(�

2

) =

f(x

i

)

x

i

� �

> 0;

ßþ�Â���� ø

0 < f

0

(�

2

) � f

0

(�) � f

0

(�

1

);

ø

0 <

f

0

(�

2

)

f

0

(�

1

)

�

f

0

(�)

f

0

(�

1

)

� 1:

ø¤ßþ�¥�

0 � 1�

f

0

(�)

f

0

(�

1

)

< 1;

üþ�ÂÚÞû �

b

±�Âõ Àû¢üõ ö�È÷ �î 0 � �

0

(�) < 1 ´ª�¢ Ý�û��¡ ,(21.5) �

b

Î��¤ �� ���� �� �î

.´¨� 1 Ûì�À� üþ�¹��÷ ©ø¤
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ýÂ�ø ©ø¤ 6.5

©ø¤ ¤¢ .f(�) = 0 Ýþ¤�¢ � 2 [a; b℄ ×þ ý�¥��� ø ´¨� �µ¨��� f : [a; b℄ ! R À��î ­Âê

(n + ¤�ÂØ� ¤¢ ø ¢�ªüõ áøÂª ,f(x

0

) 6= f(x

1

) ¯Âª �� x

1

ø x

0

�

b

�óø� §À� ø¢ �� ¤�ÂØ� ,ýÂ�ø

ý��ÜÞ�À�� .¢�ªüõ �µ¡�¨ Âþ¥ �¤�¬�� x

n

ø x

n�1

°þÂÖ� ø¢ ¥� ù¢�Ôµ¨� �� x

n+1

°þÂÖ� ��1)

ßþ� Âð� .ÀþÂ�Ú� ÂÑ÷ ¤¢ (x

n

; f(x

n

)) ø (x

n�1

; f(x

n�1

)) ¯�Ö÷ ¤¢ �¤ f â��� üÎ¡ ���÷ø ¤¢

´ª�¢ Ý�û��¡ ,Ý�õ��� P (x) �¤ ý��ÜÞ�À��

P (x) = f(x

n

) +

f(x

n

)� f(x

n�1

)

x

n

� x

n�1

(x� x

n

):

�ûx ¤�½õ ø Í¡ ßþ� ¢¤�¡Â� Û½õ .´¨� �¥� f(x

n�1

) 6= f(x

n

) ¯Âª ��÷ �¹�þ� ¤¢ �î À��î ����

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ (x

n+1

;0) �¤

x

n+1

= x

n

�

x

n

� x

n�1

f(x

n

)� f(x

n�1

)

f(x

n

) =

x

n�1

f(x

n

)� x

n

f(x

n�1

)

f(x

n

)� f(x

n�1

)

(22.5)

Ýþ¤�¢ ,(22.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,�¤�¬ ßþ� ¤¢ .` = 0;1;2; : : : ,e

`

= x

`

� � À��î ­Âê

e

n+1

= e

n

�

1

f [x

n�1

; x

n

℄

f(x

n

)

= e

n

�

1�

1

f [x

n�1

; x

n

℄

f(x

n

)� f(�)

x

n

� �

�

= e

n

�

1�

f [x

n

; �℄

f [x

n�1

; x

n

℄

�

= e

n

f [x

n�1

; x

n

℄� f [x

n

; �℄

f [x

n�1

; x

n

℄

= e

n

e

n�1

f [x

n�1

; x

n

; �℄

f [x

n�1

; x

n

℄

: (23.5)

.À�îüõ ���¤� ýÂ�ø ©ø¤ üþ�ÂÚÞû ý�Â� üê�î üÎþ�Âª ,ýÀã� �

b

�Ìì

x

1

ø x

0

Âð� .f

0

(�) 6= 0 ø À�µÆû �µ¨��� � Ûõ�ª ý�ù¥�� ¤¢ f

00

ø f

0

,f À��î ­Âê 6.5 �

b

�Ìì

� �� ,¢�ªüõ À�ó�� (22.5) Í¨�� �î fx

n

g �

b

ó�±÷¢ ù�Ú÷� ,À÷�ª ��¿µ÷� � �� ×þ¢�÷ üê�î ù

b

¥�À÷� ��

.´¨� p =

1+

p

5

2

�� Â��Â� �ó�±÷¢ üþ�ÂÚÞû �

b

±�Âõ ø ´¨�ÂÚÞû

Û·õ ù¥�� ×þ ,f

0

(�) 6= 0 ø ´¨� �µ¨��� � ¥� üÚþ�ÆÞû ×þ ¤¢ f

0

�Ø�þ� �� ���� �� :ö�ûÂ�

J = [� � �; � + �℄;
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Ý�û¢üõ ¤�Âì .f

0

(x) 6= 0 Ýþ¤�¢ ,x 2 J Âû ý�¥��� �î ý¤�Ï�� ¢¤�¢ ¢��ø

M =

max

x2J

jf

00

(x)j

2min

x2J

jf

0

(x)j

:

Ýþ¤�¢ ,(23.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,�¤�¬ ßþ� ¤¢ .x

0

; x

1

2 I À��î ­Âê ,ö��î�

e

2

= e

0

e

1

f

00

(�

2

)

2f

0

(�

1

)

;

�¹�µ÷¤¢ .�

2

2 I [x

0

; x

1

; �℄ ø �

1

2 I [x

0

; x

1

℄ ,ö� ¤¢ �î

je

2

j = je

0

jje

1

j

�

�

�

�

f

00

(�

2

)

2f

0

(�

1

)

�

�

�

�

�M je

0

jje

1

j: (24.5)

�î ý¤�Ï�� À�µÆû ×þ¢�÷ � �� üê�î ù

b

¥�À÷� �� x

1

ø x

0

À��î ­Âê

Æ = maxfM je

0

j;M je

1

jg < 1:

´ª�¢ Ý�û��¡ ,(23.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ,ßþ�Â����

je

2

j �M je

0

jje

1

j < je

0

j;

Ýþ¤�¢ ,i � 0 Âû ý�¥��� �î Àþ¢ ö���üõ �ÂÖµ¨� �� ,°��Â� ß�Þû �� .x

2

2 I Àû¢üõ ö�È÷ �î

.x

i

2 J

(24.5) �

b

Î��¤ �� ���� �� ù�Ú÷� ,M = 0 Âð� �î Ý����üõ ´Æ¿÷ ,�ó�±÷¢ üþ�ÂÚÞû ��±�� ý�Â�

¥� ù¢�Ôµ¨� �� ,�¤�¬ ßþ� ¤¢ .M 6= 0 À��î ­Âê ,ö��î� .x

2

= � ü�ãþ ßþ� ø e

2

= 0 Ýþ¤�¢

Ýþ¤�¢ ,(23.5) �

b

Î��¤

e

n+1

= e

n�1

e

n

f

00

(�

2

)

2f

0

(�

1

)

; (25.5)

�¹�µ÷¤¢ .�

2

2 I [x

n�1

; x

n

; �℄ ø �

1

2 I [x

n�1

; x

n

℄ ,ö� ¤¢ �î

je

n+1

j �M je

n�1

jje

n

j:

ø¤ßþ�¥�

M je

2

j = M je

1

jM je

0

j � Æ

2

;

M je

3

j = M je

2

jM je

1

j � Æ

2

Æ = Æ

3

;

M je

4

j = M je

3

jM je

2

j � Æ

3

Æ

2

= Æ

5

;

.

.

.

M je

n

j � Æ

q

n

;
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ø ´¨� éøÂãõ ü��÷�±�ê �

b

ó�±÷¢ �� ,fq

n

g �

b

ó�±÷¢ .q

n

= q

n�1

+ q

n�2

ø q

0

= q

1

= 1 ö� ¤¢ �î

ßþ�Â���� . lim

n!1

q

n

=1 Ýþ¤�¢

lim

n!1

M je

n

j � lim

n!1

Æ

q

n

= 0;

.Àû¢üõ ö�È÷ �¤ fx

n

g �

b

ó�±÷¢ üþ�ÂÚÞû �î

. lim

n!1

f

0

(�

1

) = f

0

(�) ø lim

n!1

f

00

(�

2

) = f

00

(�) �î ´¨� ßªø¤ ,(25.5) �

b

Î��¤ �� ���� ��

ßþ�Â����

lim

n!1

e

n+1

e

n

e

n�1

=

f

00

(�)

2f

0

(�)

:

�¤�¬�� ö���üõ �¤ �Î��¤ ßþ�

je

n+1

j = 


n

je

n

jje

n�1

j;

ö� ¤¢ �î ´ª�÷

lim

n!1




n

=

�

�

�

�

f

00

(�)

2f

0

(�)

�

�

�

�

:

�î Ý���þüõ ý¤�Ï �¤ p � 1 ¤�ÀÖõ

lim

n!1

je

n+1

j

je

n

j

p

= C:

Ýþ¤�¢ ,¤�î ßþ� ý�Â�

je

n+1

j

je

n

j

p

= 


n

je

n

j

1�p

je

n�1

j = 


n

�

je

n

j

je

n�1

j

p

�

1�p

je

n�1

j

p(1�p)+1

´ª�¢ Ý�û��¡ ,�¤�¬ ßþ� ¤¢ .p(1+ p) + 1 = 0 �î Ý��îüõ ß��ã� ý��÷�ð�� �¤ p ¤�ÀÖõ ,ö��î�

lim

n!1

je

n+1

j

je

n

j

p

= lim

n!1




n

�

je

n

j

je

n�1

j

p

�

1�p

;

�þ

C =

�

�

�

�

f

00

(�)

2f

0

(�)

�

�

�

�

C

1�p

=) C =

�

�

�

�

f

00

(�)

2f

0

(�)

�

�

�

�

1

p

:

ßþ�Â����

lim

n!1

je

n+1

j

je

n

j

p

= C =

�

�

�

�

f

00

(�)

2f

0

(�)

�

�

�

�

1

p

;

Ý�û��¡ ,p �

b

±¨�½õ �� .À�îüõ ëÀ¬ p(1 � p) + 1 = 0 �ø¢ �

b

�¤¢ �

b

ó¢�ãõ ¤¢ p ¢Àä ö� ¤¢ �î

2 .p =

1+

p

5

2

� 1:618´ª�¢
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ßØµþ� -�

2

©ø¤ 7.5

­Âê .´¨� �ó�±÷¢ ×þ üþ�ÂÚÞû öÀ�È¿���µª ý�Â� �û©ø¤ ßþÂ�ù¢�¨ ¥� üØþ ,ßØµþ� -�

2

©ø¤

�� �¤ fx

i

g �

b

ó�±÷¢ �î ´¨� ßþ� ßØµþ� -�

2

©ø¤ üÜ¬� ù

b

Àþ� .´¨� �ÂÚÞû � �� fx

i

g �

b

ó�±÷¢ À��î

�

b

ó�±÷¢ ¥� ÂµÈ�� � �� �ó�±÷¢ ßþ� üþ�ÂÚÞû ´äÂ¨ �î ý��÷�ð�� ,À�îüõ ÛþÀ±� fx

0

i

g Û·õ ýÂÚþ¢ �

b

ó�±÷¢

.Àª�� ��óø�

ü�ãþ ,Àª�� ×þ �� Â��Â� �ó�±÷¢ üþ�ÂÚÞû �

b

±�Âõ ø lim

i!1

x

i

= � À��î ­Âê

lim

i!1

x

i+1

� �

x

i

� �

= K;

Ýþ¤�¢ ,iï¤�� Âþ¢�Öõ ý�¥��� .jKj < 1 �î ý¤�Ï��

x

i+1

� �

x

i

� �

�

x

i+2

� �

x

i+1

� �

:

ö� ¤¢ �î ,� � x

0

i

Ýþ¤�¢ ,�Î��¤ ßþ� ¥� � �

b

±¨�½õ ��

x

0

i

= x

i

�

(x

i+1

� x

i

)

2

x

i+2

� 2x

i+1

+ x

i

:

ÂÚÜÞä � ö� ¤¢ �î �

2

x

i

= x

i+2

� 2x

i+1

+ x

i

ø �x

i

= x

i+1

� x

i

Ý�÷�¢üõ �î �÷�ðö�Þû

ßþ�Â���� ø ´¨� øÂÈ�� Û®�Ô�

x

0

i

= x

i

�

(�x

i

)

2

�

2

x

i

: (26.5)

�

b

ó�±÷¢ ý�Â� �î ý¤�Ï�� Àª�� �µª�¢ ¢��ø jKj < 1 ¯Âª ��K Û·õ ý¢Àä À��î­Âê 7.5 �

b

�Ìì

Ý�ª�� �µª�¢ ,x

i

6= � ¯Âª �� fx

i

g

x

i+1

� � = (K + Æ

i

)(x

i

� �); lim

i!1

Æ

i

= 0:

ø ´¨� ¢���õ ,´¨� ùÀª ÓþÂã� (26.5) �

b

Î��¤ ¤¢ �î fx

0

i

g �

b

ó�±÷¢ ,�¤�¬ ßþ� ¤¢

lim

i!1

x

0

i

� �

x

i

� �

= 0:

Ýþ¤�¢ ,��Ìì­Âê �� ���� �� ,�¹�þ� ¤¢ .i = 0;1; : : : ,e

i

= x

i

� � Ý�û¢üõ ¤�Âì :ö�ûÂ�

e

i+1

= (K + Æ

i

)e

i

:
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�¹�µ÷¤¢

x

i+2

� 2x

i+1

+ x

i

= e

i+2

� 2e

i+1

+ e

i

= e

i

((K + Æ

i+1

)(K + Æ

i

)� 2(K + Æ

i

) + 1)

= e

i

((K � 1)

2

+ �

i

); (27.5)

Ýþ¤�¢ ,ùø�ä�� .�

i

= K(Æ

i

+ Æ

i+1

)� 2Æ

i

! 0 ö� ¤¢ �î

x

i+1

� x

i

= e

i

((K � 1) + Æ

i

); Æ

i

! 0: (28.5)

�î Ý����üõ ,e

i

6= 0 ø �

i

! 0 ,K 6= 1 Ýþ¤�¢ iï¤�� Âþ¢�Öõ ý�¥��� �Ø�þ� �� ���� ��

x

i+2

� 2x

i+1

+ x

i

6= 0;

ý�¥��� (28.5) ø (27.5) ý�û�Î��¤ ¥� ù¢�Ôµ¨� �� .´¨� ÓþÂã�©�¡ fx

0

i

g �

b

ó�±÷¢ ,�¹�µ÷¤¢ ø

Ýþ¤�¢ iï¤�� Âþ¢�Öõ

x

0

i

� � = e

i

� e

i

((K � 1) + Æ

i

)

2

(K � 1)

2

+ �

i

:

ßþ�Â����

lim

i!1

x

0

i

� �

x

i

� �

= lim

i!1

 

1�

((K � 1) + Æ

i

)

2

(K � 1)

2

+ �

i

!

= 0;

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î

�

b

Î��¤ ¥� ÛÞä ¤¢ .´¨� fx

0

i

g �

b

ó�±÷¢ ¥� Â�âþÂ¨ fx

0

i

g �

b

ó�±÷¢ üþ�ÂÚÞû �î Àû¢üõ ö�È÷ ��Ìì ßþ�

�±¨�½õ �¤ x

2

ø x

1

,x

0

´Æ¿÷ .Ý��îüõ ù¢�Ôµ¨� ,Àþ�üõ �õ�¢� ¤¢ ö� �Âª �î ý��÷�ð�� (26.5)

�±¨�½õ �¤ x

3

Å³¨ .Ýþ¤ø�üõ ´¨¢�� ¤�ÀÖõ �¨ ßþ� ¥� ù¢�Ôµ¨� �� �¤ x

0

0

¤�ÀÖõ Å³¨ ø Ý��îüõ

�¤ À÷ø ¤ ßþ� ,°��Â� ß�Þû �� .Ý��îüõ �±¨�½õ �¤ x

0

3

¤�ÀÖõ x

3

ø x

2

,x

1

¥� ù¢�Ôµ¨� �� ø ù¢Âî

�µª�Áð fx

0

i

g �

b

ó�±÷¢ ýø¤ Óì�� ¯Âª �î ´¨� Âî£ ö�þ�ª .¢�ª ¤�ÂìÂ� Óì�� ¯Âª �� Ý�û¢üõ �õ�¢�

.¯Âª ø¢Âû ö�õ¥Ýû ¤�Ï�� �þ jx

0

i+1

�x

0

i

j < � ,jf(x

0

i

)j < � �¤�¬�� üÏÂª ,ñ�·õ ý�Â� .¢�ªüõ

.Àû¢üõ ö�È÷ �¤ ßØµþ�-�

2

©ø¤ ýÂ�ð¤�î�� ù

b

��ª ¥� üþ�Þ÷ ,Âþ¥ ÛØª

x

1

x

2

x

3

x

4

x

5

� � �

x

0

1

x

0

2

x

0

3

x

0

4

x

0

5

� � �

?











�

�

�

�

�

�

�+ ?











�

�

�

�

�

�

�+ ?











�

�

�

�

�

�

�+

.´¨� éøÂãõ ßÆ�Ô�µ¨� ©ø¤ �� �î ¢¤�¢ ¢��ø (26.5) �

b

Î��¤ ýÂ�ð¤�î�� ý�Â� ýÂÚþ¢ ©ø¤
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üþ�ÂÚÞû �

b

±�Âõ ø ´¨�ÂÚÞû f �

b

Èþ¤ �� �î Àª�� ý��ó�±÷¢ i = 0;1; : : : ,x

i+1

= �(x

i

) À��î­Âê

�±¨�½õ �¤ x

2

ø x

1

,x

0

Âþ¢�Öõ ,� ¤�ÂØ� â��� ¥� ù¢�Ôµ¨� �� ´Æ¿÷ ,ßÆ�Ô�µ¨� ©ø¤ ¤¢ .´¨� 1 ö�

ø x

1

:= x

0

0

Ý�û¢üõ ¤�Âì ,Å³¨ .Ý��îüõ �±¨�½õ �¤ x

0

0

¤�ÀÖõ (26.5) �

b

Î��¤ ×Þî �� ø ù¢Âî

(26.5) �

b

Î��¤ ¥� ù¢�Ôµ¨� �� ø ù¢Âî �±¨�½õ �¤ x

3

ø x

2

Âþ¢�Öõ ,� ¤�ÂØ� â��� ø x

1

áøÂª �

b

ÎÖ÷ ��

¤¢ ö� ý�ûüðÄþø �î ¢�ªüõ À�ó�� fx

0

i

g �

b

ó�±÷¢ ,À÷ø ¤ ßþ� �

b

õ�¢� �� .Ý��îüõ �±¨�½õ �¤ x

0

1

¤�ÀÖõ

Âþ¥ �¤�¬�� ö���üõ �¤ ßÆ�Ô�µ¨� ©ø¤ ,��� °ó�Îõ �� ���� �� .¢Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ �õ�¢�

¢Âî ýÀ��âÞ�

y

i

= �(x

i

); z

i

= �(y

i

);

x

i+1

:= x

i

�

(y

i

� x

i

)

2

z

i

� 2y

i

+ x

i

; i = 0;1;2; : : : ;

À�ó�� �¤ Âþ¥ �

b

ó�±÷¢ ,©ø¤ ßþ� .´¨� ßÆ�Ô�µ¨� ©ø¤ Í¨�� ùÀªÀ�ó�� �

b

ó�±÷¢ fx

i

g ,�¹�þ� ¤¢ �î

À�îüõ

x

i+1

= 	(x

i

); i = 0;1;2; : : : ;

	(x) =

x�(�(x)) � �(x)

2

�(�(x)) � 2�(x) + x

:

(29.5)

ù�Ú÷� ,�

0

(�) 6= 1 ø �(�) = � Âð� ,ÅØäÂ� .�(�) = � ù�Ú÷� ,	(�) = � Âð� 8.5 �

b

�Ìì

.	(�) = �

Ýþ¤�¢ ù�Ú÷� ,	(�) = � Âð� :ö�ûÂ�

��(�(�)) � �(�)

2

�(�(�)) � 2�(�) + �

= �;

�

b

Î��¤ �î

�(�)

2

� 2��(�) + �

2

= 0;

.	(�) =

0

0

,�¹�µ÷¤¢ .�(�) = � À��î ­Âê ,ÅØäÂ� .�(�) = � ,ßþ�Â���� ø Àû¢üõ �¹�µ÷ �¤

Ýþ¤�¢ ,ñ�µ���û ù

b

Àä�ì ¥� ù¢�Ôµ¨� �� ,ßþ�Â����

	(�) =

�(�(�)) + ��

0

(�(�))�

0

(�)� 2�(�)�

0

(�)

�

0

(�(�))�

0

(�)� 2�

0

(�) + 1

=

� + ��

0

(�)

2

� 2��

0

(�)

1+�

0

(�)

2

� 2�

0

(�)

= �;

2 .À�îüõ Ûõ�î �¤ ��Ìì ��±�� �î
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ü¨¤Â� � Û·õ ´��� �

b

ÎÖ÷ ×þ ¥� üÚþ�ÆÞû×þ ¤¢ �¤ x

i+1

= 	(x

i

) üþ�ÂÚÞû ¤�µê¤ �Ø�þ� ý�Â�

�

b

±�Âõ ¥� ©ø¤ ×þ ø Àª�� ÂþÁ�ÕµÈõ ¤�� p+1 ,� ¥� üÚþ�ÆÞû ×þ ¤¢ � â��� Ý��îüõ­Âê ,Ý��î

ü�ãþ ,À�î ÓþÂã� p

�

0

(�) = � � � = �

(p�1)

(�) = 0; �

(p)

(�) = p!A 6= 0;

¢Âî ­Âê ö���üõ ,´�Üî ö¢�¢´¨¢¥� öøÀ� .A = �

0

(�) 6= 1 ù�Ú÷� ,p = 1 Âð� ,ùø�ä�� ø

Ýþ¤�¢ x×��î Âþ¢�Öõ ý�Â� ,ßþ�Â���� .� = 0

�(x) = Ax

p

+

x

p+1

(p+ 1)!

�

(p+1)

(�x); 0 < � < 1;

,ø ¤ßþ�¥� .�(x) = Ax

p

+O(x

p+1

) Ýþ¤�¢ ,ßþ�Â���� ø

�(�(x)) = A

�

Ax

p

+O(x

p+1

)

�

p

+O

�

(Ax

p

+O(x

p+1

))

p+1

�

=

(

O(x

p

2

); p > 1;

A

2

x+O(x

2

); p = 1;

�(x)

2

=

�

Ax

p

+O(x

p+1

)

�

2

= A

2

x

2p

+O(x

2p+1

):

ù�Ú÷� ,p > 1 Âð� ,�¹�µ÷¤¢

	(x) =

O(x

p

2

+1

)�A

2

x

2p

+O(x

2p+1

)

O(x

p

2

)� 2Ax

p

+O(x

p+1

) + x

= �A

2

x

2p�1

+O(x

2p

);

ù�Ú÷� ,p = 1 Âð� ø

	(x) =

A

2

x

2

+O(x

3

)�A

2

x

2

+O(x

3

)

A

2

x+O(x

2

)� 2Ax +O(x

2

) + x

= O(x

2

):

.¢Âî ö��� ö���üõ �¤ Âþ¥ �

b

�Ìì ��� °ó�Îõ ýÀ��âÞ� ��

¤¢ .´¨� p �

b

±�Âõ ¥� ø � ´��� �

b

ÎÖ÷ ß��ã� ý�Â� ©ø¤ ×þ ¤�ÂØ� â��� � À��î ­Âê 9.5 �

b

�Ìì

�

b

±�Âõ ¥� � ß��ã� ý�Â� 	 ¤�ÂØ� â��� Í¨�� ùÀªÀ�ó�� ý¤�ÂØ� ©ø¤ ù�Ú÷� ,p > 1 Âð� ,�¤�¬ ßþ�

.¢�� Àû��¡ 2 �

b

±�Âõ ¥� Ûì�À� ,©ø¤ ù�Ú÷� ,Àª�� ¤�ÂìÂ� �(�) 6= 1 ¯Âª ø p = 1 Âð� ø 2p� 1

ø 2 �

b

±�Âõ ¥� Ûì�À� ,� ß��ã� ý�Â� 	 Í¨�� ùÀªÀ�ó�� ý¤�ÂØ� À÷ø ¤ �î À��î ���� �¹�þ� ¤¢

� Í¨�� ùÀªÀ�ó�� �

b

ó�±÷¢ ø j�

0

(�)j > 1 Âð� üµ� ,´¨� 2 üþ�ÂÚÞû �

b

±�Âõ �� �ÂÚÞû üã®�õ ¤�Ï��

.Àª�� �Âð�ø
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ø p > 1 À��î ­Âê �Âþ¥ ;´¨� ¤�¢¤�¡Â� üþ��Æ� ´�Þû� ¥� ßÆ�Ô�µ¨� ©ø¤ ,p = 1 �î ü÷�õ¥

Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .´¨� ×��î üê�î ù

b

¥�À÷� �� j�

i

j ö� ¤¢ �î ,�

i

= x

i

� �

�(x

i

) = �(� + �

i

) = �(�) + �

0

(�)�

i

+ � � �+

�

(p�1)

(�)

p!

�

p

i

+O(�

p+1

)

= � +A�

p

i

+O(�

p+1

)

ßþ�Â����

�(x

i

)� � = A�

p

i

+O(�

p+1

); (A =

�

(p�1)

(�)

p!

);

Ýþ¤�¢ ,�¹�µ÷¤¢ ø

�(�(x

i

))� � = A

p+1

�

p

2

i

+O(�

p

2

+1

): (30.5)

´ª�¢ Ý�û��¡ ,x

i+1

= 	(x

i

) ø Ý��î ù¢�Ôµ¨� 	 ¤�ÂØ� â��� ¥� �î ü�¤�¬ ¤¢

	(x

i

)� � = x

i+1

� � = �A

2

�

2p�1

i

+O(�

2p

): (31.5)

Ýþ¤�¢ ,p > 1 ý�Â� üóø

�

�

�

A

p+1

�

p

2

i

�

�

�

�

�

�

�

A

2

�

2p�1

i

�

�

�

:

ýÂµú� °þÂÖ� �(�(x

i

)) �î Àû¢üõ ö�È÷ Â�¡� �

b

Î��¤ ,(30.5) ø (30.5) ý�û�Î��¤ �� ���� ��

��¬�� p = 1 ý�Â� ßÆ�Ô�µ¨� ©ø¤ ,Û�ó¢ ß�Þû �� .À�îüõ Ýû�Âê � ý�Â� 	(x

i

) �� ´±Æ÷

.¢�ªüõ

Ýþ¤�¢ ,ùø�ä�� .´¨� �

2

= 1 ø �

1

= 0´��� �

b

ÎÖ÷ ø¢ ý�¤�¢ �(x) = x

2

¤�ÂØ� â��� 9.5 ñ�·õ

�

0

(�

1

) = 0; �

00

(�

1

) = 2;

�

0

(�

2

) = 2:

�� Â��Â� ö� üþ�ÂÚÞû �

b

±�Âõ ø ´¨� �ÂÚÞû �

1

�� x

i+1

= �(x

i

) ý¤�ÂØ� À÷ø ¤ ù�Ú÷� ,jx

0

j < 1 Âð�

.´¨�Âð�ø fx

i

g �

b

ó�±÷¢ ù�Ú÷� ,jx

0

j > 1 Âð� üóø .´¨� 2

Ýþ¤�¢ ,(29.5) ¥� ù¢�Ôµ¨� �� ,ö��î�

	(x) =

x

3

x

2

+ x� 1

=

x

3

(x� r

1

)(x � r

2

)

; (r

1;2

=

�1�

p

5

2

)

´��� �

b

ÎÖ÷ ø¢ Âû �� x

i+1

= 	(x

i

) �

b

ó�±÷¢ ,x

0

°




¨��õ áøÂª �

b

ÎÖ÷ ��¿µ÷� �� �î Ý�û¢üõ ö�È÷

,jx

0

j � 0:5 Âð� .(?�Â�) ´¨� ü®�±Ö÷� ´ª�Ú÷ ×þ 	 â��� ,jxj � 0:5 ý�¥��� .´¨�ÂÚÞû
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¥� ×��î üê�î ù

b

¥�À÷� �� üÚþ�ÆÞû ×þ ¤¢ .Àª Àû��¡ �ÂÚÞû �

1

= 0 �� x

i+1

= 	(x

i

) ù�Ú÷�

Ýþ¤�¢ ,�

1

x

i+1

= 	(x

i

) � �x

3

i

;

Ýþ¤�¢ ,jx

0

j < 1 Âû ý�¥��� üóø .´¨� 3 �� Â��Â� ©ø¤ üþ�ÂÚÞû �

b

±�Âõ Àû¢üõ ö�È÷ �î

x

i+1

= �(�(x

i

)) = x

4

i

;

.´¨� 4 �� Â��Â� �ó�±÷¢ üþ�ÂÚÞû �

b

±�Âõ ø ´¨ � �ÂÚÞû �

1

= 0 �� �î

Àþ¢ ö���üõ üð¢�¨�� .´¨� �ÂÚÞû �

2

= 1 �� ,x

i+1

= �(x

i

) �

b

ó�±÷¢ ,jx

0

j > r

1

Âû ý�¥���

�î

	

0

(1) = 0; 	

00

(1) 6= 0;

x

i+1

= �(x

i

) �

b

ó�±÷¢ �î À��î ���� ,�¹�þ� ¤¢ .´¨� 2 �� Â��Â� �ó�±÷¢ üþ�ÂÚÞû �

b

±�Âõ ,ßþ�Â���� ø

.¢�ªüÞ÷ �ÂÚÞû �

2

= 1 �� üÎþ�Âª º�û ´½�

ßþÂÞ�

À��î ­Âê (1.5

f(x) = f(r; s) =

�

r + 2s+ 3

4r + 5s+ 6

�

:
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;
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lim

n!1

x

n+1

� �

(x

n
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)
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0
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.12.5 ßþÂÞ� ÛØª :6.5 ÛØª

.´¨� � �
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þø�¥ Â��Â� ø¢ � �
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ó¢�ãõ Û� ý�Â� �¤
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�õ�÷��µî

[1℄ U.M. As
her, C. Greif, A First Course in Numeri
al Methods, SIAM,

Philadelphia, 2011.

[2℄ R. Bulirs
h, H. Ratishauser, Interpolation and Gen�aherte Quadratur, In:

Sauer, Szab�o, 1968.

[3℄ R.L. Burden, J.D. Faires, A.M. Burden, Numeri
al Analysis, Tenth Edi-

tion, Cengage Learning, 2016.

[4℄ W. Cheney and D. Kin
aid, Numeri
al Mathemati
s and Computing, Sixth

Edition, Brooks/Cole Cengage Learning, Floren
e, Kentu
ky, 2008.

[5℄ R.M. Corless, N. Fillion, A Graduate Introdu
tion to Numeri
al Methods:

From the Viewpoint of Ba
kward Error Analysis, Springer, 2013.

[6℄ W. Gander, M. Gander, F. Kwok, S
ienti�
 Computing, Springer-Verlag,

New York, 2014.

[7℄ R.P. Grimaldi, Dis
rete and Combinatorial Mathemati
s: An Applied In-

trodu
tion, Fifth Edition 5th Edition, Pearson Edu
ation Limited, 2014.

[8℄ J. Hadamard, Le
tures on Cau
hy's Problem in Linear Partial Di�erential

Equations, Yale University Press, New Haven, 1923.

213



üÎ¡Â�è ��¢�ãõ ý¢Àä Û� .5 ÛÊê 214

[9℄ F.B. Hildebrand, Introdu
tion to Numeri
al Analysis, Se
ond Edition, New

York: M
Graw-Hill, 1974.

[10℄ R. Kress, Numeri
al Analysis, Springer-Verlag, New York, 1998.

[11℄ L.M. Milne-Thomson, The Cal
ulus of Finite Di�eren
es, London: Ma
mil-

lan, 1951.

[12℄ G. Peano, Resto nelle formula di quadratura espresso 
on un integrale

de�nito, Atti Della Reale A

ademia Dei Lin
ei, Rendi
onti (5), 22 (1913)

562-569.

[13℄ A. Ralston, P. Rabinowitz, A First Course in Numeri
al Analysis, M
Graw-

Hill, 1978

[14℄ T. Sauer, Numeri
al Analysis, Se
ond Edition, Pearson Edu
ation, 2012.

[15℄ J. Stoer, R. Bulirs
h, Introdu
tion to Numeri
al Analysis, Se
ond Edition,

Springer-Verlag, New York, 1980.



üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø

��

spline ßþ�³¨�

Stefensen ßÆ�Ô�µ¨�

Bernoulli numbers üó�÷Â� ¢�Àä�

perturbation ñ�µ¡�

min-max Â·î� Ûì�

error propagation �Î¡ üÚµª�±÷�

integral ñ�ÂÚµ÷�

integration ýÂ�ðñ�ÂÚµ÷�

integrand ùÀó�ÂÚµ÷�

Aitken ßØµþ�

algorithm Ýµþ¤�Úó�

�

bias §�þ��

ill-posed â®øÀ�

ill-posedness üã®øÀ�

ill-
onditioned ´ó��À�

gradient ve
tor ö�þ¢�Âð ¤�¢Â�

eigenve
tor ùÄþø ¤�¢Â�

Bernoulli üó�÷Â�

215



üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø 216

Taylor expansion ÂÜ�� ÍÆ�

relatively ü±Æ÷ ¤�Ï��


ontinuously �µ¨��� ¤�Ï��

absolutely 
ontinuous �µ¨��� ÕÜÎõ ¤�Ï��

Bairstow �µ¨Â��

�

stable ¤�Àþ��

stability ý¤�Àþ��

Peano �÷�ÿ�


ontinuous �µ¨���

�

primitive fun
tion ��óø� â���

iteration fun
tion ¤�ÂØ� â���

weight fun
tion ö¥ø â���

divided di�eren
e ùÀªÝ�ÆÖ� Û®�Ô�

re
ipro
al di�eren
es Û��Öµõ ��®�Ô�

inverse di�eren
es §�Øãõ ��®�Ô�

almost everywhere ���Þû �±þÂÖ�

moni
 ß�Ø�

�

Chebyshev ÓÈ�±�

dense ñ�Ú�

ploynomial ý��ÜÞ�À��

multiple variable ùÂ�çµõÀ��

�

initial guess ��óø� §À�

arithmeti
 ��Æ�



217 üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø

exa
t arithmeti
 Õ�ì¢ ��Æ�


atastrophi
 
an
elation ��Ú÷��ã��ê éÁ�

sensitive §�Æ�

sensitivity ´�¨�Æ�

real üÖ�Ö�

 


onsisten
ey property ý¤�ð¥�¨ ´�¬�¡

multipli
ative property ü�Â® ´�¬�¡

error �Î¡

Peano's error �÷�ÿ� ý�Î¡

absolute error ÕÜÎõ ý�Î¡

relative error ü±Æ÷ ý�Î¡

linear üÎ¡

well-de�ned ÓþÂã�©�¡

well-
onditioned ´ó��©�¡

well-posed â®ø©�¡

¢

ins
ribed 
ir
le, in
ir
le üÏ�½õ ù

b

Âþ�¢

pivot element ý¤�½õ �

b

þ�¤¢

interpolation ü���÷ø ¤¢

Newton's interpolation ß���÷ ü���÷ø ¤¢

trigonometri
 interpolation ü��·Ü·õ ü���÷ø ¤¢

IEEE system IEEE ù�Úµ¨¢

ina

essible ü�µê��÷´¨¢

single pre
ision ù¢�¨ ´ì¢

double pre
ision Óä�Ìõ ´ì¢

Fibona

i sequen
e ü��÷�±�ê �

b

ó�±÷¢

£



üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø 218

trapezoid �Ö÷¥ø£

modi�ed trapezoidal ùÀª��¬� �

b

Ö÷¥ø£

¤

Runge �Ú÷ø ¤

signi�
ant digit ü�ãõ�� Ýì¤

Rolle ñ¤

Bairstow method �µ¨Â�� ©ø¤

iterative method ý¤�ÂØ� ©ø¤

root �Èþ¤

¥

eigenpair ùÄþø �ø¥

under
ow �þ¤ Âþ¥

prin
iple submatrix üÜ¬� ÅþÂ��õÂþ¥

leading prin
iple submatrix øÂÈ�� üÜ¬� ÅþÂ��õÂþ¥

subnormal ñ�õÂ÷Âþ¥

�

Ja
obi ü��î��

§

global ýÂ¨�Â¨

over
ow �þ¤ Â¨

Taylor series ÂÜ�� ýÂ¨

tridiagonal ýÂÎì�¨

Simpson ö�Æ³Þ�¨

©

a

eleration ��µª

­



219 üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø

inner produ
t üÜ¡�¢ �Â®

multipli
ative ü�Â®

á


ondition number ´ó�� ¢Àä

s
ien
e ��Üä


oating point number ¤ø��ª ��Þõ ¢Àä

å

stri
tly diagonally dominant À�î� ýÂÎì °ó�è

insensitive §�Æ�Â�è

nonlinear üÎ¡Â�è

é


omposite formula °îÂõ ñ�õÂê

ve
tor spa
e ý¤�¢Â� ý�Ìê

inner produ
t spa
e üÜ¡�¢ �Â®Û¬�� ý�Ìê

Fibona

i ü��÷�±�ê

ë

trapezoidal rule ý��Ö÷¥ø£ ù

b

Àä�ì

Simpson rule ö�Æ³Þ�¨ ù

b

Àä�ì

fra
tional part ýÂÆî ´ÞÆì

í


omplete Ûõ�î

Thiele's 
ontinued fra
tion Û�� ÛÆÜÆõ ÂÆî

Cau
hy-S
hwarz ��¤��ª -üª�î

ï

Gauss §ø�ð

Gauss-Laguerre Âð� -§ø�ð



üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø 220

Gauss-Chebyshev ÓÈ�±� -§ø�ð

Gauss-Hermite ´�õÂû -§ø�ð

Gradient ö�þ¢�Âð

bary
entri
 üû�Ú�÷�Âð

rational �þ�ð

ñ

Laguerre Âð�

Lagrange Ä÷�Âð�

generalized Laguerre �µê�þÝ�Þã� Ä÷�Âð�

Lips
hitz �µ�È³�ó

�

augmented matrix ù¢ø�ê� ÅþÂ��õ

Ja
obian matrix ü��î�� ÅþÂ��õ

Hessian matrix ö��Æû ÅþÂ��õ

mantissa Å�µ÷�õ

orthogonal Àõ�ãµõ

trigonometri
 ü��·Ü·õ


onvex �À½õ

pivoting ýÂ�ð¤�½õ

order of 
onvergen
e üþ�ÂÚÞû �

b

±�Âõ

order of multipli
ity ¤�ÂØ� �

b

±�Âõ


omposite °îÂõ

di�erential equations Û�Æ÷�ÂÔþ¢ ��¢�ãõ

stopping 
riterion Óì�� ¤��ãõ

symmetri
 positive de�nite ö¤�Öµõ ´±·õ ß�ãõ

mean value ß�Ú÷��õ ¤�ÀÖõ

intermediate ü÷��õ ¤�ÀÖõ

eigenvalue ùÄþø ¤�ÀÖõ



221 üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø

moment ö�Þõ


oating point ¤ø��ª ��Þõ

lo
al üã®�õ

minimum norm �Â÷ ÝÞ���õ

�eld ö�À�õ

ö

regula falsi üþ�¹��÷

unstable ¤�Àþ���÷

triangle inequality ¶Ü·õ ýø�Æõ�÷

nonsingular ¢ÂÔ�õ�÷

norm �Â÷

ve
tor norm ý¤�¢Â� �Â÷

in�nity norm ´þ�ú��� �Â÷

natural norm üã�±Ï �Â÷

Frobenius norm §����øÂê �Â÷

matrix norm üÆþÂ��õ �Â÷

norm-1 1-�Â÷

norm-2 2-�Â÷

indu
ed norm üþ�Öó� �Â÷

Eu
lidean norm ü¨À�Üì� �Â÷

virtual abs
issae ý¥�¹õ ¯�Ö÷

�xed point ´��� �

b

ÎÖ÷

exponent �Þ÷

error representation �Î¡ Çþ�Þ÷

Neville Ûþ�÷

Newton ß���÷

Newton-Raphson ö�Æê�¤ -ß���÷

Newton-Cotes Å��î -ß���÷

ø



üÆ�ÜÚ÷� �� ü¨¤�ê �

b

õ�÷ù��ø 222

se
ant ýÂ�ø

ù

Hermite ´�õÂû

Hermite-Birkho� ÓîÂ�� -´�õÂû

kernel �µÆû

Hessian ö��Æû

neighborhood üÚþ�ÆÞû

Horner Â÷¤�û

Holladay ý¢��û



ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø

A

absolute error ÕÜÎõ ý�Î¡

absolutely 
ontinuous �µ¨��� ÕÜÎõ ¤�Ï��

a

eleration ��µª

Aitken ßØµþ�

algorithm Ýµþ¤�Úó�

almost everywhere ���Þû �±þÂÖ�

arithmeti
 ��Æ�

augmented matrix ù¢ø�ê� ÅþÂ��õ

B

Bairstow method �µ¨Â�� ©ø¤

bary
entri
 üû�Ú�÷�Âð

Bernoulli numbers üó�÷Â� ¢�Àä�

bias §�þ��

C


atastrophi
 
an
elation ��Ú÷��ã��ê éÁ�

Cau
hy-S
hwarz ��¤��ª -üª�î

Chebyshev ÓÈ�±�


ondition number ´ó�� ¢Àä

223



ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø 224


onsisten
ey property ý¤�ð¥�¨ ´�¬�¡


ontinuous �µ¨���


onvex �À½õ


omposite formula °îÂõ ñ�õÂê


omplete Ûõ�î

D

dense ñ�Ú�

di�erentiable ÂþÁ�ÕµÈõ

divided di�eren
e ùÀªÝ�ÆÖ� Û®�Ô�

double pre
ision Óä�Ìõ ´ì¢

E

eigenpair ùÄþø �ø¥

eigenvalue ùÄþø ¤�ÀÖõ

eigenve
tor ùÄþø ¤�¢Â�

error �Î¡

error propagation �Î¡ üÚµª�±÷�

error representation �Î¡ Çþ�Þ÷

Eu
lidean norm ü¨À�Üì� �Â÷

exa
t arithmeti
 Õ�ì¢ ��Æ�

exponent �Þ÷

F

Fibona

i sequen
e ü��÷�±�ê �ó�±÷¢

�eld ö�À�õ

�xed point ´��� �ÎÖ÷


oating point number ¤ø��ª ��Þõ ¢Àä

fra
tional part ýÂÆî ´ÞÆì



225 ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø

Frobenius norm §����øÂê �Â÷

G

Gauss §ø�ð

Gauss-Chebyshev ÓÈ�±� -§ø�ð

Gauss-Hermite ´�õÂû -§ø�ð

Gauss-Laguerre Âð� -§ø�ð

generalized Lagrange �µê�þÝ�Þã� Ä÷�Âð�

global ýÂ¨�Â¨

gradient ve
tor ö�þ¢�Âð ¤�¢Â�

H

Hermite-Birkho� ÓîÂ�� -´�õÂû

Hessian matrix ö��Æû ÅþÂ��õ

Holladay ý¢��û

Horner Â÷¤�û

I

IEEE system IEEE ù�Úµ¨¢

ill-posedness üã®øÀ�

ill-
onditioned ´ó��À�

ill-posed â®øÀ�

ina

essible ü�µê��÷´¨¢

indu
ed norm üþ�Öó� �Â÷

in�nity norm ´þ�ú��� �Â÷

initial guess ��óø� §À�

inner produ
t üÜ¡�¢ �Â®

inner produ
t spa
e üÜ¡�¢ �Â®Û¬�� ý�Ìê

insensitive §�Æ�Â�è

integral ñ�ÂÚµ÷�

integration ýÂ�ðñ�ÂÚµ÷�



ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø 226

integrand ùÀó�ÂÚµ÷�

intermediate ü÷��õ ¤�ÀÖõ

interpolation ü���÷ø ¤¢

inverse di�eren
es §�Øãõ ��®�Ô�

in
ir
le, ins
ribed 
ir
le ùÂþ�¢üÏ�½õ

iteration fun
tion ¤�ÂØ� â���

iterative method ý¤�ÂØ� ©ø¤

J

Ja
obi ü��î��

Ja
obian matrix ü��î�� ÅþÂ��õ

K

kernel �µÆû

L

Lagrange Ä÷�Âð�

Laguerre Âð�

leading øÂÈ��

linear üÎ¡

Lips
hitz �µ�È³�ó

lo
al üã®�õ

M

matrix norm üÆþÂ��õ �Â÷

mantissa Å�µ÷�õ

mean value ß�Ú÷��õ ¤�ÀÖõ

minimum norm �Â÷ ÝÞ���õ

min-max Â·î �Ûì�



227 ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø

modi�ed trapezoidal ùÀª��¬��Ö÷¥ø£

multiple variable ùÂ�çµõÀ��

multipli
ative property ü�Â® ´�¬�¡

moment ö�Þõ

moni
 ß�Ø�

N

natural norm üã�±Ï �Â÷

neighborhood üÚþ�ÆÞû

Neville Ûþ�÷

Newton ß���÷

Newton-Cotes Å��î -ß���÷

Newton-Raphson ö�Æê�¤ -ß���÷

Newton's interpolation ß���÷ ý�þöø¤¢

nonlinear üÎ¡Â�è

nonsingular ¢ÂÔ�õ�÷

norm �Â÷

norm-1 1-�Â÷

norm-2 2-�Â÷

O

orthogonal Àõ�ãµõ

order of multipli
ity ¤�ÂØ� �±�Âõ

order of 
onvergen
e üþ�ÂÚÞû �±�Âõ

over
ow �þ¤ Â¨

P

Peano's error �÷�ÿ� ý�Î¡

perturbation ñ�µ¡�



ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø 228

pivot element ý¤�½õ �þ�¤¢

pivoting ýÂ�ð¤�½õ

ploynomial ý��ÜÞ�À��

primitive fun
tion ��óø� â���

prin
iple submatrix üÜ¬� ÅþÂ��õÂþ¥

R

rational �þ�ð

real üÖ�Ö�

re
ipro
al di�eren
es Û��Öµõ ��®�Ô�

regula falsi üþ�¹��÷

relative error ü±Æ÷ ý�Î¡

relatively ü±Æ÷ ¤�Ï��

Rolle ñ¤

root �Èþ¤

Runge �Ú÷ø ¤

S

s
ien
e ��Üä

se
ant ýÂ�ø

sensitive §�Æ�

sensitivity ´�¨�Æ�

sequen
e �ó�±÷¢

signi�
ant digit ü�ãõ�� Ýì¤

Simpson rule ö�Æ³Þ�¨ ùÀä�ì

single pre
ision ù¢�¨ ´ì¢

spline ßþ�³¨�

stable ¤�Àþ��

stability ý¤�Àþ��



229 ü¨¤�ê �� üÆ�ÜÚ÷� �

b

õ�÷ù��ø

Stefensen ßÆ�Ô�µ¨�

stopping 
riterion Óì�� ¤��ãõ

stri
tly diagonally dominant À�î� ýÂÎì °ó�è

subnormal ñ�õÂ÷Âþ¥

symmetri
 positive de�nite ö¤�Öµõ ´±·õ ß�ãõ

system ù�Úµ¨¢

T

Taylor expansion ÂÜ�� ÎÆ�

Taylor series ÂÜ�� ýÂ¨

Thiele's 
ontinued fra
tion Û�� ÛÆÜÆõ ÂÆî

trapezoidal �Ö÷¥ø£

trapezoidal rule ý��Ö÷¥ø£ ùÀä�ì

triangle inequality ¶Ü·õ ýø�Æõ�÷

tridiagonal ýÂÎì�¨

trigonometri
 interpolation ü��·Ü·õ ü���÷ø ¤¢

U

under
ow �þ¤ Âþ¥

unstable ¤�Àþ���÷

V

ve
tor norm ý¤�¢Â� �Â÷

ve
tor spa
e ý¤�¢Â� ý�Ìê

virtual abs
issae ý¥�¹õ Ï�Ö÷

W

weight fun
tion ö¥ø â���

well-
onditioned ´ó��©�¡



üþ�±Ôó� ´¨Âúê 230

well-de�ned ÓþÂã�©�¡

well-posed â®ø©�¡



üþ�±Ôó� ´¨Âúê

À�

45 ,´ó��

38 ,â®ø

45 ,üµó��À�

45 ,üã®øÀ�

17 ,ö�þ¢�Âð ¤�¢Â�

1 ,ùÄþø ¤�¢Â�

192 ,¤�µÆ�

174 ,ÂÜ�� ÍÆ�

181 ,üã®�õ ¤�Ï��

86 ,ü±Æ÷ ¤�Ï��

193 ,�µ¨Â��

38 ,¤�Àþ��

9 ,øÂÆ�

13 ,�µ¨���

140 ,ÂþÁ�ÕµÈõ -�µ¨���

139 ,�÷�ÿ�

â���

129 ,14 ,��óø�

174 ,¤�ÂØ�

149 ,ö¥ø

144 ,üÜ�Ü½�

27 ,ß�ª�õ ö�Ü�Æ��

105 ,ßþ�³¨�

105 ,���÷ø ¤¢

106 ,üã�±Ï

106 ,�ø��µõ

106 ,À�Öõ

105 ,ü±ãØõ

205 ,ßÆ�Ô�µ¨�

144 ,üó�÷Â� ¢�Àä�

8 ,ü��õÀÖõ ýÂÎ¨ ñ�Þä�

22 ,ü÷¢ø�ê�

67 ,Â·î� Ûì�

115 ,§�õ�� Ýµþ¤�Úó�

117 ,Ç�þ�¤ Ýµþ¤�Úó�

39 ,�Î¡ üÚµª�±÷�

129 ,ñ�ÂÚµ÷�

129 ,ýÂ�ðñ�ÂÚµ÷�

140 ,135 ,ùÀó�ÂÚµ÷�

42 ,¤��ãõ é�Â½÷�

208 ,185 ,ü®�±Ö÷�

204 ,61 ,ßØµþ�

180 ,ñ�ùÀþ�

22 ,§�þ��

231



üþ�±Ôó� ´¨Âúê 232

27 ,ÕÜÎõ

27 ,ü±Æ÷

©�¡

45 ,´ó��

38 ,â®ø

205 ,190 ,ÓþÂã�©�¡

212 ,üÏ�½õ ù

b

Âþ�¢

1 ,ö���õÂ�¢

9 ,ý¤�½õ �þ�¤¢

130 ,54 ,���÷ø ¤¢

63 ,ß���÷

53 ,ü���÷ø ¤¢

96 ,ü��·Ü·õ

22 ,IEEE ù�Úµ¨¢

87 ,ü�µê��÷´¨¢

22 ,ù¢�¨ ´ì¢

24 ,Óä�Ìõ ´ì¢

180 ,�õ¢

174 ,�ó�±÷¢

203 ,ü��÷�±�ê �

b

ó�±÷¢

157 ,Àõ�ãµõ ø¢��ø¢

13 ,Û�Æ÷�ÂÔþ¢

146 ,144 ,ïÂ±õ�¤

1 ,�±�¤

65 ,ñ¤

©ø¤

204 ,ßØµþ� -�

2

205 ,ßÆ�Ô�µ¨�

193 ,�µ¨Â��

62 ,ùÀªÝ�ÆÖ� Û®�Ô�

��®�Ô�

93 ,Û��Öµõ

90 ,§�Øãõ

106 ,���Þû �

f

±þÂÖ�

150 ,69 ,ß�Ø�

95 ,Û��

14 ,ÂÜ��

9 ,øÂÆ� ý¤�Áðý��

15 ,Ǳ����Ǳ��

158 ,67 ,ÓÈ�±�

23 ,ñ�Ú�

54 ,ý��ÜÞ�À��

53 ,���÷ø ¤¢ ý��ÜÞ�À��

2 ,�Ê¿Èõ ý��ÜÞ�À��

102 ,ùÂ�çµõÀ��

174 ,��óø� §À�

31 ,��Ú÷��ã��ê éÁ�

8 ,§ø�ð üêÁ�

13 ,��Æ�

45 ,§�Æ�

45 ,´�¨�Æ�

´�¬�¡

4 ,ý¤�ð¥�¨

4 ,ü�Â®

108 ,�Â÷ ÝÞ���õ ´�¬�¡

27 ,�Î¡

ý�Î¡



233 üþ�±Ôó� ´¨Âúê

46 ,´ó��

23 ,¤ø��ª ��Þõ

114 ,À�î� ýÂÎì °ó�è

45 ,§�Æ�Â�è

173 ,üÎ¡Â�è

144 ,ö�¤�ó×õ -Âóø� á�Þ¹õ ñ�õÂê

135 ,°îÂõ ñ�õÂê

3 ,§����øÂê

180 ,¤�Èê

ý�Ìê

1 ,ý¤�¢Â�

4 ,üÜ¡�¢ �Â®

203 ,ü��÷�±�ê

ù

b

Àä�ì

133 ,131 ,ý��Ö÷¥ø£

136 ,133 ,ùÀª��¬� ý��Ö÷¥ø£

135 ,ùÀª��¬� ý��Ö÷¥ø£

132 ,ö�Æ³Þ�¨

164 ,ü÷��õ �

b

ÎÖ÷

206 ,ñ�µ���û ù

b

Àä�ì

21 ,ýÂÆî ´ÞÆì

181 ,Ûõ�î

95 ,Û�� ÛÆÜÆõ ÂÆî

149 ,§ø�ð ¤���¤¢��î

5 ,��¤��ª -üª�î

180 ,¥�ð

149 ,8 ,§ø�ð

173 ,ý¤�ÂØ�

144 ,ïÂ±õ�¤

198 ,üþ�¹��÷

175 ,ö�Æê�¤ -ß���÷

201 ,ýÂ�ø

67 ,�Ú÷ø ¤

174 ,�Èþ¤

155 ,ù¢�¨ �

b

Èþ¤

1 ,ùÄþø �ø¥

29 ,�þ¤ Âþ¥

6 ,üÜ¬� ÅþÂ��õÂþ¥

6 ,øÂÈ��

24 ,ñ�õÂ÷Âþ¥

17 ,ü��î��

182 ,ýÂ¨�Â¨

29 ,�þ¤ Â¨

174 ,üþ�ÂÚÞû ´äÂ¨

14 ,ÂÜ�� ýÂ¨

8 ,ü��õÀÖõ ýÂÎ¨

115 ,ýÂÎì�¨

204 ,��µª

1 ,üÔ�Ï á�ãª

149 ,4 ,üÜ¡�¢ �Â®

4 ,ü�Â®

1 ,Ó�Ï

¢Àä



üþ�±Ôó� ´¨Âúê 234

167 ,135 ,°îÂõ

188 ,ÂþÁ�ÕµÈõ

106 ,�µ¨��� �ÖÜÎõ

86 ,ñ¢�ãõ

173 ,��¢�ãõ

176 ,Óì�� ¤��ãõ

5 ,ö¤�Öµõ ´±·õ ß�ãõ

¤�ÀÖõ

13 ,ß�Ú÷��õ

136 ,13 ,ü÷��õ

1 ,ùÄþø

200 ,ß�Ú÷��õ ¤�ÀÖõ

106 ,À�Öõ

110 ,ö�Þõ

23 ,¤ø��ª ��Þõ

181 ,18 ,üã®�õ

4 ,Àó�õ

42 ,ß�Ú÷��õ

1 ,ö�À�õ

18 ,ÝÞ���õ

18 ,üã®�õ

108 ,�Â÷

198 ,üþ�¹��÷

38 ,¤�Àþ���÷

2 ,¶Ü·õ ýø�Æõ�÷

175 ,¢ÂÔ�õ�÷

2 ,�Â÷

3 ,1-

3 ,ü¨À�Üì�

159 ,ÓÈ�±� -

169 ,Âð� -

162 ,158 ,¤À÷�Äó -

170 ,´�õÂû -

17 ,ö�þ¢�Âð

55 ,üû�Ú�÷�Âð

83 ,�þ�ð

169 ,Âð�

130 ,54 ,Ä÷�Âð�

78 ,�µê�þÝ�Þã�

162 ,158 ,¤À÷�Äó

106 ,�µ�È³�ó

ÅþÂ��õ

17 ,ü��î��

131 ,7 ,À÷�õ¤À÷�ø

17 ,ö��Æû

8 ,ù¢ø�ê� ÅþÂ��õ

21 ,Å�µ÷�õ

149 ,Àõ�ãµõ

5 ,ö¤�Öµõ

106 ,�ø��µõ

96 ,ü��·Ü·õ

212 ,üÏ�½õ

189 ,�À½õ

9 ,ý¤�½õ

21 ,ñÀõ

�

b

±�Âõ

183 ,153 ,¤�ÂØ�

181 ,üþ�ÂÚÞû



235 üþ�±Ôó� ´¨Âúê

107 ,ý¢��û

38 ,�µØþ

38 ,üþ�µØþ

3 ,ý¤�¢Â�

3 ,´þ�ú���

4 ,üã�±Ï

3 ,§����øÂê

3 ,üÆþÂ��õ

3 ,2-�Â÷

80 ,ý¥�¹õ ¯�Ö÷

174 ,´��� �

b

ÎÖ÷

164 ,ü÷��õ �

b

ÎÖ÷

208 ,185 ,ü®�±Ö÷� ´ª�Ú÷

21 ,�Þ÷

Çþ�Þ÷

65 ,�Î¡

139 ,�÷�ÿ� ý�Î¡

56 ,Ûþ�÷

5 ,ö¤�Öµõ ´±·õ ß�ãõ�Þ�÷

63 ,ß���÷

175 ,ö�Æê�¤ -

129 ,Å��î -

42 ,Å÷�þ¤�ø

180 ,Åó�ø ¤À÷�ø

201 ,ýÂ�ø

170 ,74 ,´�õÂû

79 ,ÓîÂ�� -

139 ,�÷�ÿ� �

b

µÆû

181 ,174 ,üÚþ�ÆÞû

174 ,üþ�ÂÚÞû

206 ,ñ�µ���û

62 ,Â÷¤�û



University of Guilan Press 

 
 
 
 
 
 

 

Advanced Numerical Analysis 
 

  
  
  
 

By: 
Davod Khojasteh   Salkuyeh, Ph.D 

 

                                                   

 
 
 
 

 
 


